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ON SIMPLE SINGULARITIES OF SKEW-SYMMETRIC
MATRIX FAMILIES

ABDRAKHMANOVA N.T.!, ASTASHOV E.A.2

There exists a number of papers devoted to the classification of smooth
or analytic matrix families. Such families naturally appear in the study
of binary differential equations, dependency sets of vector fields on
manifolds, as well as in connection with other problems in differential
geometry. It is natural to consider such families up to G-equivalence, i. e.,
up to parameter-dependent linear base changes and parameter changes.

In [1] analytic families of square matrices, which can be viewed
as linear maps between equidimensional spaces, are considered. In
particular, normal forms of G-simple mappings (i. e., those having a finite
number of adjacent G-orbits) are obtained. An ideologically similar paper
[2] is devoted to the study of analytic families of symmetric matrices.

In [3| analytic families of skew-symmetric matrices are considered. In
particular, a complete classification of two-parameter 4 x4 G-simple skew-
symmetric matrix families and a partial classification of three-parametric
4 x 4 G-simple skew-symmetric matrix families are obtained.

In our work we obtain a necessary condition for a skew-symmetric
matrix family to be G-simple in terms of number of parameters, matrix
size, and 1-jet rank. We also classify skew-symmetric matrix families with
1-jet of corank zero. Our work is generally inspired by aforementioned
papers [1] and [2], while our results are new compared to those obtained
in [3].

The main results of our work are given in Theorems 1, 2, and 3 below.
We consider the set Sk], of germs at zero of n xn skew-symmetric matrix

e . . _ n(n=1)
families analytically depending on r parameters and denote N = ———-.

Theorem 1. If either of the following conditions holds, then there exist
no G-simple germs in Sk;,:

a)n=r=>5;

b)n>6and3 <r <N —3.



Theorem 2. Assume that a germ A € Sk, has 1-jet of corank zero.
Then the germ A is G-simple and G-equivalent to the germ

0 r12 .- T1n
*ZELQ 0
9y
0 Tn—1,n
—T1,n . ceo T Tn—1n 0

where each entry above the main diagonal is a different parameter
l‘i7j(1§i<j§n).

Theorem 3. Assume that a germ A € Sk; has 1-jet of rank s. If any
of the following conditions is satisfied, then the germ A is not G-simple:
a)n=s=>5;
b)n>6and3<s< N —3;
c)n>3,r>3, and s = 0;
d)n>51r=2 and s=0.

The research was supported by the Russian Science Foundation grant
21-11-00080.
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ASYMPTOTIC HOMOLOGY OF PATHS SPACES:
TWO CASES STUDY

AGRACHEV A.A.

Given a nonholonomic vector distribution on a smooth manifold M,
it is well-known that embedding of the horizontal loop space into the
whole loop space is a homotopy equivalence.

We know however that horizontal loop spaces have deep singularities
and extremely rich local and global structure even if M is contractible.

In principle, one can recover hidden structural complexity of the
horizontal loop spaces calculating homology of some natural filtrations
of the space. I am going to show two examples of such calculations.

SISSA, Trieste and MIAN, Moscow. Email: agrachevaa@gmail.com

ON A CYCLE IN ONE MODEL
OF CIRCADIAN OSCILLATOR

AKINSHIN A.A.!, GOLUBYATNIKOV V.P.2, KIRILLOVA N.E.3

We consider 6D nonlinear kinetic system of differential equations
1 = ki(T1(@2) - m(es) —an); 5 = ki (Tj(es) - Lj(en) — )5 5 = 2,3, 4;

@5 = ks (I's(z6) — 25); 26 = ke(Le(z4) — T6); (1)
as a model of circadian oscillator functioning proposed in [1|. All the
variables denote concentrations of its components, the rates of their
natural degradation are characterized by positive coefficients k.

Smooth positive functions I'y, and 7; increase monotonically, they
describe positive feedbacks. The shapes of their graphs was described
in [2], see the Figure 1 there. Smooth positive functions L, are
monotonically decreasing, they describe negative feedbacks in the
oscillator. In contrast with [1, 3], we do not specify here analytic forms
of all these functions. As in algebraic topology, subscript . denotes all
possible values of corresponding indices.

Lemma 1. If the functions I's(x5), I's(zs5), are proportional to T'4(xs),
and the functions Lo(x1), Ls(xz1) are proportional to Ly(x1), then the
system (1) has a unique equilibrium point Sp.

Actually, proportionality conditions of this Lemma have a biological

background, they are just sufficient, and can be relaxed considerably.
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Theorem 1. If the conditions of the Lemma 1 are satisfied, all
coefficients ky are equal, and

—LgT5Lal"y > 8 — 2(T'17; LT3 + Ty LoT), (2)
then the point Sy is unstable, and the system (1) has a cycle.

Here all the derivatives L, I",, 7| are calculated at the equilibrium
point Sp; note that L, < 0, see [4].

In order to carry out numerical experiments with trajectories of the
system (1), its limit cycle, and visualization of these results, a special
cloud application based on the “client-server” approach similar to [3] is
elaborated: https://andreyakinshin.shinyapps.io/clock-bmall /

The numerical simulations are performed using the 'Isoda’ solver from
the Livermore family, which automatically switches between stiff and
non-stiff methods. Here, we have observed bifurcation cycles as well.

In the cases when the condition (2) is not satisfied, we have seen in
these experiments that trajectories of the system (1) tend to the stable
equilibrium point Sg.

The research was supported by RFBR, grant 20-31-90011.
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ON THE DIRICHLET PROBLEM FOR A LINEAR
SECOND ORDER ELLIPTIC EQUATION WITH A
PARTIAL MUCKENHOUPT WEIGHT

ALKHUTOV YU.A.!, SURNACHEV M.D.2
In a bounded domain D C R™, where n > 2, we consider the equation
Lu = div (w(x)Vu) =0 (1)

with a nonnegative weight w € L!(D) such that w=! € LY(D). To define
a solution we introduce the class of functions

W =W(D,w) ={ucW"Y(D) : (u*+|Vul*)w e LY(D)},
equipped with the norm

1/2
ullw = (/(u2 + ]Vu\Q)wd:c> .
D

By Wo(D,w) we denote the closure in W(D,w) of the set of functions
from W(D,w) with compact support in D.
A function v € W(D,w) is a solution of (1) in D if

/Vu-wwdx:o Vip € Wo(D, w).
D

We consider partial Muckenhouipt weigts introduced in [1] and [2].
The domain D is split by the hyperplane ¥ = {x,, = 0} into two parts
DW = Dn{x, >0} and D® = DN {z, <0}, and the weight

w=w; in DY =12,

where the weights w1, we are even with respect to ¥ and belong to the
Muckenhoupt class As. We assume that for balls B, of radius with centers
on X for almost all z € B, for r < rg there holds

w1 () wa(7)
(B = B

with a constant C independent of r and x. Our conditions imply

(2)

/]u|2wdx < C’(n,w)/\Vqudx Yu € Wy(D,w),
D D

9



so the space Wy (D, w) can be equipped with the scalar product

(u,v) :/Vu-Vv wdx.
D

Let us define a (generalized) solution to the Dirichlet problem
Lup=0 in D, Uf|8D=f€C(8D) (3)

Extend f by continuity to the whole space without increasing the

maximum of its modulus. Let fr € C°°(D) uniformly converge to f
in D. Let ug be solutions to the Dirichlet problems

Lup =0 in D, wug— fr € Wo(D,w).

Then uy, uniformly converge to a function u in D and ug — u in W (D', w)
for any D' @ D. The limit function u is a solution to (1) in any D" € D,
is independent of the extension and approximation of f, and u is called
the (generalized) solution of the Dirichlet problem (3).

Theorem 1 ([3]). Let the intersection of complement of D with {x,, < 0}
contains an open cone in a neighbourhood of the boundary point xo. Then
for any f € C(0D) solutions of the Dirichlet problem (3) are continuous
at o and
«
58C us < C(r/p)*gsc f+ 20 £,

for sufficiently small 0 < r < p. The positive constants C' and o depend
only on the dimension of the space, the angular opening of the cone, the
Muckenhoupt constants of the weights w1, wa, and the constant in (2).

The proof relies on a special form of the Harnack inequality established
in [4]. The research was supported by RFBR grant 19-01-00184.
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REGULARITY PROBLEM TO A CLASS OF STRONGLY
NONLINEAR PARABOLIC SYSTEMS

ARKHIPOVA A.A.

We consider elliptic and parabolic quasilinear systems of equations
with nondiagonal principal matrices and strongly nonlinear (quadratic)
in the gradient additional terms.

Partial regularity of weak solutions to the strongly nonlinear systems
is always studied under the assumption that the solution is bounded and
its L°°- norm is small enough.

We relax this assumption and study weak unbounded solutions. Under
a one-side restriction on the strongly nonlinear terms, we describe
conditions of the local smoothness of weak solutions.

As is known, the one-side condition for the strongly nonlinear term
provides boundedness and further regularity of solutions to the scalar
elliptic and parabolic equations. At the same time, this condition does
not guarantee smoothness of weak solutions even for the diagonal
systems. The singularities can appear in the case of such systems.

The research was supported by RFBR, grant 20-01-00630a.
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ANTISYMMETRIZED
GELFAND-KAPRANOV-ZELEVINSKY SYSTEM, ITS
SOLUTIONS AND THEIR APPLICATION

ARTAMONOV D.V.

In the 80-th I.M. Gelfand, M.I. Graev, V. S. Retakh, A. V.
Zelevinskii, M. M. Kapranov created the theory of A-hypergeometric
functions. These are multivariate functions that can be viewed as
generalizations of hypergeometric functions of one variable. There
many such generalizations, but from one hand the class of A-
hypergeometric functions includes most of certain examples of
multivariate hypergeometric functions and from the other hand it
posesses a lot of good properties. In particular these function satisfy
a promiment system of PDE called the Gelfand-Kapranov-Zelevinsky
(GKZ for short) system.

Such functions appear in many areas of mathematics: PDE, geometry,
algebra, representation theory. They naturally appear in the following
situation. Consider the group GL,(C) and function on this group. The
group acts on these functions by left shifts and thus the space of functions
is a representation of GL,(C). Every finite dimensional representation
of GL,(C) can be realized as a subrepresentation in this space. The
question is what are the functions that form a base in such a realization
of a finite dimensional representation?

To answer this question we come naturally to the following
construction.

Cosnider the complex space whose coordinates zx are indexed by
proper subsets X C {1,...,n}. For all possible indices i < j < y, and
subsets Y C {1,...,n} we consider the following system of PDE:

O*F O?F

_ — O
021,..i—iiyO021, . imijyy  O%1,.,i-ij Y021, i—iiyY

This is a particular example of a GKZ system, it’s solution space is
well investigated. But we associate with it the antisymmetrized GKZ
system (A-GKZ for short)

12



0*F 0*F
021, i—ii Y021, imijyy 021, .i-ijyO21,. i-iiyY
0*F
+ ~0
021, i—i, y021,. i—ii.,y

_|_

In the talk a description of the solution space for this system will be
given. It turns out that solution of the GKZ system are in some sence
the intial conditions for the solutions of the A-GKZ system.

The obtained description of the solution space for the A-GKZ system
allows to answer the question in the representation theory posed above.
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ON AN OPTIMAL CONTROL PROBLEM WITH A
DISCONTINUOUS INTEGRAND

ASEEV S.M.

We consider the following problem (P):
T
IT2()) = T 0), (7)) + [ Aw(t)sas(a(t) di = i,

(t) € F(z(t)),
I’(O) € My, x(T) € M.

Here z(t) € R", F(-) is a locally Lipschitz continuous multivalued
mapping with nonempty convex compact values, ¢(-,-,-) is a locally
Lipschitz continuous function, A(-) is a C*(R™) positive function, My
and M; are nonempty closed sets in R™, M is an open set in R", and

1, xeM,
5M($):{O v M

13



We assume that both the set M and its complement G = R" \ M
are nonempty, and for any x € G the Clarke tangent cone T (x) has
nonempty interior. The terminal time T" > 0 is free.

Theorem 1. Let x.(-) be an optimal trajectory in (P), and Ty > 0 be
the corresponding optimal terminal time. Then there are a ¥° > 0, an
absolutely continuous function v: [0,T.] — R™, and a bounded reqular
Borel vector measure n on [0, Ty] such that the following conditions hold:

1). We have suppn C M = {t € [0,1y]: z.(t) € 0G}. Moreover,
for any continuous function y: M — R™ with values y(t) € Ta(z4(t)),
t € M, the following inequality takes place:

/ y(t)dn < 0.
m
2). For a.e. t € [0,Ty] the refined Euler-Lagrange inclusion holds:

U(t) € com){u: (u,¢(t) + /Ot Az (s))dn

~

40 [ oarGon () PG ds) € Ry (0). .0 .

3). Fort = Ty and for any t € [0,Ty) which is a point of the right
approzimate continuity of the function dpr(x.(+)) we have

i (P o0+ [ Ao o0 [ ouan o)D)

~ON(@()0as (24(1)) = H (F(2(0)),(0)) — ¥°A(2+(0))dnr (2:(0)) .

4). The transversality condition takes place:

B o Ty (s
(F(F(e(T2)), (T + /0 M ()t v? [ Gag(aa(s)) 226D

; D ds),

o T T (s
00, 0T = [ A oDdn = o [ o) P as)

€ YO DP(T, 2 (0),.(T2) + {0} x Ny (@.(0)) x Nz (w(T2)).

5). The nontriviality condition holds:
W0+ W(O)1H4+ Il # 0.



Here N A(a) is the cone of generalized normals to a closed set A at
a € A, 0p(T,x1,x2) is a generalized gradient of a function ¢(-, -, ) and

T _ [ Mo if 2.(0) €M, M, if z.(T,) € M,
"TIMNG i z(0)eG, T | MING if 2.(T)) €G.

The proof of Theorem 1, discussions and an example see in [1].
The research was supported by the Russian Science Foundation under
grant 19-11-00223.
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OPTIMAL DESIGN PROBLEM FOR THREE DISKS ON
TORUS

ASHIMOV YE.K.

One of the topical problems both in geometry and physics is an
optimal design problem. Majority of valuable works were devoted to
the problem for elliptic functions, for example, the square lattice, the
hexagonal lattice, problems with the fundamental translation vectors.
Note, that the vectors are periods for the square lattice, and there are
two fundamental translation vectors for the hexagonal lattice. Moreover
all these combinations are linear. It is considered, that the periods can
be continued and shifted.

Consider the torus, the hexagonal lattice, with the fundamental
translation vectors. Also we consider Weierstrass functions and their
invariants. It is well-known, that the problem became sophisticated under
consideration of the complex variable functions.

In general case, the series associated to periodic analytical
functions, KEisenstein’s series, are considered. The series are used
under consideration of the Weierstrass invariants. A supplementary
Weierstrass’ function is introduced. The function is used for simulation
of the disks. Then the disks are summarized. The disks are embedded to

the square with probability and this radius on Ox axis. The same on the
15



axis Oy. Therefore, it is verified an imposition of the disks. In the case
of the disks imposition are thrown out.

The process is repeated for all disks. We are going to use the Eisenstein
structural sums for multivariable functions. It should be noted, that they
are applied to compete a property of the composite fibre materials. The
random process is called isotropy. It is possible, that there are a lot of
disks.

Regarding this we have to simulate and assume that the second disk
is known a3=0. Then we calculate e2. It is calculated with one unknown
point. By minimizing of the function we can find the optimal packing of
the disks. In the paper we describe the problem deeply.

The research was financially supported by the Science Committee of
the Ministry of Education and Science of the Republic of Kazakhstan
(Grant No. AP08856381).
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A SOLVABILITY TO NONLOCAL PROBLEM FOR
SYSTEM OF HYPERBOLIC EQUATIONS WITH
PIECEWISE-CONSTANT ARGUMENT OF
GENERALIZED TYPE

ASSANOVA A.T.

On the domain Q = [0,7] x [0,w] we consider the nonlocal problem
for system of hyperbolic equations with piecewise-constant argument of
generalized type

0%u ou ou
5100 Alt, x)% + B(t, x)a + C(t, x)u(t,z) + f(t,x)+
() 20D ., ()
P20 52U o), wepul @
u(t,0) = (1),  te[0,T), 3)

where u(t,x) = col(uy(t, x),ua(t, x), ..., un(t,x)) is unknown vector fun-
ction, the n x n matrices A(t,x), B(t,x), C(t,x), Ao(t,z), Co(t,x) and
n vector function f(¢,z) are continuous on Q; y(t) = (; if t € [0;,0;41),
J=0,N—-1;0; <( <041 forall j =0,N —1;
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0=10) <6 <..<6Oy_1 <0y =T;then xn matrices P(z), S(x)
and the n vector function ¢(z) are continuous on [0,w], the n vector
function () is continuously differentiable on [0, T.

Let C(€2,R™) be the space of continuous on 2 vector functions u(t, x)
with the norm ||u||op = max ||u(¢, x)|].

)

A vector function u(t,z) € C(Q,R") is a solution to problem (1)—(3) if:

(i) u(t,x) has partial derivatives du(t 2) ¢ C(Q,R"), au(t ?) ¢ C(,R™);

(i) the mixed partial derivative 2 éigxm) exists at each pomt (t,z) € Q

with the possible exception of the points (6j,z), 7 = 0, N —1, for all
x € [0,w], where the one-sided mixed partial derivatives exist;

(iii) system of hyperbolic equations (1) is satisfied for u(t,x) on each
subdomain (0;,0;41) x [0,w], j = 0,N — 1, and it holds for the rlght
mixed partial derivative of u(t,x) at the points (6;,z), j = 0,N — 1

z € [0,w];

(iv) boundary conditions (2), (3) are satisfied for u(t, z) at the lines ¢t = 0,
t =T, x =0, respectively.

Differential equations with discontinuities comprise an important
tool for understanding real-world problems since they mathematically
express real phenomena. A particular class of such equations constitute
differential equations with deviating arguments that, in turn, include
functional-differential equations, delay differential equations, differential
equations with piecewise constant argument [1]. Differential equations
with piecewise-constant argument of generalized type are introduced in
the work [2]. Mathematical modeling of real processes often leads to
differential equations with piecewise-constant argument of generalized
type. Therefore, the questions of solvability of boundary value problems
for such equations are of great importance and relevance.

By a new unknown functions [3| problem (1)-(3) is reduced to a family
of problems for system of differential equations with piecewise-constant
argument of generalized type and unknown functions. It is shown that
the solvability of problem (1)-(3) is equivalent to the solvability of of
family problems. Methods for solving problem (1)-(3) are proposed.

This research is funded by the Science Committee of the Ministry
of Education and Science of the Republic of Kazakhstan (Grant No.
AP08855726).
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EXISTENCE OF A SOLUTION OF DISCRETE
EMDEN-FOWLER EQUATION CAUSED BY
CONTINUOUS EQUATION

ASTASHOVA 1.1, DIBLIK J.2, KOROBKO E.?

We consider a second-order non-linear discrete equation of Emden—
Fowler type

A?u(k) + k*u™ (k) = 0, (1)

where k € N(ko) := {ko,ko + 1,...}, ko is an integer, u: N(ky) — R is
an unknown solution, Au(k) := u(k + 1) — u(k) is its first-order forward
difference, A?u(k) = A(Au(k)) is its second-order forward difference,
and «, m are real numbers

We study the asymptotic behaviour of the solutions of equation (1)
when &k — oo and we suppose to prove that there exists a solution to
equation (1) such that

u(k) ~ask™?, (2)

where s := o+ 2/(m — 1), ax = [Fs(s+1)]Y (™1 We will assume that
the sign + in equation (1) is admissible only in the case of m having the
form of a ratio of integers p/q where the difference p — ¢ is odd.

The form of a possible solution in the right-hand side of (2) is suggested
by continuous Emden-Fowler equation

y'(z) £ k%" (z) =0

having exact solution y(x) = axx™%.
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Theorem 1. Let s > —1, m # 0 and m # 1. Assume that there exist
positive numbers €;, 1 = 1,...,4 such that either

ms >0, e3 <e1, €3 >¢€4, €3 >mse1/(s+2), 4> msea/(s+2),
or
ms <0, €3 <e1, €9 >¢eq, €3 > —msea/(s+2), 4> —mse1/(s+ 2).

Then, for sufficiently large fized kg, there exists a solution u: N(ky) — R
of equation (1) such that inequalities

ar  bs be 171
—e1 < |u(k) — T el | |perr| S

—e3 < [Au(k:) —a(E)-a (kbi)] [A <kﬁl>r <es
and

5 +0 (;) < [A%(k) ~ A2 (%) _ A2 (kbil)] :
()] <o)

where by := axs(s+2)/(s+ 2 —ms), hold for every k € N(k).

The Theorem 1 makes assumptions about m and s. Nevertheless,
because the parameters in Emden—Fowler equation (1) are m and «,
we analyse their possible values deduced from this theorem, visualizing
the results in an (m, «)-plane. All the results are illustrated by examples.

The first author was supported by Russian Science Foundation, RSF
20-11-20272. The second and the third authors were supported by the
project of specific university research at Brno University of Technology,
Faculty of Electrical Engineering and Communication, FEKT-S-20-6225.
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ON ASYMPTOTIC PROXIMITY TO HIGHER ORDER
NONLINEAR DIFFERENTIAL EQUATIONS

ASTASHOVA 1.1, BARTUSEK M.2, DOSLA Z.3, MARINI M.*

We study the existence of unbounded solutions and their asymptotic
behavior for the equation

n—1
u® 4+ 37 a0 = r(®)lul sgnu, M
§=0
where A > 0, n > 3, the functions r,aq,...,a,_1 are continuous for ¢ > 0,

considered as a perturbation of the linear differential equation

n—1
v+ 3 a0y =0, 2
3=0
and for the special case of equation (1) where a;(t) = 0 as j # n — 2,
an—2(t) = q(t) > 0:
ul™ 4+ q(6)u™"? = r(t)]u]* sgnu, 3)

considered as a perturbation of the linear differential equation
y™ +q(t)y P = 0. (4)

Definition 1. By a solution to (1) or (3) we mean a C™ function u defined on
[Ty, 00), T,, > 0, satisfying (1) or (3) on [Ty, o0), and such that

sup{|u(t)|: ¢t > T} >0 for any T > Ty,.

Definition 2. Equation (1) is said to be in asymptotic prozimity to (2) if for
any solution y of (2) there exists a solution u of (1) such that ultimately, i. e.
for sufficiently large t,

uD(t) = yD () (L+6;(t)) +e5(t), i=0,....,n—1,

where all §;, €; are continuous functions tending to 0 at infinity.
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Definition 3. Equation (1) is said to be in strong asymptotic proximity to (2)
if for any solution y of (2) there exists a solution u of (1) such that ultimately
u(Z)(t):y(l)(t)+€l(t)7 i:O,...,n—l,

where all €; are functions of bounded variation tending to 0 at infinity.

Theorem 1. Consider equation (1) with A > 1. Suppose that the continuous
functions ag, .. .,an_1 satisfy

o)

/t"7j71|aj(t)|dt<oo forall j€{0,...,n—1},

0
Assume that for some integer number m € {0,...,n— 1}

/ AT ()| dE < oo
0

Then for any C # 0 there exists a solution u to equation (1) satisfying, as
t — 00, _
Cm!ltm—I
(m —j)!
uD(t) -0 forallje{m+1,...,n—1}

u@(t) ~ for all j €1{0,...,m},

In particular, if
o0

/t’\("_l)|r(t)\ dt < o0,

0
then (1) is in asymptotic prozimity to (2).
Theorem 2. Let the equation

R+ q(t)h =0
be non-oscillatory. Assume that for some real number m € [0,n — 1]
/ I mAT L (1)) dt < oo,
0
where iq = 0 in the case fooo tq(t)dt < oo and i = 1 in the case
J5 tq(t) dt = oo.
Then for any solution y to (4) such that y(t) = O(t ™) there exists a solution

u to (3) such that ultimately

uD(t) =y () +eit), i=0,...,n—1,

where all €; are functions of bounded variation tending to 0 at infinity, i.e. (3)
is in strong asymptotic proximity to (4).
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As a corollary, we obtain more precise result on the strong asymptotic
proximity of (3) to (4).

Remark 1. Some methods of proofs and some previous authors’ results are
contained in [1]—[4]. Related results can be found in [5] and [6].

The research of I. Astashova has been supported by RSF (Project 20-11-
20272.), the research of M. Bartusek and Z.Dosld has been supported by the
grant GA20-11846S of the Czech Science Foundation.
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ON THE EXTREMUM CONTROL PROBLEM WITH POINT
OBSERVATION FOR A PARABOLIC EQUATION

ASTASHOVA 1.V.!l, FILINOVSKIY A.V.2, LASHIN D.A.3

We consider the mixed problem for parabolic equation:

up = (a(z, t)ug ) + b(x, t)u, + h(z, t)u, (1)
(z,t) € Qr = (0,1) x (0,T), T >0,

U(O,t) = @(t)v Uw(lﬁt) = lﬁ(t% te (O’T)’ (2)
u(z,0) =&(x), =« €(0,1). (3)
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Here a, b and h are smooth functions in Qr, 0 < a1 < a(x,t) < ay < oo,
© € W3(0,T), v € W3(0,T), & € Ly(0,1). We study the extremum control
problem for the functional

T
Tl = [ (uglant) =20 p@it, pe®, zez @)

where u, € V,""(Qr) is a weak solution (see [4, 5, 6]) of the problem (1) —
(3) with the control function ¢. Here p(z) € Loo(0,T) is a weight function,

ess i(nfT)p(t) = p1 > 0. Let the functions z and p be fixed. Consider the
te(o,

minimization problem
mlz, p, @] = inf Jz, p,¢]. (5)
ped

Theorem 1. Let u be a solution of the problem (1) — (3) with nonnegative

boundary and initial functions: ess inf ¢ > 0, ess inf ¥ > 0,
te(0,7) te(0,T)

ess i?f )§ > 0. Then the solution u is nonnegative too:
x€(0,1

ess inf wuw>0.
(z,t)eQT

Theorem 2. Let a; >0, b, —h >0, (z,t) € Qr; b >0,
(x,t) € [0,z0] x [0,T], xo € (0,1]; b(1,t) <0, t € [0,T]. Then for the solution
u of the problem (1) — (3) the inequality
T
o, )|y 0.1y < llellzaor + - (a2ll¥ll .0, + €l 2a0,1)) -
holds.

Theorem 3. Let x¢ and a, b, d satisfy the conditions of Theorem 2. Then the
following inequality holds:

Tﬂ%md>”2
P1

||<P||L1(0,T) > max{O, ||Z||L1(O,T) - (

xg
o (azl|l¥ll L, 0,7 + ||5|L1(0,1))}'

Theorem 4. For any z € Ly(0,T) there exists a unique function oo € ® such
that

m[Za Ps (I)] = J[Za Ps QDO]
Theorem 5. Leta, b, h do not depend on t and m[z, p, ®] > 0. Then ¢y € 0P.

Theorem 6. Let a, b, h do not depend on t and ®;, j = 1,2 are bounded
convex closed sets in Wy (0,T) such that ®3 C Int®; and
m[z, p, ®1] > 0.
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Then
m[za Ps (I)l] < m[zv Ps (I)Q]

Definition 1. We call the problem (1) — (3), (5) exactly controllable from the
set @ to the set Z, if for any z € Z there exists ¢y € ® such that

Jz, p, o] = 0. (6)
The exact control is the function ¢y € W3(0,T) making the functional to
vanish (6).

Theorem 7. The set Z of all functions z € Ly(0,T) admitting exact control,
i. e. such that J[z,p,¢] = 0 for some ¢ € W3(0,T) is a first Baire category
subset in L(0,T).

Definition 2. We call the problem (1) — (3), (5) densely controllable from &
to Z, if for any z € Z we have

mlz, p, ®] = 0.

Theorem 8. Let a, b, h do not depend on t. Then the problem (1) — (3), (5)
densely controllable from W3 (0,T) to L2(0,T).

Remark 1. We also obtain necessary conditions for an extremum in terms of
the conjugate boundary value problem.

The research was supported by RSF grant 20-11-20272.
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ON SPECTRA OF LAPLACIAN IN FICHERA-TYPE
DIRICHLET LAYERS

BAKHAREV F.L.

The main aim of the talk is to discuss the spectral problem for the Dirichlet
Laplacian

—Au(z) = Mu(z), z € O; u(z) =0, x€d0 (1)

in two domains O C R"™:
1. “Corner layer”

;’:{xeR": 1r<m£1 a?j’<1}. (2)
SIsn
2. “Cross layer”
Q{meR : 1r<r§1£1n|xj|<1}. (3)

For n = 2 these domains are waveguides, and the problem (1) is well studied,
see, e.g., [1] and references therein. In both domains ©% and ©3 the continuous

spectrum of the problem (1) coincides with the ray [%2, 00), and there exists a

unique eigenvalue \q < %2, see [2], [1, Proposition 1.2.2] for the two-dimensional
corner, [3], [1, Proposition 1.5.2| for the two-dimensional cross, and also [4] for
a more general setting. Numerical calculations give \¢(©%) ~ 0.929 - %27 see,
e.g., [6], |1, Proposition 1.2.3], and A\ (©3) ~ 0.66 - %2, see, e.g., [1, Proposition
1.5.2].

The case n = 3 was considered in [5] where the domain ©F was named the
Fichera layer. For both domains O = @3’? (j = 1,2) it was proved that the
problem (1) has at most finite number of eigenvalues below the continuous
spectrum. However, the existence of an eigenvalue was supported only by
computation, without a theoretical proof.

We prove the existence of the discrete spectrum for the problem (1) for
O = 07 and O = OF in any dimension n > 3. Then we apply the obtained
results to the so-called Brownian exit times problem in these domains. For
some classes of convex unbounded domains this problem is well studied, see,
e.g., |7, 8,9, 10]. For ©2 and ©% it was considered in [11].
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We note that the quantity of eigenvalues below the continuous spectrum in

O:

07 and O = ©% for n > 3 is unknown. We conjecture that similarly to

the case n = 2 there exists a unique eigenvalue in arbitrary dimension for both
domains.

The results are mainly obtained in collaboration with Nazarov A.I and
Matveenko S.G. The research was partly supported by Russian Science
Foundation grant 17-11-01003.

(1]
2]
3l
(4]
(5]
[6]

(7]

18]
9]
[10]

[11]
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HOMOGENIZATION OF TRAJECTORY ATTRACTORS FOR
REACTION-DIFFUSION SYSTEMS IN PERFORATED
DOMAINS

BEKMAGANBETOV K.A.!, CHECHKIN G.A.2, CHEPYZHOV V.V.3

We consider reaction-diffusion systems in perforated domains that contain
rapidly oscillating terms in the boundary conditions and in the equations. In
the problems under study, a small parameter £ characterizes the diameter of
perforation holes and the oscillation rate of coefficients. We do not assume
any Lipschitz condition for the nonlinear functions in the equations, so, the
uniqueness theorem for the corresponding initial boundary value problem
may not hold for the considered reaction-diffusion systems. We study the
asymptotic behavior of trajectory attractors of the considered inital-boundary
value problem as ¢ — 04+. We apply homogenization methods and the the
theory of trajectory attractors.

The homogenization of attractors for reaction-diffusion equations was
studied by the authors in their recent works [1]-[3], where the reader can also
find an overview of the results, historical notes, and an extensive bibliography.
In particular, the cases of periodic perforated domains and scalar reaction-
diffusion equations were treated in [1] and [3].

Attractors describe the behavior of solutions to dissipative nonlinear
evolution equations as the time tends to infinity. Attractors show the most
important limit objects of the dynamical systems, that is, sets of trajectories
characterizing the entire dynamics of the model governed by evolution
equations.

The theory of trajectory attractors for dissipative partial differential
equations was developed in [4]. This approach is essentially useful in the study
of the long-time behavior of solutions to evolution equations for which the
uniqueness result for the corresponding Cauchy problems has not been proved
yet (for example, the 3D Navier-Stokes system) or fails (for example, the
reaction-diffusion equation considered in this report).

We prove that the trajectory attractor of the considered reaction-diffusion
system in a perforated domain converge as ¢ — 0+, to the trajectory attractor
of the corresponding homogenized reaction-diffusion system with an additional
“strange term” (potential).

The first author is supported by the Committee of Science of the Ministry of
Education and Science of the Republic of Kazakhstan (grant No. AP08855579).
The work of the second author is partially supported by the Russian Foundation
for Basic Research (project No. 20-01-00469). The work of the third author
is partially supported by the Russian Science Foundation (project no. 20-11-
20272).
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ON THE FREDHOLMNESS OF THE DIRICHLET PROBLEM
FOR A SECOND-ORDER ELLIPTIC EQUATION IN
GRAND-SOBOLEV SPACES

BILALOV B.T.!, SADIGOVA S.R.?

It is considered a second order elliptic equation with nonsmooth coefficients
in grand-Sobolev classes W(IQ) (©2) on a bounded n-dimensional domain Q C R"
with a sufficiently smooth boundary 92, generated by the norm of the grand-
Lebesgue space Lg) (2). These spaces are non-separable and therefore the
definition of a reasonable solution in them faces certain difficulties. For this
purpose, a subspace N(f) (Q) is distinguished in which infinitely differentiable
and finite functions are dense. The strict inclusion W7 (Q) C NqQ) (©) holds,
where Wq2 (Q) is the classical Sobolev space. This raises specific questions
dictated by the theory of spaces I/Vq2 (Q), for example, the characterization of
the space of traces of functions from qu) (Q) cannot be characterized following
the classical case. In this paper, the corresponding theorems concerning
traces, extensions, and compactness of a family of functions from N{f) (Q)
are proved. These results are applied to obtain a Schauder-type estimate up
to the boundary. Schauder-type estimates make it possible to establish the
fredholmness of the Dirichlet problem for the considered equation in spaces
Nq2) (Q) with data from grand-Lebesgue type spaces that are different from
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Lebesgue spaces. Therefore, the results of this work cannot be directly obtained
from the results of the L,-theory. This work is a continuation of the research
carried out by the authors in articles [1, 2].

This work is supported by the Scientific and Technological Research Council
of Turkey (TUBITAK) with Azerbaijan National Academy of Sciences (ANAS),
Project Number: 19042020 and by the Science Development Foundation
under the President of the Republic of Azerbaijan — Grant No. EIF-BGM-
4-RFTF1/2017- 21/02/1-M-19.
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SIMPLE ERGODIC PROPERTIES OF TORUS PIECEWISE
ISOMETRIES

BLANK M.L.

By now, we have learned reasonably well how to study hyperbolic (locally
expanding/contracting or both) chaotic dynamical systems, thanks to a large
extent to the development of the so called operator approach. Contrary to
this not much is known about piecewise isometries, except for a special case
of one-dimensional interval exchange transformations (IET) and a few similar
very exceptional multidimensional systems. It is worth noting that IETs are
fundamentally different from the general situation in the clear presence of an
invariant measure (Lebesgue measure), which helps a lot in the analysis.

While the IET represent mainly pure theoretical constructions, the general
piecewise isometries appear naturally in various applications like contemporary
methods of machine learning, some piecewise smooth physical models (in
particular Fermi-Ulam models), etc. Indeed, local translations of an IET disrupt
its structure completely, while preserve the class of general piecewise isometries.
Note also that the maps from this class in general are non-invertible, which
adds possibilities for applications for “real life” modeling, but also additional
problems for their analysis.
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In general from a measure-theoretical point of view one of the first steps in
the analysis of a dynamical system is the study of its invariant measures. In
some cases one can easily find a “good” invariant measure (e.g., for IETS), or to
prove its existence if the map, defining the dynamical system, is continuous or
satisfies some special properties (e.g., piecewise expanding). For systems with
singularities (e.g., discontinuities) even the question about the existence of an
invariant measure might become a difficult problem. The class of piecewise
isometries represents an example of the latter sort. The point is that the
methods (e.g., operator approach or symbolic dynamics) well established for
other types of chaotic dynamical systems do not work in this setting and one
needs to look for new approaches.

Let X be a subset of the Euclidean space RY, d > 1 equipped with a certain
translationally invariant metric p(-,-), and let {X;} be a partition of X into
disjoint regions. By a region we mean a convex set with a nonempty interior.
The union of boundary points of all regions we denote by I', which by definition
is of zero d-dimensional Lebesgue measure.

A piecewise isometry (PWI) is a map T : X — X, satisfying the property
that its restriction to each region X; is an isometry. We will refer to {X;} as a
special partition, and to the maps T;|x, as local maps.

A restriction Ty, is said to be an extendable isometry if it can be extended
to an isometry 7; on the entire X such that T;|x, = Tjx,. Correspondingly a
piecewise isometry 7T is said to be extendable if its restriction to each region X;
is an extendable isometry.

The main result of our study is the following theorem about extendable torus
piecewise isometries.

Theorem 1. Let T be an extendable PWI of the unit torus X with a finite
special partition {X;}. Then there exists at least one probabilistic T-invariant
measure pr. Additionally, if the boundary set I' contains mo periodic points,
this measure is non-atomic.

The proof of this statement, as well as a number of related results may be

found in [1].

References

[1] Blank Michael, Statistics of torus piecewise isometries, arXiv:2106.16021.

Institute for Information Transmission Problems RAS; and National Research
University “Higher School of Economics”, Russia. Email: blank@iitp.ru

30



ON UNIFORM CONVERGENCE FOR OPERATORS IN
DOMAINS FINELY PERFORATED ALONG A MANIFOLD
WITH NONLINEAR ROBIN CONDITION

BORISOV D.I.!, MUKHAMETRAKHIMOVA A.I.2

We consider a boundary value problem for a second order scalar differential
operator H. with variable coefficients in a multi-dimensional domain 2. finely
perforated by small holes distributed along a given manifold S. This manifold
is located inside a given domain 2. The sizes of the holes and the distances
between them are governed by a small parameter ¢; the union of the holes
is denoted 6°. The perforated domain (). is obtained from 2 by removing the
holes 6°. The shapes of the holes in 6° are arbitrary as well as their distribution
along the manifold. The equation we consider in ). reads as

Zn 9 0 =, 8 9

— — A — Ai— — A+ Ap — =
= 8:@ J 8(EJ +Z jaLL’j 855] j + Ag A f
’L,j:l j:l

for a given complex parameter A and a given function f € Ly(£.); the
differential expression (without \) is assumed to be formally symmetric. On
the external boundary of the domain we impose the Dirichlet condition, while
on the boundaries of remaining holes are subject to a nonlinear Robin condition.
We consider two main cases. In the first case the sizes of the holes are of the
same order as the distances between them, while in the second case the sizes
of the holes are much smaller than the distances between them. We show that
in the second case the homogenized problem involves no boundary condition
on the manifold S, while in the first case the homogenized problem involves a
nonlinear d-interaction on S.

Apart of the classification of the homogenized problems, our main result
provides the estimates for the convergence rates and the main feature is that
these estimates are uniform in the right hand side f.
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ON PERIODIC SOLUTIONS FOR A FIRST-ORDER
DIFFERENTIAL INCLUSION TYPE

BOUABSA A.!, SAIDI S.2

In this paper we are going to study the stability of arbitrary global periodic
solution to a class of perturbed differential inclusion. Our study is mainly
motivated by [1] and [5]. We study here the existence and uniqueness result
which is obtained on the entire R for a Lipschitz single valued perturbation
strongly monotone. We further prove that the unique solution is periodic when
the right-hand-side is periodic in time.
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EXISTENCE AND UNIQUENESS RESULTS FOR A
HEMATOPOIESIS MODEL WITH VARIABLE DELAYS AND A
NONLINEAR HARVESTING TERM

BOUAKKAZ A.l, KHEMIS R.?

In this work, we investigate the following model of hematopoiesis with a
time-varying delay and iterative terms:

z(t—7(t)
1+ zl2 (1)
32
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where 21 (t) = z (z(t)), a,p,7 € C(R,(0,00)) are T—periodic functions and
h:[0,T] x R? — (0,00) is a continuous harvesting function.

Here z (t) is the density of mature cells in blood circulation at time ¢, a (¢) is
the rate of lost cells from the circulation, p(¢) is the production rate and 7 (t)
represents the transit time required to release mature cells into the circulating
bloodstream.

By using the Green’s functions method as well as Schauder’s fixed point
theorem, we derive some sufficient criteria that ensure the existence and
uniqueness of positive periodic solutions for equation (1).

For T' > 0, let X be the Banach space of T'—periodic continuous functions
equipped with the supremum norm and

Q:{$€PT, OSI’SM, ‘$(t2)*1‘(t1)|§L|t27t1|, th,tQGR},

is a closed convex and bounded subset of 2.
Throughout this work, we need the following assumptions:

h(t+T,xz,y) =h(t,z,y), forall t,z,y € R, (2)
2
Fk1 k2 > 01 [h (8,21, 22) — b (t,y1,y2)] Z i |z — il (3)
and
pt—7(t) 2]
PO T g P (s e0.680) > 0, vee 077, @

exp(ftT a(u)du)

Furthermore, for Hy = supyc(o. 1) 7 (¢,0,0) and 8 = (T WD) T Wwe assume
that
TS (Ho + (ks + ks -+ pl)) M) < M, )
and
B2 +T|all) (Ho+ (k1 + k2 + |Ipl) M) < L. (6)

The conversion of equation (1) into an equivalent integral one, allows us to
define an integral operator A : Q — X as follows:

0= [ [ 2T (0000 6%0) | G 0,500

where

exp (ft u) du) .
exp (ft du) -1

Theorem 1. If conditions (2)—(6) hold, then equation (1) has at least one
positive periodic solution in Q.

G(t,s) =
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Theorem 2. Besides the hypotheses of theorem 1, we suppose that
BT (llpll + k2 (L + L) + k1) < 1. (7)

Then, the solution of equation (1) is unique.
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VIRTUAL LEVELS OF LINEAR OPERATORS IN BANACH
SPACES

BOUSSAID N.!, COMECH A.2

Virtual levels of Schrédinger operators (also known as threshold resonances)
admit several equivalent characterizations: (1) there are corresponding virtual
states from a space slightly larger than L?; (2) there is no limiting absorption
principle in the vicinity of a virtual level (e.g. no weights such that
the “sandwiched” resolvent is uniformly bounded); (3) an arbitrarily small
perturbation can produce an eigenvalue. We develop a general approach
to virtual levels of operators in Banach spaces and provide applications to
Schrédinger operators with nonselfadjoint potentials and in any dimension,
deriving optimal estimates on the trace of the resolvent [1, 2]. In particular, we
prove the following results.

Let A be a closed densely defined operator in the Banach space X. Assume
that E and F are Banach spaces such that E C X C F (as sets) and that A
has a closed densely defined extension A:F > F.

Theorem 1 (Limiting absorption principle vs. virtual states). Assume that (2
is an open connected subset of C such that 2No(A) = 0 and that zg € o(A)NIL2.
The following two statements are equivalent:
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1. 7 € Ny is the smallest value such that there is a bounded finite rank operator
B : F — E such that the resolvent (A+ B —2)~! has a limit as z — zg, z € 2,

(A+B—zl)ggp:= wlim (A+B—-zl),gp: E=F (1)

z—20, 2EQ

in the weak operator topology of mappings E — F.

2. Dimension of the space of solutions to the problem
(A= 2I)¥ =0,  UeRange((A+B—2I);'5x) (2)

equals r. Here B : F — E is any finite rank operator (or, more generally, any
A-compact operator) such that the limit (1) exists.

Definition 1 (Virtual levels). If the statements in Theorem 1 hold with
r = 0, we say that zg is a reqular point of the essential spectrum of A relative
to (2,E,F). If r > 1, we say that zo is a wvirtual level of A of rank r
relative to ({2, E, F). The solutions to the problem (2) are called virtual states
corresponding to virtual level zg (relative to (2, E, F)).

Theorem 2 (Virtual levels vs. bifurcations). Assume that {2 is an open
connected subset of C such that 2N o(A) =0 and that zp € o(A) N OL2.

(1) If there is a sequence of bounded operators V; : F — E, j € N, with
lim; oo ||VjllroE = 0, and a sequence of eigenvalues z; € oga(A + V;) N (2,
zj — 29, then zg is not a regular point of oess(A) relative to (12, E, F).

(2) Assume that zo is a virtual level of A of finite rank r > 1 relative to
(2,E,F), and moreover assume that there is a finite rank operator B : F — E
such that there is a limit  s-lim (A+B—zI)~! in the strong operator topology

z—20,2€82
of mappings E — F. There is 6 > 0 such that for any sequence z; € 2NDs(zp),
j €N, z; = 29, there is a sequence of finite rank operators

Vi:F=E,  |Vilroe =0, 2z €0a(A+V;), jeEN

Here is an application of the theory to the limiting absorption principle of
Schrédinger operators in R? near zp = 0 (previously unknown).

Theorem 3. Let V € Ceomp(R?,C). There is a limit of (—A +V — 2I)~7}
as z — zy, z € C\ [0,400) in the weak operator topology of mappings
L2(R?) — L%, (R?), s, s’ > 1 if and only if there is no solution ¥ € L>°(R?)
to the equation (—A+V — 2oI)¥ = 0.
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CONTINUAL MODEL OF HYPERCYCLE REPLICATION
BRATUS A.S.!, CHMEREVA 0.S.2

Continual model of hypercycle replication in a form of nonlinear integ-
ro—differential equation with delayed in space variable are considered. The
existence and uniqueness theorem together with non-negativity solution are
proved. Spatially nonhomogeneous steady state solution is considered. It
is proved the existence of closed trajectories for sufficiently small diffusion
coefficient. The results of computational modelling are presented.

This investigations are supported by RFBI grant Ne20-04-60157.

'Russian University of Transport, Russia.
Email: alexander.bratus@Qyandex.ru

2Moscow State University, Russia. Email: o.s.ch@yandex.ru

ON THE SOLVABILITY OF A THREE-POINT BOUNDARY
VALUE PROBLEM FOR LINEAR FUNCTIONAL
DIFFERENTIAL EQUATIONS

BRAVYI E.I.
We consider a boundary value problem
i(t) = (T*a)(t) — (T~2)(t) + £(8), e [0,1], 1)
2(0) + (1) = 2x(c), (2)

where ¢ € (0,1) is a given point, T+ and T~ are linear positive operators,
acting from the space of real continuous functions CI0, 1] into the space of real
integrable functions L[0, 1] with the standard norms, f € L[0, 1] (here positive
operators map continuous non-negative functions into non-negative integrable
functions). An absolutely continuous function z : [0,1] — R is called a solution
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of problem (1)—(2) if it satisfies equation (1) for almost all ¢ € [0, 1] and satisfies
three-point boundary value condition (2).

If we put ¢ = 0 or ¢ = 1, then condition (2) coincides with the periodic
boundary value condition. Integral necessary and necessary conditions for the
unique solvability of the periodic boundary value problem for equation (1) in
terms of two quantities f()l(T+1 )(s)ds and j;)l (T~1)(s)ds are known [1] (here
1 :[0,1] — R is the unit function).

Various three-point boundary value problems are also considered for
functional differential equations (see, for example, [2, 3]). Similar integral
necessary and sufficient conditions for three point problems, in particular,
problem (1)—(2), as far as we know, have not yet been obtained. It is natural
to consider the conditions for the unique solvability of this problem in terms
of four parameters, namely, the integrals of T71 and T~1 over intervals [0, ¢]
and [c, 1]:

/C(Tﬁ)(s)dszPL, /1(T+1)(5) ds = Pp, 3)
0 c

/C(T_l)(s)dszML, /(T‘l)(s)dszMR. (@)
0 c

We are interested in the structure of the uniquely solvable set 2 € R*, that
is, the set of all points (Pr, Pr, M1, Mg) for which any problem (1)—(2) with
positive linear operators TF, T~ satisfying the equalities (3)—(4) is uniquely
solvable.

It is easy to construct the set of unique solvability for two zero parameters
M; = 0 and Pg = 0. This section of 2 plays an important role in the
construction of the entire solvability set.

Theorem 1. Let My = 0 and Pr = 0. Let non-negative numbers Pr, Mp
be given. Boundary value problem (1)—(2) is uniquely solvable for all linear
positive operators TV, T~ satisfying the equalities (3)—(4) if and only if

P, € (074), Mg =0,

2(1— Mgr++1—Mg), Mg € (0,3/4),
0< P < MR/(QMRfl), MR€[3/4,3/2),

(1 — Mg + \/W)/Qa Mg € [3/2a4)'

But in general case conditions of solvability (necessary and sufficient) turn
out to be rather complicated.
The work is performed as part of the State Task of the Ministry of Education
and Science of the Russian Federation (project 1.5336.2017/8.9).
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EXISTENCE AND UNIQUENESS RESULTS FOR A CLASS OF
ITERATIVE DIFFERENTIAL EQUATIONS WITH INTEGRAL
BOUNDARY CONDITIONS

CHOUAF S.!, KHEMIS R.2, BOUAKKAZ A.3

This work is devoted to investigate the following nonlinear second-order
boundary problem with iterative terms:

" (t)=—f(tz @),z @)+ Lg(t,z(t),2% (1))
+ g (ta (), 22 (1), 0<t<b, (1)
2(0) =0, o f) z(s)ds =z (b) withn € (0,b), a € R,

where 2P (t) = z(z(t)) and f,g : [0,b] x R? — [0,400) are continuous
functions with respect to the first variable and are globally Lipschitz-continuous
with respect to the other variables. By virtue of Schauder’s fixed point theorem,
we establish the existence of bounded solutions. Moreover, under an additional
condition, and by the help of the contraction mapping principle, we prove the
uniqueness and continuous dependence of the sought solution. For n € (0,b),
let

n
Bt = {x cC([0,b],R) :  (0) = 0, a/ 2(s)ds = z(b), @ ER*,},
0
endowed with the supremum norm, be a Banach space and
for0< L<band M >0, let

1"{ xECBlnhOS(ESIM }
|x(t2)—m(t1)|§M|t2—t1|, th,tQE[O,b} ’

a closed convex and bounded subset of CByy;.
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Moreover, we assume that
o || 3 + 3b2 1 b(2b+an2 —|—2a77+4) —an2w < @)
312b—an?| 2 |2b — an?| -
((3b2+7]3|0¢|) w(4b+2a+2am)
sb—on]_ b+ = [25=an?] < M, (3)
+k0 + Zi:l ki Z;;O Mj+1

where p = sup |f(s,0,0)| and ¢ = p—i—LZ?:l ci Z;;é M.
s€[0,b]

Theorem 1. Suppose that conditions (2) and (3) hold. Then problem (1) has
at least one positive bounded solution x in T'.

For i = 1,2, let ¢; and k; be the Lipschitz constants for f and g respectively.
Theorem 2. Under hypotheses of Theorem 1, assume further that

362+lalp® | L 2 imie1 i
(v (Stet + 50 ) S e )
b 2b+an2+2an+4 —a772 2 i—i—1 .
+ < ( [2b—an?| ) Zi:l ki Z;:E Mj) <1,

then problem (1) has a unique solution in T.

(4)

Theorem 3. Suppose that the conditions of Theorem 2 hold. The unique
solution of (1) depends continuously on functions f and g.
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OPTIMAL CYCLIC DYNAMIC OF DISTRIBUTED
POPULATION UNDER PERMANENT AND IMPULSE
HARVESTING

DAVYDOV A.A.', VINNIKOV E.V.2

We consider on n-dimensional torus a distributed renewable resource, the
dynamic of which is described by equation of Kolmogorov-Piskunov-Petrovsky-
Fisher type in the divergent form

pe = (a(2)ps)z + alz)p — b(@)p?, (1)
where p = p(x, t) is the density of the resource at the point x at time ¢, functions
a, a and b characterize the diffusion of the resource, the rates of its renewal and
saturation of the environment with it, respectively. It is assumed that the last
two functions are measurable and bounded. In addition, it is assumed that the
saturation rate b is positive and separated from zero by some positive constant,
the matrix « is positive definite, and its elements have derivatives satisfying
the Holder condition with some positive exponent. Such conditions are imposed
on the saturation and diffusion rates in the paper [1], some of the results from
which are used in our studies.

The resource is exploited in two modes simultaneously. The first one is
permanent harvesting of a part of current density of the resource, that adds to
equation (1) the term —u(z)p to its right hand side. A measurable function u
characterizes this harvesting, it is considered as control and satisfies condition
U, < u < Us; everywhere on the torus with some measurable bounded functions
U, and U,. Such a control is called admissible. The second is a periodic
impulse harvesting of a share of the resource. In this mode, the available
effort E to harvest or a part of this effort is distributed over the torus with a
measurable effort density r = r(x), which everywhere on the torus satisfies the
constraints Ry < r < Ry with some nonnegative bounded measurable functions
Ry, Ro, Ry # Rs. Such effort density is also called admissible. Admissible efforts

exist iff [ Ri(z)dz < E. It is assumed that this condition is fulfilled. Besides
'JT’!L
we account the effect of both the difficulty of resource detecting or extracting,

depending on both the point of the resource area and the effort density applied
at this point, namely, the harvest proportion is defined as

1— e @)
where a nonnegative continuous (or measurable) function ~ reflects this

complexity.
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The evolution of the resource density between subsequent impulse harvesting
is defined by the solution of the Cauchy problem for the studied equation (1)
with the additional term —u(x)p in righthand side and the initial data that are
the resource density after the impulse harvesting.
We prove that if [ Ry(z)dz < E then there exists admissible harvesting
’H"n

strategy {u, r}, which provide maximum time averaged income over all
admissible strategies, if the initial resource density is no less its limit density
without any harvesting.

This research continues the studies in [2], [3], [4], but it differs from them
in the mode of harvesting, which is mixed here, and, as a consequence, in the
formulation of the optimization problem, although the basic ideas of the proofs
are from these works.

The research was supported by RSF grant 19-11-00223.
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STABILITY IN METRICS C°, C' AND ABSOLUTE STABILITY
OF NEUTRAL SYSTEMS WITH NONLINEARITY OF LURIE
TYPE

DIBLIK J.

In the talk we consider absolute stability of a system of nonlinear differential
equations of neutral type

#(t) = Ax(t) + Bx(t — 1) + Di(t — 1) + bf(o(t)), t=0 (1)

where z = (z1,...,2,)7: [-7,00) = R", A, B and D are n X n constant
matrices, b is an n-dimensional column constant vector, 7 > 0 is a constant
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delay, f: R — R, f(0) = 0, is a Lurie-type nonlinear function satisfying
Lipschitz condition, o(t) := ¢Tz(t) and ¢ is a column n-dimensional constant
vector where the superscript 7' denotes the transpose.

The exponential C? stability of (1) is studied. Its proof is carried out by the
Lyapunov-Krasovskii method of functionals. Then, the exponential C! stability
of (1) is studied and final result on absolute stability of (1) is formulated. The

results are illustrated by an example.
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VERSION OF FLOQUET THEORY FOR DELAY
DIFFERENTIAL EQUATIONS

DOMOSHNITSKY A.

We propose a version of the Floquet theory for first order functional
differential equation

o' (t) + Z a;(t)x(t —7i(t) =0, t € [0,00), (1)
assuming that a;(t) = q;(t + w), 7;,(t) = 7t +w), t — 1;(t) > 0,

oo m
J 3 a;(t)dt = co for j = 1,...,m, t > 0. The Floquet formula of solutions’
0 j=1
presentation is proposed. On this basis new assertions on stability are obtained.
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HOMOGENIZATION OF NONSTATIONARY PERIODIC
EQUATIONS AT THE EDGE OF A SPECTRAL GAP

DORODNYI M.A.

In Ly(R), we consider a second-order elliptic differential operator A., & > 0,
given by the differential expression

d d
A =—— — 42 . 1
- = —gla/e) - + eV (/) (1)
Here g is a measurable function such that 0 < ap < g(x)
glxa+1) = g(x), z € R, and V € L1(0,1), V(z + 1) = V(x)

assume that infspec A =0, A := A;.
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It is well known that homogenization for operator (1) is a threshold effect
near the edge of its spectrum. The spectrum of operator (1) has a band
structure and may have gaps. Does it make sense to associate analogs of
homogenization problems with the edges of internal gaps? We study this issue
for a nonstationary Schrédinger equation and a hyperbolic equation involving
the operator A..

Let o > 0 be a (non-degenerate) left edge of a band with odd number s in the
spectrum of the operator A. Let f, g € Ly(R). Consider the Cauchy problems

.0
Zaug(w,t) = (Asue)(x7t)7
ue(x,0) = (Yo f)(x),

@ve(x,t) = —(Acve)(z,t) + e 20v.(x, 1),

ve(2,0) = (Yo f)(2), (Grve)(x,0) = (Teg)(2),

2)

3)

where
(e ]

(Vef)(e) = @n) 2 [ @D (oo e, ., (oh) dk

j=s

Here {e***@;(z, k) 5= are the Bloch waves corresponding to the spectral bands
of the operator A with numbers j > s,

Q= (—jm,—(j — VU ((j — Vm,jn], jeEN,

are the Brillouin zones, and (®f)(k) is the Fourier image of a function f(z).
We prove the following estimates

e (1) = 7700 (/)0 D)l oy < CQL+ [t/2)el 2w, @
f e H*(R),
[ve(:+1) = o (-/2)vo (- )| ey
<SCAHU e f | + lollmem). — (5)
f e H2R), g € H'2(R),

where ug and vy are the solutions of the effective problems

. 6 hom 82 hom
i—-ug(x,t) = (A uo) (1), | ==wo(z,t) = —(AL™vo)(z,t),

ot ot?
ug(x,0) = f(x), vo(x,0) = (), (Owo)(x,0) = g(x),
Abom — —bU%, by > 0 is the coefficient in the asymptotics of the band

function E(k) = E4(k): E(k) ~ 0 + by k?, k ~ 0; and ¢, (x) = ¢4(z,0) is the
periodic solution of the equation Ay, = o, , normalized in Ls(0,1).
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These results are sharp with respect to the norm type as well as with respect
to the dependence on t. The other edges of the spectral gaps have also been
studied. The results are published in [1].

This research was supported by Young Russian Mathematics award and
Ministry of Science and Higher Education of the Russian Federation, agreement
Ne(75-15-2019-1619.
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DELTA-SHAPED PERTURBATIONS OF THE
LAPLACE-BELTRAMI OPERATOR ON A
TWO-DIMENSIONAL SPHERE

DOSMAGULOVA K.!', KANGUZHIN B.E.?
In a Hilbert space H with scalar product (-,-) and norm || - ||o consider a

closed linear operator B with domain D(B) dense in H. We assume that

KerB # {0}, Ran(B) = HanddimKer(B) = m < 0.

We define an additional norm || - ||; on the domain D(B) and denote the
closure by D(B) this norm by W. We assume that the additional norm || - ||;
is stronger than the norm | - o, that is Vo € D(B) C H the inequality

lz]lo < C||z||1 holds. It is clear that the embedding W C H has been completed.
In the dual space W* we choose a system m of linearly independent functionals
Ui, ..., Upy. Then there is a unique system of elements {1, ..., p2} from Ker(B),
subject to the conditions

<Uf7307‘> = 5t2at7z = 1727"'7m

where (Uy; ) means the value of the functional U; on the element ,., and d;,
is a Kronecker symbol.

Let Ag is an invertible restriction of the operator B. The operator A, is
defined by the formula Au = Bu on the domain

D(A) = {u €DB):u=A"f=> .U (M), Vf € H}
s=1



Theorem 1. Operator A is an invertible operator, and

AP =AY o Ul (MG f) Vf EH.
s=1
Moreover, for the resolvents (A—XI)~t and (Ao — NI)~* the second generalized
Hilbert identity is valid:

(A=AD7'f = (Ao = AD) 7T f =Y AN =MD T o Us((Ag = AD) 7' f)
s=1
Note that the inequality D(A) # D(Ag) can hold.
The Laplace-Beltrami operator is considered on the two-dimensional unit

sphere: Ag2® = — [%529 977~ tg@‘g‘g gzg’], which plays the role of the

operator Ag. The eigenvalues of the operator Ag have the form A\, = I(I + 1),
where | > 0 are integers. Each eigenvalue A\; has a multiplicity 2] + 1. They
correspond to their eigenfunctions
S P (cosB)cosmp,m =0, ...,1
! { Pllml(cosﬁ)sin|m|<p,m =-1,-2...,—L
Green'’s function of the operator Ay has the form

e(p, 050, 8) = Z”H ZYl 0, O™ (o ).

The indicated Green’s function satisfies the representation
1
V/2(1 — sinasing — cosacospcos(0 — B)

Let choose as ®o(¢, 0) = (¢, 0, ¢o, 6),

(I>1(¢7 0) = %E(@ 0, ¢07 90)7

Dy(¢,0) = L(6,0, ¢o,00), where (¢,0)

is a fixed point. Further, according to the above scheme, a biorthogonal
system of functionals Uy, Uy, Uy is constructed. Then, according to Theorem
1, the invertible operator A is written out. The operator A can be interpreted
as a delta-shaped perturbation of the Laplace-Beltrami operator on a two-
dimensional sphere.

This work was financially supported by the Science Committee of the
Ministry of Education and Science of the Republic of Kazakhstan (Grant No.
AP08855402, IMMM).
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ON THE ASYMPTOTICAL NORMALITY FOR THE SYSTEM
“FIELD-CRYSTAL”

DUDNIKOVA T.V.

The talk is devoted to study of the long-time behavior of distributions of
solutions for infinite-dimensional Hamiltonian systems. As a model, we consider
a linear Hamiltonian system consisting of a real scalar Klein—Gordon field ()
and its momentum 7(z), € R? coupled to a “simple” lattice described by
the deviations u(k) € R™ of “atoms” and their velocities v(k) € R", k € Z,
d,n > 1. The Hamiltonian functional of the coupled field—crystal system reads

Hibowm) =5 [ (Vo) + milo@) + [r(@)) de

]Rd
d
5 3 (X lulk + ) — wlB)P + 3 )P + o))
kezd =1

+ > / R(z — k) - u(k)(z) dx.

]fEZd]Rd

Here mg, vy > 0, the coupled function R(x) is an R"-valued smooth function,
exponentially decreasing at infinity. This system can be considered as the
description of the motion of electrons (so-called Bloch electrons) in the periodic
medium which is generated by the ionic cores.

For the coupled system, we study the Cauchy problem with the initial data
Yo = (¥o,u0,m0,v0). We assume that the initial data Yy belong to the real
phase space &.

Definition 1. &3 := H1**(RY)@[2 (2" HE (RY) D [(2 (Z)]", where HE (R?)
are the weighed Sobolev spaces, s, a € R.

Assume that the initial state Yp(p) (p € R? U Z?) of the system is a
measurable random function with the distribution pg. The initial measure pg
is a Borel probability measure in £2 which is translation-invariant with respect
to the subgroup Z¢ in two half-spaces p; > a and p; < —a with some a > 0.
Given t € R, denote by p; the probability measure that gives the distribution
of the solution Y (¢) = (¢ (-, t), u(-,t), 7(-,t),v(:,t)) to the Cauchy problem with
the random initial state Y. We study the asymptotics of u; as ¢ — +o00. The
main result is the following theorem.
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Theorem 1. The measures u; weakly converge to a limiting measure [ aS
t — oo in the spaces Ef for any s < 0 and f < a < —d/2. Moreover, the
measure o, 1S a stationary Gaussian measure which is translation-invariant
with respect to the group Z%. The explicit formulas for limiting correlation
functions are given.

We prove the weak convergence of the measures by using the strategy of [6].
In the case when the initial measure g is translation-invariant with respect
to the subgroup Z?, Theorem 1 was proved in [2]. Also, we consider the case
when the measure pg is a Gaussian measure in 2, with s, < —d/2, and
initially some infinite “parts” of the system have Gibbs distributions with
different temperatures. In this case, we calculate the limiting mean energy
current density in the terms of the correlation functions of py. The similar
results were obtained for the harmonic crystals in [1, 4] and for the Klein—
Gordon fields in [3, 5].
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CONSERVATION OF THE INTEGRABILITY PROPERTY OF
C'-SMOOTH MAPS OBTAINED BY SMALL PERTURBATIONS
OF SKEW PRODUCTS

EFREMOVA L.S.

Let J, J' be closed intervals in the real line, and J? = J x J’ be a closed
rectangle in the plain. In the recent papers [1]-[3] maps of the form

®(z, y) = (f(x) + p(x, y), 92(y)), where (z,y) € J?, (1)

were considered under the following conditions:

(ig) maps (1) are Cl-smooth on J?;

(iig) ®(0J?) C 8J%, where J(-) is the boundary of a set;

(i,,) the equality u(z, y) = 0 holds for every (z, y) € 0J%;

(if) f is Q-stable in the space of C'-smooth self-maps of the interval J with
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the invariant boundary;
(ii,) the standard C'-norm of y satisfies some conditions of smallness that is
connected with the previous condition (if).

We prove the existence of the invariant lamination and the integrability
property of the map (1) on the support of this lamination. We study the periodic
trajectories of maps (1) and construct new examples.
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ON ODD-ORDER QUASILINEAR EVOLUTION EQUATIONS
WITH GENERAL NONLINEARITY

FAMINSKII A.V.

On an interval (0, R) for an arbitrary R > 0 consider an initial-boundary
value problem for an equation

up — (_1)l(82l+1u+ a lanu)

- Z 1707 [azjs1(t, )0 u + ag;(t, 2)0ul]

+Z kﬁk (96 (t,z,u, . ..,6i_lu)}:f(t,x)7 leN,

with an initial condition
(0, ) = ug(x)
and boundary conditions
du(t,0) = du(t,R) =0, j=0,...,1—1, 0 u(t,R) =v(t).

Equations of such a type are the class of quasilinear evolution dispersive
equations describing wave processes in various media.

48



It is assumed that ag; < 0, the coeflicients a; for j < 2! — 1 are small
in some sense or have appropriate signs, the functions gx(¢, %, yo,---,¥i—1)
satisfy certain growth restrictions with respect to y;. Then for small functions
up € La(0,R), v € L2(0,400) and f € L2((0,400) x (0,R)) there
exists a unique weak solution to the considered problem wu(t,z) such that
u € C([0,T]; L2 (0, R)), OLu € Ly((0,T) x (0, R)) YT > 0. Moreover, if v and f
decay exponentially when ¢ — +o00 then the solution also decays exponentially
in Ly (0, R).

The obtained results can be applied for the Kaup—Kupersmidt equation (for
example)

2 3
Ut — Uggzax + bu:vwz + AUy + C1U Uggzx + COUULUgy + C3U, + C4uuzwz+

2

+ c5UpUgy + CeU UL + cruu, = 0,

for which there is no global a priori estimate for solutions in the space L2 (0, R)
without assumptions on their certain smallness.

The results were published in paper [1].

The author was supported by the Ministry of Science and Higher Education
of the Russian Federation: agreement no. 075-03-2020-223 /3 (FSSF-2020-0018).
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FREE BOUNDARY PROBLEM OF
MAGNETOHYDRODYNAMICS FOR TWO LIQUIDS

FROLOVA E.V.

We consider the free boundary problem of magnetohydrodynamics, which
describes the motion of two viscous incompressible liquids under the action of
magnetic field. The interface between the liquids is unknown. Let the bounded
variable domain €2, is filled by the first liquid. The domain §q; is surrounded
by the bounded variable domain 9, filled by the second liquid. The boundary
of Qo; consists of two disjoint components: the free surface I'; and the external
given boundary S which is a perfectly conducting closed surface. We assume
that both I’y and S are homeomorphic to a sphere, dist{T'g, S} > ¢ > 0.

We assume that the initial position of the free boundary I'y is a small normal
perturbation of the given smooth closed surface G

Lo={z=y+N(y)po(y), yeGaG},
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where N(y) is the external normal to the surface G, po is a given function,
lpo| < 2. We are looking for the free boundary in the similar form

Iy ={z=y+N(yplyt), yeG},

where the function p(y,t) is unknown, and use the Hanzawa coordinate
transform to reduce the MHD free boundary problem to the problem in
a domain with a given boundary. We obtain the solvability result for the
corresponding linear two-phase problem for the magnetic field [1] and prove
the local solvability of the free boundary MHD problem in Sobolev-Slobedetskii
spaces WQZH’HI/Q, 1/2 <1 <1 in the 3-dimentional case.

Then, we consider the free boundary MHD problem in the multi-dimentional
case. The maximal L,— L, regularity result for the linearised two-phase problem
for the magnetic field is obtained in [2]. This part of the talk is based on the
joint work with Prof. Y. Shibata.
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NONLINEAR BOUNDARY-VALUE PROBLEMS
FOR HEAT-ELECTRICITY EQUATIONS

GALKIN V.A.

The process of direct transformation of heat energy to electricity is
considered. The effect is based on electrons generation on heated emitters in
chain of elements (EGE) which are connected in series. The mathematical
model of above mentioned phenomenon is based on system of nonlinear
boundary-value problems for equations

W (x) + flzu(@) =0, 0<z<lL

The dependence of function f on argument wu is non-linear due to Stephan-
Boltzmann radiation law for heated bodies and is of polynomial form. Similarly
behavior of f is produced by non-linearity of electric characteristics for EGE.
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The justification of effective numerical methods are described for above
mentioned problems and regularization is applied to the boundary-value
problem with Stephan-Boltzmann heat non-linearity.

The symbols V., V) are used as notification for potentials of emitter and
collector respectively. The index i points out the relation of value under
consideration to i— th EGE in chain which consists of n elements.

The system of equations for the potentials is written below

Vze + Biej(Vie = Vik) =0, (1)

Vik +Bixi(Vie—Vir) =0,  0; <x < hy,
where (., Br are positive constants and j is current density. The following
boundary conditions hold

n

1 1 1
BTuz(OZ) = ’YZ(BTUS(hG) + Tus(os))v (2)
K s—1 ,S e,s
L0 + () = 0,

Bri Be
where positive constant v is defined as
1 1 -
=[R + + ) hi
’Y [ (ﬁe,n /Bk,n) Zl Z]

The boundary-value problem (1), (2) is solved by the regularization method.
It is supposed that current density has bounded negative derivative such that
9j
—A< L <-§

— au —_ )
where A and ¢ are positive constants. Suppose the value k > A. Let us consider
the functional space
H={u}, u=(u1,us,,un}, ui € Wal0;,hi], 1<i<n.

The norm on Hilbert space H is defined as following

h;
HW=ZﬂW+@mea

=10,
The operator P: H — H is defined by relations
u= P(v),

1"

u; — k(u; — i) + (Beyi + Br,i)ji(ui, ) =0, 0; <& < hy, 1 <i<n,
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1 . 1 1
i\Vi) = - Us hs - Us\Ys)),
6k7iuz(0) vg(m’su (hs) + 5. (05))
’ ]_ ’
Bhr,i wi00) + Be,i ui(h) =0,

Theorem 1. Operator P has unique fixed point and boundary-value problem
(1), (2) has an unique solution when regularization applied to the Stephan-
Boltzmann law.

The research was supported by RFBR grant 20-07-00236.
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BLOW-UP FOR SEMILINEAR PARABOLIC EQUATION WITH
NONLINEAR MEMORY CONDITION AND VARIABLES
COEFFICIENTS

GLADKOV A.

We investigate the global solvability and blow-up in finite time for semilinear
heat equation with a nonlinear memory boundary condition:

u = Au+c(t)u? for z € Q, t>0, (1)
t
du(z,t) _ k(t)/ u(z,7)dr for x € 0Q, ¢ >0, (2)
ov o
u(z,0) = ug(x) for z € Q, (3)

where 2 is a bounded domain in R™ for n > 1 with smooth boundary 02, v is
unit outward normal on 92, p > 0 and ¢ > 0. Here ¢(t) and k(t) are nonnegative
continuous functions for ¢ > 0. The initial datum ug(x) is a nonnegative C*(9)
function which satisfies the boundary condition at ¢ = 0.

We prove global existence of solutions of (1)—(3).

Theorem 1. If max(p,q) <1, then every solution of (1)—(3) is global.
If max(p, q) > 1 solutions of (1)—(3) may tend to infinity for finite time.

Theorem 2. There are not nontrivial global solutions of (1)—(3) if

p>1 and / c(t)dt = oo
0
or -
g>1, k(t) > k() >0 and / tk(t) dt = oo
0
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and at least one of the following conditions is fulfilled
k(t) < t% for large values of t, ¢ > 0,

or
t'79k(t) is nonincreasing for large values of t.

Let min(p, ¢) > 1. To formulate global existence result for problem (1)—(3)
we suppose that

/ (c(t) + th(t)) dt < o0 @)
0
and there exist positive constants «, typ and K such that a >ty and
t
Tk(7)
dr < K for t > a. (5)
w/t—to \/t — T

Theorem 3. Let min(p,q) > 1 and (4), (5) hold. Then problem (1)—(3) has
bounded global solutions for small initial data.

Similar results we obtain for the case p =1,¢ > 1.
The results of the talk have been published in [1].
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ON THE WENTZELL CONDITION FOR ONE EVOLUTION
EQUATION

GONCHAROV N.S.!, ZAGREBINA S.A.2, SVIRIDIUK G.A.3

Let Q C R™, n € N\ {1}, be a bounded connected domain with the boundary
90 of the class C*°. In cylinder Q7 = Q x (0,T), T € R4, let us consider the
linear Dzekzer equation

A = A)ug(z,t) = apAu(x,t) — BoA%u(z,t)—

—yu(z,t) + f(x,t), (z,t) € Qr.

which modeling the evolution of the free surface of the filtered liquid [1]. In
particular, the authors are interested in the solutions, which must satisfy both
to Wentzell boundary conditions

(1)

Au(z,t) + al@(x,t) + Byu(z,t) =0, (z,t) € 99 x (0,T), (2)

ov
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and to Roben boundary conditions

agg (x,t) + Bau(z,t) =0, (x,t) € 02 x (0,T), (3)
as well as the initial Cauchy condition
tg%h_(u(x,t) —ug(x)) =0, z €. (4)

Here A € R, ax, Bk, v € Ry, k = 0,1 are real parameters characterizing
the medium; the function f(z,t) corresponds to liquid sources, v = v(z) is a
external unit normal to 92. In this report the authors, taking into account
the use of methods of the theory of degenerate holomorphic semigroups,
construct exact solutions for the linear Dzekzer equation with Wentzel and
Roben boundary conditions. In particular, for suitable spaces 4 and § the
following theorem is proved.

Theorem 1. Let A € o(A) and the coefficients (ag,7y) € R? and B € R, are
such, that no eigenvalue A, € o(A) is the root of the equation Bo&? —apé+y = 0.
Then for any f € C1((0,7);3°) N C°([0,7];§) and ug € 4 such that

S uo, prhon = 3 L0 eriser

32
= /\k:AOéox\ Bor? —

there exists the unique solution u € C1((0,7);4) N CY([0,7];4h) to Cauchy-
Wentzell problems (1)7(4) where the solution u = u(t) has the following form

N Pk)FPk
Zet/k U, Pk ;g(pk-i- Z W{))\S*’}/_‘_

n(t—s)
(= M) /ds/e Sok>350kdlu’
o=

where the dash at the sign of the sum means that there are no summands with
numbers k such that A = \g.

The research was partially funded by RFBR and Chelyabinsk Region, project
number 20-41-740010.

References

[1] Dzektser E. S. Generalization of the equation of motion of ground waters with
free surface // Dokl. Akad. Nauk SSSR. — 1972. — vol. 202, issue 5. — 1031-1033
pp-

[2] Denk R., Kunze M., Ploss D. The Bi-Laplacian with Wentzell boundary
conditions on Lipschitz domains // Integr. Equ. Oper. Theory. — 2021. — vol.
93, issue 2. — Article ID 13. — 26 p.

54



[3] Goncharov N.S., Zagrebina S.A., Sviridyuk G.A. Showalter—Sidorov and Cauchy
Problems for the Linear Dzektser Equation with Wentzel and Robin Boundary
Conditions in a Bounded Domain. Bulletin of the South Ural State University.
Series: Mathematics. Mechanics. Physics, 2022. (in print)

1South Ural State University, Russia. Email: goncharovns@susu.ru
2South Ural State University, Russia. Email: zagrebinasa@susu.ru

3South Ural State University, Russia. Email: sviridiukga@susu.ru

FOURIER TRANSFORMS WITH NON-TRIVIAL KERNEL
AND INVERSION THEOREMS

GORSHKOV A.V.

Usualy Fourier transform F' can be associated with some operator A with
the full set of generalised eigen functions. It lead to inversion formulas for F~!
as well as Plancherel equity. But if A has the non-zero kernel, then the system of
generalised eigen functions should be complemented by ordinary eigen functions
{er} associated with eigenvalue A = 0 for which Plancherel-Parseval equity like

AP = IFLAIP + D (fren)®
k

holds.
We study Weber-Orr transform in the space of square-integrable functions
Lo (rg, 00;7) with infinitesimal element rd r:

> Jk(/\S)Yk:tl(/\TO) — Yk(AS)Jkil(/\’l’o)

" 1 A — s)sds,
kk+ [f]( ) /m \/Jzil (>\7”0) + Ylgil()‘m) f( )
Wik () = / = TV (o) = Ve Jeen (o) 393 0

kkt1 0 \/Jlgzl:l()\TO) + Y2, (Aro) )

where 79 > 0, k € R, Ji(r), Yi(r) are the Bessel functions of the first and
second kind respectively.

Lemma 1. For k > 1 function 1/r* € ker(Wy—1), and for k < —1
rk e ker(Wy k+1)-
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Theorem 1. Let f(r)\/r € Li(rg,00) N La(rg,0), rg > 0, k € R. Then the
Weber-Orr transforms satisfy almost everywhere
F(r) = Wiy Wil £l (), k <1,

)21
7(0) = Wiy Wil ) )+ 2E= D00
fr) = Wkili+1 Wi [f]] (r), & > =1,

k e’}
N e L
0 ro

/ sTHLf(s)ds, k> 1,

To

and the following Plancherel-Parseval equity holds:
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VANISHING TOPOLOGY OF MATRIX SINGULARITIES
GORYUNOV V.V.

We are considering local singularities of holomorphic families of arbitrary
square, symmetric and skew-symmetric matrices, that is, of mappings of smooth
manifolds to the matrix spaces. Our main object is the vanishing topology of
the pre-images of the hypersurface A of all degenerate matrices in assumption
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that the dimension of the source is at least the codimension of the singular
locus of A in the ambient space.

We will notice that the complex link of A is homotopic to a sphere of the
middle dimension and give a geometric interpretation of such spheres. This will
allow us to introduce vanishing cycles on the singular Milnor fibre of a matrix
family, that is, on the local inverse image of A under a generic perturbation
of the family. According to Lé and Siersma, such a fibre is a wedge of middle-
dimensional spheres. It turns out that in some important cases, which include
all simple matrix singularities, the number pua of the spheres in the wedge is
equal to the relevant Tjurina number 7 of the family. This allows to formulate
a general ua = 7 conjecture for matrix singularities.

I will also introduce two kinds of bifurcation diagrams of matrix singularities.
For simple matrix families, there is a version of the Lyashko-Looijenga theorem
for the larger diagrams, while the smaller ones are the discriminants of the Weyl
and Shephard-Todd groups.

The talk is mainly based on the paper [1].
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IDENTIFYING, MODELLING AND NUMERICAL ANALYSIS
OF THE OPERATION OF ASYNCHRONOUS MOTOR

GOURI N.!, MIHOUB M. L.2, BENDJAMA H.3

In this talk, we study the steady-state operation of motor-converter system.
However, difficulties arise during the operation of this system. These difficulties
present discontinuities on time. In order to avoid this problem we will try in our
study to investigate in numerical analysis, applying mathematical techniques
in differential equations which model the operation of the system. We aim in
this work to optimize the functioning of the system and its efficiency.
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CONFORMAL INVARIANCE OF THE STATISTICS OF THE
ZERO-ISOLINES OF 2d SCALAR FIELDS IN INVERSE
TURBULENT CASCADES

GREBENEV V.N.!, WACLAWCZYK M.2, OBERLACK M.?

This study concerns conformal invariance of certain statistics in 2d
turbulence. Namely, there exists numerical evidence by Bernard et al. [Nature
Phys. 2, 2006], that the zero-vorticity isolines x(I,¢) for the 2d Euler equation
with an external force and a uniform friction belong to the class of conformally
invariant random curves. Based on this evidence, the CG invariance was
formally proven in [Grebenev et al. J. Phys. A: Math. Theor, 50, 2017] by a Lie
group analysis for the 1-point probability density function (PDF) governed by
the inviscid Lundgren-Monin-Novikov (LMN) equations for 2d vorticity fields
under the zero external force field. In this work we consider the first equation
from the LMN chain for 2d scalar fields under Gaussian white-in-time forcing
and large-scale friction. With this, the flow can be kept in a statistically steady
state and the analysis is performed for the stationary LMN. Specifically, for
the inviscid case we prove the C'G invariance of the 1-point statistics of the
zero-isolines x(I) of a scalar field, i.e. the CG invariance of the probability
f1(x(1), $)d¢ that a random curve x(1) passes through the point x with ¢ =0
for [ = I;. We show an example, where the proposed transformations represent
a change between PDF’s describing homogenoeus and non-homogeneous fields.
Possible implications of this result are discussed. The results presented are
published in Phys. Rev. Fluids 6, 084610 (2021).

Vladimir Grebenev acknowledges the financial support of FAPESP
Foundation, Brazil (Grant No. 2021/09845-0).
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LANDIS’ PROOF OF HARNACK INEQUALITIES
GRIGOR'YAN A.A.

We present the approach of E.M. Landis to the proof of the uniform Harnack
inequality for second order elliptic equations both in divergence form (theorem
of Moser [6]) and in non-divergence form (theorem of Krylov-Safonov [4]).
Different parts of this method were published in [3] and [5].

This approach has been recently used in [1] and [2] in order to prove the
Harnack inequality in the setting of Dirichlet forms on fractal-type spaces.

The research was supported by SFB1283 of the German Research Council.
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ON GRADIENT-LIKE FLOWS WITHOUT HETEROCLINIC
INTERSECTION

GUREVICH E.Y.
We will say that gradient-like flow f* belongs to a class G(M™), where M™
is connected closed oriented manifold of dimension n > 3, if:

(a) Morse index (dimension of unstable manifold) of any saddle
equilibrium state of the flow f? equals either 1 or n — 1;
(b) invariant manifolds of different saddle equilibria do not intersect.
Denote by v¢+ and pi7¢ the numbers of saddle and node equilibria of the flow
ft € G(M™) and set
gre = (g — ppe +2)/2.
Everywhere below S stands for manifold which homeomorphic either to the
sphere S" if g = 0 or to connected sum of g > 0 copies of S*~! x S!.

Theorem 1. Let f* € G(M™), n > 2. Then M™ is homeomorphic to S;ft.

For n = 2 Theorem 1 immediately follows from [5] and for n > 3 it follows
from [1], [2].

Theorem 2 below states that for manifolds S,
implies the condition (a).
Theorem 2. Let f' be gradient-like flow on 8¢, 9 >0, n > 4. If invariant
manifolds of different saddle equilibria of f* do not intersect, then Morse index

of any saddle equilibrium equals 1 or (n — 1), that is f' € G(S;‘). Moreover,
there exists k > 0 such that vyr =29+ k and ppr =k + 2.

n > 4, the condition (b)

For case ¢ = 0 Theorem 2 is proved in [4], where necessary and sufficient
conditions of topological equivalence of flows from class G(S™), n > 3, where
obtained. Theorem 2 allows to obtain topological classification of flows from
class G(S;'), g > 0, in combinatorial terms using techniques of [4], [3].

For any f! € G(S,) we put in correspondence a bicolor graph I'y¢ which
describes mutual arrangement of invariant manifolds of saddle equilibria of the
flow f%, and provide the following result.

Theorem 3. Flows ft, f'" € G(S,) are topological equivalent iff their bicolor
graphs Tz, T e are isomorphic by means preserving colors isomorphism.

The research was supported by RFS, grant 21-11-00010.
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PERIODIC, PERMANENT, AND EXTINCT SOLUTIONS TO
POPULATION MODELS

HAKL R.!, OYARCE J.2

The existence of a critical parameter A, > 0 is proven for some population
models, that splits the set of parameters into two parts where the existence,
resp. nonexistence, of a positive periodic solution is guaranteed. Moreoever, it is
shown that in a quite wide class of population models, all the positive solutions
are permanent, resp. extinct ones, provided there exists, resp. does not exist,
a positive periodic solution. The results are based on a theoretical research
dealing with a boundary value problem for functional differential equation with
a real parameter

o' (t) = L(u)(t) + AF(u)(t) for a.e. t € [a,b], h(u) =0,
|

+
where ¢ and F : C([a,b];R) — L([a, b]; R) are, respectively, linear and nonlinear
operators, h : C([a,b];R) — R is a linear functional, and A € R is a real
parameter.

R. Hakl acknowledges support from RVO 67985840.
J. Oyarce acknowledges support from Chilean National Agency for Research
and Development (PhD. 2018 — 21180824).

nstitute of Mathamatics, Czech Academy of Sciences Czech Republic.
Email: hakl@ipm.cz

2Dept. of Mathematics, Faculty of Sciences, University of Bio-Bio, Chile.
Email: jooyarce@egresados.ubiobio.cl

61



FUNDAMENTALS IN PEACEMAN MODEL FOR
WELL-BLOCK RADIUS FOR NON-LINEAR FLOWS

IBRAGUIMOV A.

In our talk we will present recent non-published results on PDE aspects of
the flow in porous media. This research was motivated by discussion with my
teacher Evgeni Mikchalovich Landis.

We consider sewing machinery between finite difference and analytical
solutions defined at different scale: far away and near source of the perturbation
of the flow [2]. One of the essences of the approach is that coarse problem and
boundary value problem in the proxy of the source model two different flows [3].
We are proposing method to glue solution via total fluxes, which is predefined
on coarse grid. It is important to mention that the coarse solution “does not
see” boundary.

From industrial point of view our report can be considered as a mathematical
“shirt” on famous Peaceman|1] well-block radius formula for Darcy radial flow
but can be applied in much more general scenario.

This is a joint project with E. Zakirov. I. Indrupskiy, D. Anikeev from Oil
ang Gas Res. Inst. of Russian Academy of Science.

References

[1] Peaceman, D.W. Interpretation of Well-Block Pressures in Numerical Reservoir
Simulation, SPEJ, 183-94, June 1978; Trans., AIME, 253. Paper SPE 6893

[2] Ibragimov, A., Khalmanova, D., Valkl'i, P. P., and Walton, J. R., On
a mathematical model of the productivity inder of a well from reservoir
engineering,SIAM J. Appl. Math. 65, 1952 (2005).

[3] Aulisa, E, Bloshanskaya,l, Hoang, L,Ibragimov, A, Analysis of generalized
Forchheimer flows of compressible fluids in porous media, J. Math. Phys. 50,
103102 (2009).

TTU, Lubbock, TX, SMU Dallas TX, UT Dallas, TX.
Email: akif.ibraguimov@ttu.edu

OPTIMAL BOUNDS FOR THE ATTRACTOR DIMENSION OF
THE DAMPED REGULARIZED EULER EQUATIONS

ILYIN A.A.

We consider the following approximation of the damped Euler system, the
so-called inviscid damped Euler-Bardina model

Ou+ (a, V)a+~yu+ Vp =g,
divu =0, u(0)=1uy, u=(l—al)a.
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The system is studied for d = 2,3

1) on the torus 2 = T?¢ = [0, L]¢ with standard zero mean condition;

2) in Q C R%;

3) on the sphere or in a domain on it  C S?;

4)if @ ¢ R% or Q ¢ S?, then /s = 0 and @ is recovered from u by solving the

Stokes problem if there is a boundary, or the Helmholtz equation, otherwise.
Here o = o/L?, and o’/ > 0 is a small dimensionless parameter, so that % is

a smoothed (filtered) vector field, and v > 0 rendering the system dissipative.
The phase space with respect to @ is the Sobolev space H! with divergence

free condition

HY(T?), zeT?, [, u(z)dr=0,

H'(R?), zcR9, diva = 0,

H{(Q), 2€Q¢R4S?

e H =

where d = 2, 3.

Theorem 1. Let d = 2. In each case of the boundary conditions the system
possesses a global attractor A € H' with finite fractal dimension satisfying

1 : 2 ||9||2L2 2 o2 Q2
— min { ||rot g[|7:, , xeT RS
. 1 ay 2cr
dimp A < — - )
S| lgllie z€QCR2S?
202~4’ T

In the 3D case the estimates in all tree cases look formally the same

: 1 lgliZe
<
dimp A < 127 a5/273"

reT3 zeR3, xEQQR3.

Finally, on the torus T?, both for d = 2 and d = 3, the upper bounds are
optimal in the limit as o — 0T,

This is a joint work with S.V. Zelik and A.G. Kostianko and was supported
by Moscow Center for Fundamental and Applied Mathematics, Agreement with
the Ministry of Science and Higher Education of the Russian Federation, No.
075-15-2019-1623.
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ON THE SOLVABILITY OF A PARAMETER-DEPENDENT
CANTILEVER-TYPE BVP

INFANTE G.

We utilize a Birkhoff-Kellogg-type theorem [1] to discuss the solvability of
a parameter-dependent fourth order equation subject to functional boundary
conditions. We prove the existence of non-negative solutions for this problem.
A localization of the solutions is obtained via their norm.
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SINGULARITIES OF PARALLELS TO TANGENT
DEVELOPABLE SURFACES

ISHIKAWA G.

A surface in Euclidean 3-space is called developable if it is locally isometric
to the plane. Developable surfaces are roughly classified into cylinders, cones
and tangent developables. A tangent developable surface is defined as a ruled
surface by tangent lines to a space curve and it has singularities at least along
the space curve, called the directriz or the edge of regression ([1]). The class of
developable surfaces (resp. tangent developable surfaces) turns to be invariant
under the parallel deformations by the flow generated by the unit normal vector
field along the surfaces.

The notions of tangent developable surfaces and their parallels are naturally
generalised for frontal curves in general in Euclidean spaces of arbitrary
dimensions.

A smooth map-germ f : (R",0) — R™*? is called a frontal if there exists

a smooth n-plane field (R™,0) 3 u — f(u) C Tju,)R"*? along f such that
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f«(TuR™) C f(u), i.e., if the “tangent spaces"along f is well-defined even on
singular (non-immersive) points of f ([2]). Then the pull-back Euclidean bundle
[*(TR™*?) is decomposed into the sum Ty @ Ny of the tangent bundle Ty (of
rank n) and the normal bundle Ny (of rank p) of f over (R™,0).

Let 71,...,7, be a local frame of T. Then the tangent map
Tan(f) : (R™,0) x R™ — R"*P to f is defined by

Tan(f)(u1, ..., Un, S15- .-, 8n) = f(u) + Y i ) simi(u).

See [3]. Moreover if the normal bundle Ny of a frontal f is a flat bundle, then
the family of parallels P(f) : (R™,0) x RP — R""P to f is defined by

P(f)(uts s tin, 1y oymp) = flu) + 350 miv4(u),

for an orthonormal and normally flat frame 14, ..., 1, of Ny ([4][5]).

If n = 1, we see that the tangent map or the tangent developable surface
Tan(f) : (R%,0) — RYP of a frontal curve f : (R,0) — R*P has the flat
normal bundle under some weak conditions and then we can discuss its parallels
P, (Tan(f)), (r € RP71) to the tangent developable surface Tan(f) of f ([5]).

In this talk the singularities appearing on parallels to tangent developable
surfaces of frontal curves and the expressions of their directrixes are studied
from both geometrical and dynamical aspects of frontals. Moreover the
classification results of generic singularities on parallels to tangent developable
surfaces for frontal curves in 3 or 4 dimensional Euclidean spaces are presented
(see [6]). The related topics such as the generic bifurcations of wave fronts
by Arnold, Zakalyukin, and so on will be mentioned, regarding the general
classification problem of frontal singularities (|7][8][9])-

The author was supported by JSPS and RFBR under the Japan-Russia
Research Cooperative Program 120194801 and JSPS KAKENHI Grant Number
JP19K 03458, JP19HO00636.

References

[1] Ishikawa G., Singularities of developable surfaces, in “Singularity
Theory London Math. Soc. Lecture Notes Series, 263, pp. 403-418, (1999).

[2] Ishikawa G., Singularities of frontals, in “Singularities in Generic Geometry Adv
Studies in Pure Math., 78, Math. Soc. Japan, pp.55-106, (2018).

[3] Ishikawa G., Singularities of tangent varieties to curves and surfaces, Journal
of Singularities, 6 (2012), 54-83.

[4] Izumiya S., Fuster M. C. R., Ruas M. A. S., Tari F., Differential Geometry from
a Singularity Theory Viewpoint, World Scientific Publishing Co. (2015).

[5] Ishikawa G., Normal and tangent maps to frontals, Journal of Mathematical
Sciences, 255-5 (2021), 664—677. arXiv:2009.06515 [math.DG] v3.

65



[6] Ishikawa G., Singularities of parallels to tangent developable surfaces, to appear
in Tohoku Mathematical Journal, arXiv:2105.07361 [math.DG] v3.

[7] Arnol’d V.I., Gusein-Zade S. M., Varchenko A. N., Singularities of Differentiable
Maps I, Birkhiuser (1986),

[8] Arnol’d V. 1., Singularities of Caustics and Wave Fronts, Mathematics and its
Applications, 62, Kluwer Academic Publishers (1990).

[9] Ishikawa G., Recognition problem of frontal singularities, Journal of
Singularities, 21 (2020), 149-166.

Department of Mathematics, Hokkaido University, Japan.
Email: ishikawa@math.sci.hokudai.ac.jp

ON DIFFUSE ORTHOGONALLY ADDITIVE OPERATORS
ITAROVA S. Y.

Orthogonally additive operators in vector lattices have been studied by some
authors in [2, 3, 4, 5]. It was shown in [5] that the vector space OA,.(E, F) of all
regular orthogonally additive operators from a vector lattice E to a Dedekind
complete vector lattice F' is a Dedekind complete vector lattice. This result
motivate to state natural questions about the order structure of OA,(E, F). In
these notes we consider diffuse orthogonally additive operators and state the
criterion of the diffuseness of a regular orthogonally additive operator.

For the standard information on vector lattices and orthogonally additive
operators we refer the reader to [1, 4].

Definition 1. A map T from a vector lattice E to a vector lattice F' is said to
be an orthogonally additive operator if T(x +y) = Tx + Ty, for every disjoint
z,y € F.

Definition 2. An orthogonally additive operator T: E — F' is said to be
disjointness preserving if Tx 1 Ty for all disjoint z,y € E. The set of
all disjointness preserving orthogonally additive operator from E to F we
denote by OAgpo(E, F'). We say that a regular orthogonally additive operator
T: E — Fis diffuse if T € {OAgpo(E, F)}2.

Definition 3. Let E,F be vector lattice with F' Dedekind complete and
T € OA.(E,F). We define a function pr: E — F7, called the Enflo-Starbird
function of T, by setting
pT(x):inf{\/|T|xi: T = |_|9ci7 xz; € E, meN}, r€EFE.
i=1 i=1
The next theorem is the criterion of the diffuseness if a regular orthogonally
additive operator.

66



Theorem 1. Let E,F be vector lattices with F Dedekind complete and
T € OA.(E,F). Then the following assertions are equivalent:

(1) T is diffuse;

(2) pr(z) =0 forallz € E.
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THE SOMMERFELD PROBLEM FOR THE HELMHOLTZ
EQUATION

KALMENOV T. SH.!, LES A. K.?2

The study of a time-periodic solution of the multidimensional wave equation
g—;ﬂ — AU = f(x,t), U(z,t) = e*u(z), over the whole space R3 leads to
the condition of the Sommerfeld radiation at infinity. This is a problem that
describes the motion of scattering stationary waves from a source that is in a
bounded area.

The inverse problem of finding this source is equivalent to reducing the
Sommerfeld problem to a boundary value problem for the Helmholtz equation
in a finite domain. Therefore, the Sommerfeld problem is a special inverse
problem. It should be noted that in the work of Bezmenov [I. V. Bezmenov,
Transfer of Sommerfeld radiation conditions to an artificial boundary of the
region based on the variational principle, Sb. Math. 185 (1995), no. 3, 3-24]
approximate forms of such boundary conditions were found. In [T. S. Kalmenov
and D. Suragan, Transfer of Sommerfeld radiation conditions to the boundary
of a limited area, J. Comput. Math. Math. Phys. 52 (2012), no. 6, 1063-1068],
for a complex parameter A\, an explicit form of these boundary conditions was
found through the boundary condition of the Helmholtz potential given by the
integral in the finite domain Q:
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ulw ) = [ ela =& Np(e N (1)
where e(z — &, \) are fundamental solutions of the Helmholtz equation,
—Ae(x) — de(x) = 0(x),

p(&, ) is a density of the potential, A is a complex number, and ¢ is the Dirac
delta function. These boundary conditions have the property that stationary
waves coming from the region €2 to 02 pass 02 without reflection, i.e. are
transparent boundary conditions. In the present work, in the general case, in
R™, n > 3, we have proved the problem of reducing the Sommerfeld problem to
a boundary value problem in a finite domain. Under the necessary conditions
for the Helmholtz potential (1), its density p(£, A) has also been found.

The research was supported by by the grant of the Science Committee of
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ON ASYMPTOTIC AND NUMERICAL SOLUTION TO
ELLIPTIC-PARABOLIC EQUATION

KAPUSTINA T.O.

This research is devoted to singularly perturbed elliptic-parabolic equation
with small parameters by the elder derivatives. Coefficients of equation and
boundary conditions obey the requirements providing existence of unique
solution [1]. First, asymptotic representation for our solution with respect to
the small parameter is constructed. We use boundary functions method [2],
and its modification for mixed type equations [3], [4].

Then, an efficient numerical algorithm for our problem is created. The main
idea is that numerical calculation of parabolic equation is much easier and
requires less operations then the elliptic one. Using once more the smallness
of parameter, we construct approximate factorization of elliptic operator,
replacing it by the product of two parabolic operators [5]. Instead of one elliptic
problem, we calculate numerically two successive parabolic problems, providing
their well-posedness by the choice of time direction. To begin algorithm, we
need to know initial condition for the first parabolic equation. As it cannot be
calculated explicitly, we replace it by its asymptotic representation calculated
in the first part.
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Combination of asymptotic representation and factorization idea, both
suitable for equations with small parameters, allow us to create an effective
numerical algorithm. The main advantage of this algorithm is significant gain
in speed and economy of computer resources, compared to classical numerical
scheme.

Thus we unite asymptotic and numerical approaches for singularly perturbed
elliptic—parabolic equation.

This research is supported by Moscow Center for Fundamental and Applied
Mathematics, project 075-15-2019-1621.
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POSITIVE PERIODIC SOLUTION FOR A NEUTRAL DELAY
HEMATOPOIESIS MODEL

KHEMIS M.}, BOUAKKAZ A.?2, KHEMIS R.3

The present work is concerned with the existence and uniqueness of positive
periodic solutions for the following first-order neutral delay production blood
cells model:

d B p (1)« (1)
() —cx(t—T@)] =—a(t)z(t)+ T2 ()

—H (t,m(t),xm (t)) , (1)

where ¢ € [0,1[, a,p,7 € C(R,R%) and H € C([0,T] x R?,R%) are T—periodic
functions, x (t) represents the density of mature cells in blood circulation at
time t, 2 (t) = 2 (2 (t)), a (t) is the destruction rate of blood cells, p (t) is the
production rate and 7 (¢) represents a transit time required for the release of
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mature cells into the bloodstream. The method used here lies in Banach and
Krasnoselskii’s fixed point theorems.

Let Pr be the Banach space of all continuous and T-periodic functions
equipped with the supremum norm and for «, 8,I" > 0, let

D:{I‘EPT, OéS.’E(t) <8, |$(t2)—$(t1)| SF‘tQ—t1|, Vi1, to ER},

is a bounded convex and closed subset of Pr.
For ease of exposition, we introduce the following notations:

ap = sup a(t), po= inf p(t),
! o€l0.T] 0 0 o€[0.7] ®)

exp (— fOT a(u)du)
exp (fOT a(u)du) 1
exp (fOT a(u)du)

exp (fOT a(u)du) 1

p1 = sup p(t), H, = sup H(0,0,0),
o€[0.7] o€[0.7]

L3:H1+B()\1+/\2+ca1),
Ly= T +1) (M + A2 +p1) + car.

Furthermore, we need the following hypotheses:
There exist two non negative constants A\; and Ao such that

1=

9 =

|H(t,$1,.’172) - H(t7y17y2)| S )\1 ‘xl - y1| + AQ |.’172 - y2|7 (2)
TLapy +c<1, (3)
«
LlTp()m — LyTL3+ ca > a, (4)
and
Ly(2+Ta1) (Bpr+ L) + (L +1) <T (5)

First of all, we convert equation (1) into an integral one. Next, we define two
operators Ry, Ry : D — Pr as follows:
22 (o)

t+T
w0 0= [ Glro) o)
—ca(o)x (o —7(0))]do,

- H (U,x (0),z (O‘))

and
(Rox) (t) =cx (t —7(t)),
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where
Gts) = exp ([ a(u) du) .
exp (ftT a(u) du) -1

Theorem 1. If hypotheses (2) - (5) are satisfied, then equation (1) has at least
one positive periodic solution in D.

Theorem 2. Suppose the condition (2) holds. If
LoLsT +c< 1,

then equation (1) has one and only one positive periodic solution in D.
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ON NEUMANN TYPE PROBLEMS FOR HIGHER ORDER
ORDINARY DIFFERENTIAL EQUATIONS

KIGURADZE I.T.
On a finite interval [a, b], we consider the differential equation
ul™ = p(t)u+ q(t) (1)
with the Neumann type boundary conditions
uPa)=cyp (k=1,...,m—=1), u®" V(@)= cipm,
uP(a) =cop (k=1,...,m—1), u®m"V(b) = cop.

Here m > 2, p,q : [a,b] — R are Lebesgue integrable functions, while c;
(i=1,2;k=1,...,m) are real constants.
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We call (2) Neumann type conditions since they do not contain the values
of a solution sought at the points a and b. Thus, in the case where p(t) = 0,
problem (1), (2) either has no solution or has an infinite set of solutions. In the
case, where

mes {t € [a,b] : p(t) # 0} >0, (3)
we found integral conditions guaranteeing the unique solvability of
problem (1), (2).

Put

P [ l(-1)"p(e) - .
P [ -1 p(o) s .

B 2272m(b_a)2m71
" (2m=3)((m—2)!)2"
The following theorem is valid.

Theorem. Let along with (3) the inequality
P <P_/(1+£,P-)
hold, or

b
(U020 for a<t<b, [ lpoldt <1/

Then problem (1), (2) has a unique solution.
Analogous results are obtained for nonlinear differential equations.

A. Razmadze Mathematical Institute of Thilisi State University, Georgia.
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ON ORBITAL STABILITY OF GROUND STATES FOR FINITE
CRYSTALS IN FERMIONIC SCHRODINGER-POISSON
MODEL

KOMECH A.IL

We consider crystals which occupy the finite torus T := R3/NZ? and have
one ion per cell of the cubic lattice I' := Z3/NZ3, where N € N. We denote by
o(x) the charge density of one ion,

o€ C*(T), /Ta(x)dm =eZ >0, (1)

where e > 0 is the elementary charge. Let us denote

T:=TVN = {Z=(21,..,a5):2; €T, j=1,..,N}, N := N3.
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Let ¢(-,t) € F for t € R be the antisymmetric wave function of the fermionic
electron field, ¢(n,t) denotes the ion displacement from the reference position
n € I'. Denote the second quantized operators
N N
AP =3 "N, O@ 1) =) D(xj,t).
j=1 j=1
The coupled Schrédinger-Poisson-Newton equations read as follows

W@ ) = —%A‘g’w(f,t)—e<I>®(§,t)z/)(§,t), zeT, @)

—AQ(z,t) = p(z,t) = Z o(z —n—q(n,t)) + p°(z,1), zeT, (3)

nel’

Mi(n,t) —(V®(z,t),0(x —n —q(n,t))), nerl, (4)

where -
N

pe(‘rat) = _eﬁz5(x - ZL’J)WJ(@ t)|2div zeT. (5)
T3

We show that under the Jellium condition all ground states with
I'-periodic arrangement of ions have the form

S(t) := (shoe” 0t F,0), reT. (6)
Here B
reT: 7(n)=r nel, (7
while g is an eigenfunction
1 _
—§A® ¢0(f) = u)()’ll)(] (E), T e ’]R (8)

corresponding to the minimal eigenvalue wp := min Spec(—%A‘g’). We establish
the stability of the real 4-dimensional solitary manifold

S ={Sar = (¥a,7,0) : Yo (T) = *ho(Z), a€0,2n]; reT}  (9)
We denote the Hilbert manifolds
V=H (T ToR*Y, (10)
Theorem 1. Let the Jellium and Wiener conditions hold (see [1, 2]). Then for
anye >0 there exists §=06(¢) >0 such that for dy(X(0),S5)<d we have
mdy (X (t),S) <e, t eR, (11)
where X € C(R, V) is the corresponding solution to (2)—(4).

Remark 1. The Pauli exclusion principle, i.e., the antisymmetry of the wave
functions ¢ (T, t), plays the crucial role in the proof of the orbital stability.
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ON LARGE TIME BEHAVIOR OF SOLUTIONS OF HIGHER
ORDER EVOLUTION INEQUALITIES

KON’KOV A.A.l, SHISHKOV A.E.2

We consider inequalities of the form

> 0%an(x,tu) —up > f(x,t)g(u) in Qx (0,00), (1)
|a]=m
where € is a non-empty open subset of R, m,n > 1, and a,, are Caratheodory
functions such that
with some constants A > 0 and p > 0 for almost all (z,t) € Q x (0,00) and for
all ¢ € [0, 00).

For solutions of (1) we obtain exact sufficient conditions to stabilize to zero in
Ly-norm on any compact subset of 2 as ¢ — oco. These conditions are different
in the cases of so-called slow diffusion p > 1 and of fast diffusion 0 < p < 1.
Detailed proofs of all results are given in [1, 2].

This research is supported by RUDN University, Strategic Academic
Leadership Program. The research of the first author is also supported by RSF,
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STABILITY OF SOLITARY WAVES OF KLEIN-GORDON
EQUATION WITH MEAN FIELD INTERACTION

KOPYLOVA E.A.

We consider U(1)-invariant nonlinear Klein-Gordon equation on a line with
mean field self-interaction:

V() = 03¢ (x,1) = m*y(x,t) + p(2) F((Y(-,1),p), ¢(z,t) €C, z€R.
We write the equation as the dynamical system:

v(t) = [azi)mz tl)]w) o) {F«w(?w,p»]’ iot) = m,’ 3] M)

The system admits finite energy solutions of the form

__—iwt __—iwt (,0(33,&]) _
U, (z,t) =e o, (z)=e {—iwg&(z,w)] , we€ (=m,m),
called solitary waves. The solitary waves form a two-dimensional solitary
manifold in the Hilbert space of finite energy states of the system.
We show that for the system (1) the standard criterion for orbital stability
([1] and references therein) holds:

0 Q(¢w) = Ou(wllpullL2®) <0, (2)

where the charge Q(¥) = Im [ ¢(2)7(x) dz is conserved.

In the case when p is close to d-function, we express the criterion in terms
of nonlinearity condition. In particular, in pure power case F(z) = 2251 the
criterion holds for any x < 0 and w € (—m,m); if kK > 0, it holds only for
myk < w| < m.

Our second result is asymptotic stability of solitary waves. Namely, we prove
scattering asymptotics of type

W(t) ~ Wy, () + WL,  t— +oo, (3)

where W (t) is the dynamical group of the free Klein-Gordon equation,
E. € E:= H'(R) ® L?(R) are the corresponding asymptotic scattering states,
and the remainder decays to zero as O(|t|~'/?) in global norm of E. The
asymptotics holds for the solutions with initial states close to the stable part
of the solitary manifold, extending the results of [2, 3].

The proof is essentially based on properties of linearized dynamics at a
solitary wave e~!@,. The model (1) allows us to explicitly check the most
of them. Namely, we prove weighted energy decay for the solution of the
linearized equation and the limiting absorption principle for the corresponding
resolvent. For linearization operator we prove the absence of virtual levels at
the embedding threshold +i(m + |w|) and give the criterion for the absence of
virtual levels at the endpoints +i(m — |w|) of the essential spectrum.
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We show also that under condition (2), the linearized operator has no real
nonzero eigenvalues, and zero eigenvalue is of multiplicity 2 in the case when
0.Q(6.,) # 0.

The only assumption we postulate is the absence of pure imaginary
eigenvalues of the linearized operator. For p close to d-function, we provide
examples of nonlinearities when this assumption is satisfied. In particular, in
pure power case F(z) = z?**! the condition holds for any x < —1/2 and

. . 25)2
w € (—m,m); if K > —1/2, k # 0, it holds only for m(lgj_M) < |w| < m.
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ON THE ASYMPTOTIC CLASSIFICATION OF SOLUTIONS OF
SECOND-ORDER EQUATIONS WITH POWER-LAW
NONLINEARITY OF GENERAL FORM

KORCHEMKINA T.A.
Consider the second-order nonlinear differential equation
y" =@,y y) [yl* |y [Fsenyy’), ko >0, ki >0, ko,ki €R (1)

with positive continuous in  and Lipschitz continuous in u, v function p(z, u, v)
satisfying inequalities

0<m<plx,u,v) <M < +o0. (2)

The results on the behavior of solutions depending on the nonlinearity
exponents ko, k1 and qualitative properties of solutions were studied in [1].

The asymptoptic behavior of solutions to (1) in the case k1 = 0 is described
in [2, 3]. In the case p = p(z) asymptotic behavior of solutions to (1) is obtained
by V.M. Evtukhov [4]. Using methods described in [5, 6, 7] by I.V. Astashova,
the behavior of solutions to (1) near domain boundaries is considered with
respect to the values kg and k.

The following definitions are used further:
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Definition 1. [7] A solution y: (a,b) = R, —0o < a < b < 400 to an ordinary
differential equation is called a p-solution, if

1) the equation has no other solutions equal to y on some subinterval (a, b)
and not equal to y at some point in (a, b);

2) the equation either has no solution equal to y on (a, b) and defined on
another interval containing (a, b) or has at least two such solutions which differ
from each other at points arbitrary close to the boundary of (a, b).

Definition 2. [8] A solution satisfying at some finite point z* the conditions
lim |y (x)] = o0, lim |y(x)| < oo is called a black hole solution.
r—x* r—x*

Definition 3. [9] A u-solution satisfying at finite point (its domain boundary)
Z the conditions lim y'(z) = 0 and lim y(z) # 0 is called a white hole solution.
r—T r—T

Definition 4. A solution to equation (1) is called a Kneser solution at
decreasing argument on the interval (—oo; x) if y(z) > 0, y'(x) > 0 for any
xr < Xg.

Definition 5. A solution to equation (1) is called a negative Kneser solution
on the interval (zg; +00) if y(x) <0, y'(x) > 0 for any = > xo.

Definition 6. [10] A p-solution y(z) to equation (1) is called a singular of the
type II at a point a € R iff lim y(z) = lim ¢/(z) = 0.
Tr—a r—a

Lemma 1. Let the function p(x,u,v) be continuous in x, Lipschitz continuous
in u,v and satisfying the inequalities (2). Then all p-solutions to equation (1)
are monotonous.

Denote

«

1
Lk (Bl ey T
kot k-1 B Do ’

For s > 0, t € R\ {0} denote D(s,t) = (|11 = kq|s |t\k0)ﬁ .

Theorem 1. Suppose ko + k1 < 1. Let the function p(xz,u,v) be continuous
in x, Lipschitz continuous in u,v and satisfying inequalities (2). Let there also
exist the following limits of p(x,u,v):

1) p+ as ¢ — 400, u = +00, v = +00,

2) p_ asx — —00, U — —00, U — +00.
Denote p, = p(a,0,0) for any a € R. Then a < —1 and all increasing u-
solutions to equation (1) according to their asymptotic behavior can be divided
into three types:

1. Increasing solutions defined on the whole axis with zero at some point xq:

y(x) = Clp-) (xo — ) “(1+0(1)), = — —o0,
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y(z) = Cp+) (x —20) “(1+0(1)), = — +oo.
2. Positive singular solutions defined on semi-azis (a,+00):
y(@) = C(pa) (x —a) " *(1+o0(1)), = —a+0.
y(x) = C(py) (x —a) (1 +0(1)), z— +oo,
3. Negative singular solutions defined on semi-azis (—oo, b):
y(x) = C(p-) (b—z)"*(1+0(1)), & — —oo,
y(x) =Cpp) (b—2)"*(1+0(1)), z—=b-0.

Theorem 2. Suppose ko + k1 > 1, k1 < 2. Let the function p(x,u,v) be
continuous in x, Lipschitz continuous in u,v and satisfying inequalities (2).
Let there also exist the following limits of p(x,u,v):
1) P asz — a—0, u— 400, v — 400, for every a € R;
2)P, asx — a+0, u— —00, v— 400, for every a € R;
3) Py as x — +o0, u — 0, v — 0;
4) P_asx— —oo, u—0,v—0.
Then « > 0 and all mazimally extended increasing solutions to (1) according
to their asymptotic behavior can be divided into three types:
1. Increasing solutions with two vertical asymptotes x = x, and x = x¥,
Ty < x*:
y=C(P*) (2" —x) (1 +0(1)), = — 2* — 0,
y=—C(P,)(z—2:) %1+ 0(1)), = x« + 0.
2. Kneser solution at decreasing argument defined on the semi-axis
(—o0,2*):
y = C(P_)[a] (1 + (1)), & — —oc,
y=C(P") (z* —2)"*(1+0(1)), x — z* — 0.
3. Negative Kneser solutions defined on the semi-axis (., +00):
y=—-C(P,)(x— ) *(1+0(1)), z = z« + 0,
y=—-C(Py)z" %1+ 0(1)), z — +o0.

Theorem 3. Suppose k1 > 2. Let the function p(x,u,v) be continuous in x,
Lipschitz continuous in u,v and satisfying inequalities (2). Let there also for
any a,b > 0 exist a limit Py, as x — a, u — b, v — +00 and for any a,b < 0
a limit Py, as © — a, u = b, v — +oo. Then any increasing p-solution y(x)
to equation (1) is defined on a finite interval (x_,x1) and has finite limits

= 1. _ = 1. . M
Y m_};r}rl_oy(m) and y L dim . Moreover,

1

y/(x) :E(Pw+y+7y+) (.’E+—.’E)_ﬁ (1+0(1))7 .’1?—>$L‘+—0.

D(Pyy y_)(@—2_) "7 (1+0(1), a—a_+0.
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Theorem 4. Suppose kg > 0, 0 < k1 < 1. Let the function p(x,u,v) be
continuous in x, Lipschitz continuous in u,v and satisfying inequalities (2).
Denote py = p(xy,y+,0) and p— = p(x_,y—,0). Then any decreasing p-
solution y(x) to equation (1) is defined on a finite interval (x_,x4), has a

zero at some point xog and finite limits y, = lim Oy(x) and y_ = lim+0,
T—T4— TT_

Moreover,
y'(x) = —D(ps,ys) (x4 — )77 (1+0(1)), z a4 —0.
y'(x) = —D(p_,y-) (& —2_)TF (1+0(1)), @z +0.

Theorem 5. Suppose 1 < ki < 2. Let the function p(z,u,v) be continuous
in x, Lipschitz continuous in u,v and satisfying inequalities (2). Let there
also p(z,u,v) — pI as * — +oo, u — a, v — 0 and p(z,u,v) — p; as
x — —o00, u — a, v — 0. Then any decreasing p-solution y(x) to equation (1)
has a zero at some point xq, is defined on the whole azis and have finite limits
y+ = lim y(z) and y— = lim . Moreover,

r—r+00 T—r—00

y'(@) = —D(p} 4 ) (x—20) ™ (1+0(1)), «— +oo.

Y (&) = =D(p;_,y-) (0 — )= (1 +0(1)), =— —oc.

Theorem 6. Suppose k1 > 2. Let the function p(x,u,v) be continuous in x,
Lipschitz continuous in u,v and satisfying inequalities (2). Let there also exist
limits p™ as x — +00, u — —00, v — 0 and p~ as T — —00, u — —o0, v — 0.
Then —1 < a < 0 and any decreasing solution to (1) has a zero at some point
xo and has the following asymptotic behavior:

y(@) = —C(p") (x —z0) (L +0(1)), @ — +oo,
y(x) = Clp7) (xo —2) (1 +0(1)), = — —o0.

The research was supported by RSF, project number 20-11-20272.
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SEMICLASSICAL SPECTRAL ANALYSIS FOR
BOCHNER-SCHRODINGER OPERATORS AND
BEREZIN-TOEPLITZ QUANTIZATION

KORDYUKOV YU.A.

Let (X, g) be a closed Riemannian manifold, L a Hermitian line bundle on X
with a Hermitian connection VX and E a Hermitian vector bundle on X with a
Hermitian connection VZ. We assume that the curvature RY = (V)2 € Q2(X)
of V¥ is non-degenerate.

Let AX"®F be the Bochner Laplacian acting on C*® (X, L ® E) by

ALP®E _ (VLI]@E)* VLP®E’
where (VLP@E)* C®(X, T*XQLPQE) — C*(X, LPRQE) is the formal adjoint

of VE'®E . 0°(X, LPQE) — C®(X,T*XQLP®E). Let V € C*(X,End(E))
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be a self-adjoint endomorphism of E. We study the Bochner-Schrédinger
operator H,, acting on C™(X,LP ® E) by

1 1o
H,=-AM®F v
p

First, we give a rough asymptotic description of the spectrum of H,, in the
semiclassical limit p — oo in terms of the spectra of certain model operators.
Under some conditions on the Riemannian metric g, this allows us to prove
clustering of eigenvalues near certain numbers, which can be naturally called
Landau levels. We fix such a cluster and develop calculus of Toeplitz operators
acting on the eigenspace, corresponding to this cluster. We show that it provides
a Berezin-Toeplitz type quantization of the manifold X equipped with the
symplectic form B = iR".

The research was partially supported by the development program of the
Volga Region Mathematical Center, agreement N 075-02-2020-1478.

Institute of mathematics, Ufa Federal Research Center of Russian Academy of
Sciences, Russia. Email: yurikor@matem.anrb.ru

SOLVABILITY FOR A CLASS OF HIGHER ORDER
NONLINEAR FRACTIONAL DIFFERENTIAL EQUATIONS

LACHOURI A.!; ARDJOUNI A.2

In this work, we study the existence and uniqueness of solutions to
the following higher order fractional differential equations with multi-strip
fractional integral boundary condition

Hpog (t) = f (t,z), t € (1,T),
z(1)=0, 2/ (1) =0, 2 (1) =0,...,2"2) (1) = 0,

k
i=1

3

(1)

where 7D, HDF denotes the Hadamard fractional derivatives of orders a and
B respectively, n —1 < a<n,n—2<pf <n-—1,n2>2ncN, it is
the Hadamard fractional integral of order \; > 0, ¢ = 1,...,k, n;,p; € (1,T),
l<pi<m<..<pg<m<T, f:[1,T] xR = R is a given continuous
function.

To obtain our results, We convert the problem (1) into an equivalent integral
equation. Then we construct appropriate mappings and employ the Schauder
fixed point theorem to show the existence of a solution. We also use the Banach
contraction principle to show the existence of a unique solution. At the end, an
illustrative example will be introduced to validate the theoretical results.
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ASYMPTOTIC LOCALIZATION, MASSIVE FIELDS, AND
GRAVITATIONAL SINGULARITIES

LEFLOCH P. G.

I will review three recent developments on Einstein’s field equations under
low decay or low regularity conditions. First, the Seed-to-Solution Method
for Einstein’s constraint equations, introduced in collaboration with T.-C.
Nguyen, generates asymptotically Euclidean manifolds with the weakest or
strongest possible decay (infinite ADM mass, Schwarzschild decay, etc.). The
"asymptotic localization problem’ is also proposed an alternative to the ’optimal
localization problem’ by Carlotto and Schoen. We solve this new problem at
the harmonic level of decay. Second, the Euclidian-Hyperboloidal Foliation
Method, introduced in collaboration with Yue Ma, applies to nonlinear wave
systems which need not be asymptotically invariant under Minkowski’s scaling
field and to solutions with low decay in space. We established the global
nonlinear stability of self-gravitating massive matter field in the regime
near Minkowski spacetime. Third, in collaboration with Bruno Le Floch
and Gabriele Veneziano, I studied spacetimes in the vicinity of singularity
hypersurfaces and constructed bouncing cosmological spacetimes of big bang-
big crunch type. The notion of singularity scattering map provides a flexible
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tool for formulating junction conditions and, by analyzing Einstein’s constraint
equations, we established a surprising classification of all gravitational bouncing
laws. Blog: philippelefloch.org

Sorbonne University and CNRS, France. Email: contact@philippelefloch.org

NUMERICAL APPROXIMATION OF TWO-DIMENSIONAL
STOCHASTIC NEURAL FIELD EQUATIONS WITH FINITE
TRANSMISSION SPEED

LIMA P.M.!, SEQUEIRA T.

Neural field equations are intended to model the synaptic interactions
between neurons in a continuous neural network, called a neural field [1],
[2].This kind of integrodifferential equations proved to be a useful tool for the
spatiotemporal modeling of the neuronal activity from a macroscopic point
of view, allowing the study of a wide variety of neurobiological phenomena,
such as the processing of sensory stimuli. The aim of the present talk is to
study the effects of additive noise in one- and two-dimensional neural fields,
while taking into account finite signal transmission speed. A Galerkin-type
method to approximate such models is presented, which applies the Fast Fourier
Transformation to optimise the computational effort required to solve this type
of equations. Numerical simulations obtained by this algorithm are presented
and discussed.
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CONVEX TRIGONOMETRY
LOKUTSIEVSKIY L.V.

The talk will focus on the singularities of solutions of Hamiltonian systems
describing geodesics on Finsler and sub-Finsler manifolds. The Hamiltonian is
usually non-smooth, and therefore the uniqueness of solutions is lost. I will
speak about a new apparatus of convex trigonometry, which makes it possible
to prove the uniqueness of solutions at almost all points of nonsmoothness
and fully investigate remaining ramification points. In the last 2 years, this
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apparatus allowed to make great progress in the study of sub-Finsler geodesics,
and even to write out explicitly the formulae for geodesics on some manifolds
that previously did not lend themselves to precise research. Examples are
problems on the Cartan and Engel groups, all three-dimensional unimodular
Lie groups, isoperimetric inequalities in the Finsler metric, etc.
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ON A DIRICHLET PROBLEM IN A CONVEX DOMAIN
MAKAR-LIMANOV L.G.

In my talk I'll recall the story of a proof that the solution of a Dirichlet
problem Au = —1 in a convex domain which is zero on the boundary has only
one local maximum and remind why this is true.
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INVERSE PROBLEMS FOR THE KAWAHARA EQUATION
WITH INTEGRAL OVERDETERMINATION

MARTYNOV E.V.

In the following research we study the inverse problems for the generalized
Kawahara equation
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u=u(t,z), a,b € R, | F(u) |< c|ul|? where 1 < g < 6 posed on a rectangle
Qr = (0,T) x (0, R) with the initial condition:
u(0,2) = up(x), « €[0,R]; (2)
boundary conditions:
u(t,0) = p(t), ul(t,R) =v(t); 3)
um(ta 0) = e(t)v Uz(ta R) = h(t)a (4)
Uz (t,R) =0o(t), t€]0,T); (5)
with integral overdetermination:
R
/ u(t, 2)w(@)de = o(t), ¢ € [0,T); (6)
0
Impose the following conditions to some function w:
we H%0,R), w(0)=w(R)=w(0)=uw'(R)=w"(0)=0. (7)

The main results of our research are the following thoerems:

Theorem 1. Let ug € Ly(0,R), ¢ € W(0,T), p,v € (H?/>( L,)(0,T),
h,o € (HYSNL,)(0,T), f € Ly(0,T;La(0,R)) for some p € [2,+0c0], the
condition (7) is satisfied and, moreover, w'(R) # 0,

R
o0 = [ upla)ula)da. ®
0
Let
co = lluollLo(0,r) + 6l gr2rs 0,1y + 1N 275 0,0y +
1Rl 2ss 0,y + 1100 s 0,7 + 1 f Loy + 19 Laco,m) -
Then

1). For fized co there exists a Ty > 0 such as if T € (0,1), then there
exists a unique function o € L,(0,T) and the corresponding unique solution
u € X(Qr) of the problem (1)-(3) with condition (6).

2). For fivzed T there exists a 6 > 0 such as if co < 6, then there exists a
unique function o € L,(0,T) and the corresponding unique solution u € X (Qr)
of the problem (1)-(3) with condition (6).

Theorem 2. Let ug € L2(0,R), ¢ € W}(0,T), p,v € (H**(L,)(0,T), h,
0 € (HY*NLy)(0,T), 0 € Lypaw(2)(0,T) for some p € [1,+00] the condition
(7) is satisfied and there exists a positive constant go such as for all t € [0,T]

R
90 <| /0 g(t, x)w(x)dx | . (9)

Let
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co = l[uollzo0.m) + Nl mrzrs 0,7y + VNl 275 0,7y +

1Bl z215 0,2y + 100l mss 0.0y + N0 llLa 0,y + 1971121 0,1) -

Then

1). For fized co there exists a Ty > 0 such as if T € (0,1p), then there
exists a unique function fo € Ly(0,T) and the corresponding unique solution
u € X(Qr) of the problem (1)-(3) with condition (6).

2). For fited T there exists a 6 > 0 such as if cg < &, then there
exists a unique function fo € L,(0,T) and the corresponding unique solution
u € X(Qr) of the problem (1)-(3) with condition (6).

This work is supported by the Ministry of Science and Higher Education of
the Russian Federation: agreement no. 075-03-2020-223/3 (FSSF-2020-0018).
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MESO-SCALE UNIFORM ASYMPTOTIC APPROXIMATIONS
FOR SINGULARLY PERTURBED PROBLEMS

MAZ'YA V.G.!, MOVCHAN A.B.2

There is a growing interest to problems in physics and mechanics associated
with domains whose boundaries are singularly perturbed. In particular,
heterogeneous solids containing large number of inclusions or perforations
represent the object of studies, which may require advanced numerical methods
or analytical homogenisation approximations. The numerical evaluation of
physical fields around multiple defects of different scales, and full computational
analysis of their interaction, represent a serious challenge. The asymptotic
approximations, which take into account a large number of inclusions within the
cluster and different scales reflecting on the size of individual inclusions, offer an
efficient analytical tool, which can also enhance the existing numerical schemes.
Green’s functions, and their uniform asymptotic approximations, are of special
interest, as motivated by the pioneering work of J. Hadamard. The uniformity
of the asymptotic approximations is important, as well as the formal link
between Green’s functions and solutions of boundary value problems for meso-
scale structures, containing large clusters of defects. In mechanics, such systems
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involve large number of small inclusions, so that a small paramater, the relative
size of an inclusion, may compete with a large parameter, representing an
overall number of inclusions. We demonstrate that the approach of meso-scale
asymptotic approximations provides an effective alternative to the conventional
homogenisation algorithms for solids with large clusters of small inclusions.
Also, problems of vibrations in domains with meso-scale structured interfaces
are discussed in detail. Theoretical results are accompanied by numerical
simulations and illustrative examples.
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STOCHASTIC SEMIGROUPS ASSOCIATED
WITH PARTIAL DIFFERENTIAL AND
PSEUDO-DIFFERENTIAL EQUATIONS

MELNIKOVA 1.V.1, BOVKUN V.A.?

The lecture is devoted to operator semigroups topical both from the point of
view of applications and studying solution operators to PDEs and some more
general VDEs.

The semigroups under study describe important probability characteristics
of stochastic processes, defined as functions of transition probabilities
P(0,z;t, B):

U(t)f<x) = fRn f(y)P(O,l‘, t, dy) = <f('),p(0,l‘; 2 )> (1)

and transition densities p, in general, generalized functions. For U(t), t > 0,
related to Markov processes, the semigroup property follows from the
Kolmogorov-Chapman equation:

P(s,x;t,B) = [o, P(s,x;r,dy)P(r,y;t,B), 0 < s <r <t
Markov semigroups are families with the following properties:

Ul=1 f>0=U)f>0; f<1=Ut)f<L fe€By(R").

The relevance of studying semigroups associated with Levy processes, the
important subclass of Markov processes, is due to the fact that Levy processes
allow simulating various continuous and jumps random disturbances arising in
physics, economics, social and biosystems. Along with the study of semigroups,
an important place in the lecture is given to semigroup generators, which are
proven to be YDOs and operators with kernels.
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The modern theory of operators has provided techniques for studying PDEs
and more general WDEs for probability characteristics of LI'©vy processes
(see, e.g. [1], [2]). Moreover, techniques of operator semigroups combined with
the generalized Fourier transform techniques allowed us to extend the Gelfand-
Shilov classification of Cauchy problems for PDE s to some subclass of WDE s,
including problems related to Levy processes, which we classify as problems
well-posed in the Petrovsky sense. The lecture is divided into three sections.
In Section 1, we consider the semigroups of operators U;(t) — Uy(t),t > 0,
associated with basic LI'(©vy processes: shift, Wiener, simple and compound
Poisson processes. It is shown that the considered semigroups are representable
in the form (1) with the transition densities p, generally, generalized functions
on the space Cy.

Section 2 shows that the generators of an important subclass of Markov
semigroups, Levy semigroups, are YDOs with symbols s(z,«) of not more
then power growth in a and locally bounded in x, and operators with kernels
from the space S’(R?"). The proof is based on the famous Levy—Khintchine
formula and Schwarz’s kernel theorem. A construction of kernels is given for
generators of semigroups U; — Uy and for the semigroups themselves.

In Section 3, on the basis of the generalized Fourier transform techniques,
an extension of the Gelfand—Shilov classification is constructed for the case of
equations with ¥DOs of a special form. The scheme establishing connections
between properties of solution operators to the Fourier transformed Gelfand—
Shilov systems and the semigroup properties of the solution operators [3]
has been extended to equations, that contain WDOs associated with Levy
processes.
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PERIODIC SOLUTIONS OF A NEUTRAL DELAY MODEL OF
SINGLE-SPECIES POPULATION GROWTH WITH ITERATIVE
TERMS

MEZGHICHE L.', KHEMIS R.2, BOUAKKAZ A.3

In this work, we consider the following first-order neutral delay differential
equation:

[z(t) —cx(t—7 ()] =—a(t)z(t)+ f (tvﬂf t),z? (t))
- H (t,x (t),zl? (t)) , (1)

where ¢ € [0,1[, a(t),7(t) € C(R,(]0,00[)) and f, H € C (R?,]0,00[) are T-
periodic functions. With the help of Banach and Krasnoselskii’s fixed point
theorems, the existence and uniqueness of positive periodic solutions to the
equation (1) are established.

Let Pr be the Banach space of all T—periodic continuous functions endowed
with the usual sup norm and

K= {33 S PT, m<zx< ]\47 |$(t2) —a:(t1)| < L|t2 —t1| ,th,tQ S R},

is a closed convex and bounded subset of Pr. To simplify notations, we
introduce the following constants:
ap = infc(o,7) a('t)’ a1 = SUPyeo,7] a(t)7 J1 = maxecpo7 | f (2,0,0)],
A =30 ki Y L A = LY L

. . exp(—foT a(u)du) . exp(fOT u(u)du)
Hy = maXigeio, 1) |H (t,0,0)|, m = exp(fOTAa(u)du)fl’ n2 = oxp(JT a(uydu)-1° In
this work, we assume that:
(Hy) f(t,z1,22) and H (t,z1,22) are globally Lipschitz in x1,z, i.e. there
exist positive constants k1, ko and [y, l5 such that:

2
|f (a1, @2) = f (691, 2)] Szki i — will (2)
i=1
2
\H (t,21,22) — H (t,y1,92) <DLl — will - (3)
=1

(H2) There exists fy > 0 such that:

f(t,l‘l,xg) > fo, Vt € [O,T], Vri,zo € R. (4)
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(Hj3) The following estimates are satisfied:

772TA1 + UQT% + C S 1, (5)

Tfo—nT(MA Hy) —cT M

mT fo — T (MAgy + Hy) — cT'nza, e, ()
m

m2 (2 +arT) (MM + f1) + (AoM + Hy) + cMay)) + L(1+L)e< L. (7)

Theorem 1. If conditions (2)-(7) hold, then equation (1) has at least one
solution in K.

Theorem 2. Suppose (2) and (3) are satisfied and if
T (A +Azs+car) +c< 1, (8)

then equation (1) has a unique solution in K.
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CHARACTERESTIC LIE ALGEBRA OF KLEIN-GORDON
EQUATION AND HIGHER SYMMETRIES

MILLIONSHCHIKOV D.V.

Consider Klein-Gordon equation written in the form wu,, = f(u). We define
characteristic Lie algebra x(f) as a Lie subalgebra in the Lie algebra of
differential operators generated by two operators

xo= 2 x —fi+D(f) 9 +D"*1(f)i+
0 — 8’11/7 f - aul 98(1)Lz 8un ey



where D = “18% + “28%1 + -+ Un+1% + ... The properties of the
characteristic Lie algebra x(f) are related to the integrability of Klein-Gordon
equation. We are going to discuss characteristic Lie algebras of two integrable
cases: sine-Gordon f(u) = sinhh equation and Tzitzeica f(u) = e% + 2%
equation.
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SYNCHRONIZATION OF QUASIPERIODIC OSCILLATIONS IN
NEARLY HAMILTONIAN SYSTEMS: THE DEGENERATE
CASE

MOROZOV A.D.!, MOROZOV K.E.2

Quasiperiodic perturbations of two—dimensional nearly Hamiltonian systems
with a limit cycle are considered. We study the behavior of solutions in the
neighborhood of a degenerate resonance, i.e. such a resonance that correspond
to an extremum of the natural frequency of the unperturbed Hamiltonian
system. Special attention is paid to the synchronization problem. Bifurcations
of quasiperiodic solutions that take place when the limit cycle passes through
the neighborhood of a resonance phase curve are studied. This study is based on
the analysis of an autonomous nearly Hamiltonian system of a pendulum type,
which is obtained by the method of averaging and determines the dynamics in
the resonance zone. To a first approximation, two possible topological structures
of the averaged system are distinguished. For each case, the intervals of a control
parameter that correspond to the synchronization of oscillations are specified.
The results are applied to an equation of a Duffing—Van der Pole type.

The research was supported by RFBR grant 20-31-90039.
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BOUNDS ON THE SPEED OF SUBSPACE EVOLUTION
MOTOVILOV A.K.

Let H be a (possibly unbounded) self-adjoint operator on a Hilbert space £).
Assume that Py is an orthogonal projection in £ such that the domain Dom(H)
of H is invariant under Py, i.e.,

Py Dom(H) C Dom(H). (1)
Under the hypothesis (1), we study the subspace path
B, = Ran(PT), T ER, (2)

formed by the ranges of the orthogonal projections P, = e 17 Py elf™,
Below, the notation ¥(R, ) is used for the maximal angle between subspaces

R and Q of the Hilbert space 9,
(R, Q) = arcsin(||R — Q||), (3)

where R and @ are the orthogonal projections in §) onto R and 9, respectively.
By using the maximal angle (3) as the measure of closeness between subspaces
in the path (2) we estimate the speed of their variation with varying 7. Our
first principal result concerning the subspace path (2) is as follows.

Theorem 1. Assume the hypothesis (1). Assume, in addition, that

Vi,p, = sup (I = Po)H f| < oo, (4)
f € PBo NDom(H)
Al =1
where I is the identity operator in $). Then the following sharp inequality holds:
9(Bs,Be) < Vaup, [t —s|  for any s,t € R. (5)

Corollary 1. Suppose that Vi p, # 0. Assume that at 7 = Ty the mazimal
angle between the initial subspace Bo and a subspace in the path P, 7 > 0,
reaches the value of 6, 0 < 0 < 7, that is, V(Po,Pr,) = 0. Then

0

Ty > .
VH7P0

\

(6)

Theorem 2. Assume the hypothesis (1). Assume, in addition, that

1/2

ABp, = sup  (|HFI>=(HFf, ) < . (7)

f € %Po N Dom(H)

lFll=1
If AEg, # 0 then the following lower bound holds:
0

>

T9 = AE‘BU ) (8)
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where 0, Ty are the same as in Corollary 1.

Inequality (8) represents a generalization of the celebrated bounds on the
speed of variation of one-dimensional subspaces known in quantum theory as
the Mandelstam-Tamm and Fleming quantum speed limits.

Our final lower estimate for Ty concerns the special case of bounded H.

Theorem 3. Let H be a bounded self-adjoint operator on the Hilbert space ).
Suppose that the spectrum of H lies in the segment [m, M| and m < M. Then
the following lower bound holds:
20
M—-—m’
where 8 and Ty are the same as in Corollary 1.

Ty > 9)

This presentation is based on joint works [1, 2] with Sergio Albeverio.
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ON A GELFAND-SHILOV TYPE SPACE
MUSIN I.KH.

Let H = {h,}32, be a family of convex functions h,: R” — R
with h,(0) = 0 such that for each v € N:

1) hy(z) = hy(|z1],.. o [onl), ©= (21,...,20) €RY;
v[[0,00)" 18 nondecreasmg in each varlable
hy ()

2) h
3
) T
HVM >0 A, p > 0s.t. for o = (21,...,2,) € [0,00)"

T
hy(z) < Z zjlnMj—FA,,,M;
1<j<n:x;7#0

5) da, >0 and 3+, > 0 s.t. for x = (z1,...,2,) € [0,00)"

n

hl/(x) - hl/+1(17) >ay - ij — Vi
J=1
93



6) 31, > 0 such that for z,y € [0,00)"
hy1(z +y) < hy(x) + ho(y) + L.
For each v € N and m € Z, define the normed space
Gm(hy) ={f € C"(R"):

|27(D* f) ()]
f Jhy = sup < o0
|| ”m mGR",BGZi,\MSm 6!e_hu('8) }

Let G(hy) = () Gm(h,). Endow G(h,) with the topology defined by the
m=0

family of norms || - ||m,n, (m € Z4). Considering G(H) = |J G(h,) supply it
v=1

with the topology of the inductive limit of spaces G(h,).
For f € G(H) let (Ff)(z) = ﬁ Jon F(£)e!®8) de, x e R™.
The Young-Fenchel conjugate of a function g : R" — [—o0,400] is the
function ¢g* : R™ — [—00, +00] defined by ¢*(z) = sup ({(z,y) — g(y)).
yeR”
For v € N, m € Z consider the normed space

Em(hy) ={f € C*([R"):

e wp  OElEDIDIDE

xeR",(XGZi a!e—hu(a)

Let £(hy) = () Em(hy). Endow E(h,) with the topology defined by the family
m=0

of norms py,, , (m € Zy). Let E(H) = Ej E(hy). Supply £(H) with an inductive
v=1

limit topology of spaces £(h,).

Denote by A the mapping f € E(H) — Fy, where Fy is the (unique)
extension to entire function in C".

For each v € N define a function ¢, on R" by

o (x) =hi(n" |z, ..., InT |z,]), 2= (z1,...,2,) €R™.
For each v € N and m € Z, consider the normed space
En(py) ={f € H(C"):
1 m
NICIEIEN

e‘/’u(lm z)

Pom(f) = su o).

zeCn
e}

Let & = {¢,}52, and E(®?) = J E(p,). Supply E(®) with a topology of the
v=1

inductive limit of spaces E(p,).
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Theorem 1. The mapping A establishes an isomorphism between the spaces
E(H) and E(P).

Theorem 2. The mapping AF establishes an isomorphism between the spaces

G(H) and E(D).

Theorem 3. The Fourier transformation establishes an isomorphism between

G(H) and E(H).

Institute of Mathematics with Computing Centre of Ufa Federal Research
Centre of the Russian Academy of Sciences, Russia.
Email: musin_ildar@mail.ru

LANDIS PROBLEMS. RECENT PROGRESS
NADIRASHVILI N.S.

Survey of works related to the problems raised by E.M.Landis, from old
results to the most recent ones.

Centre national de la recherche scientifique, France.
Email: nnicolas@yandex.ru

ON THE PHRAGMEN-LINDELOF PRINCIPLE
FOR MIXED BOUNDARY VALUE PROBLEMS
IN UNBOUNDED DOMAIN

NAZAROV A.L

We investigate the qualitative properties of solutions to the Zaremba
type problem in unbounded domain for the non-divergence elliptic equation
degenerating at infinity. We establish the Phragmén-Lindel6f type principle on
growth/decay of a solution at infinity. The result is formulated in terms of
so-called s-capacity (the concept introduced by E.M. Landis in 1960s) of the
Dirichlet portion of the boundary, while the Neumann boundary should satisfy
certain “admissibility” condition.

The talk is based on the joint paper [1].
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ASYMPTOTICS AT INFINITY OF SOLUTIONS TO ELLIPTIC
PROBLEMS IN ANGULATE DOMAINS WITH ALTERNATING
BOUNDARY CONDITIONS

NAZAROV S.A.

Although results are obtained for general second-order formally self-adjoint
systems with polynomial property [1], we here consider the mixed boundary-
value problem for the Poisson equation

—Au(z) = f(z), x € Q, u(x) =0, z €l'p, dpu(z) =0, x €Ty, (1)

where 0 C R? is a domain with a Lipschitz boundary which, outside the disk
Bpr of radius R > 0, coincides with the angle

K={z:7r>0,p€(0,a)}
of opening « € (0,27). Moreover, I'p contains the ray
Yo={z:r>R,o=a}
and the set of intervals
V={x:2y=0,21 —ReE(=bj ™ bj ™}C Yo, b>0, m>0, (2

while T'y = 0Q\ T'p.

The case m = 0 when the intervals (2) are distributed periodically along
the abscissa axis, was in essence considered in the paper [2] and the infinite
asymptotic series at infinity was constructed involving power-logarithmic
functions r®(y;Inr) written in the polar coordinates (r,¢) as well as the
boundary layers r* ¥ (x;lnr) located near the ray Y. Here, ® is a polynomial
in Inr with coefficients in C*°[0, «] while the polynomial ¥ has coefficients
periodic in z; and exponentially decaying as x5 — +00. The negative exponents
A and p are taken from certain countable sets given in [2]. In particular, for a
compactly supported right-hand side f, the main term takes the form

™
Kor~™/®sin (—(p) (3)
Q@
with some coefficient K € R.
In the case m > 0 the lengths of the intervals (2) vanish in the limit as
j — “+oo. However, the asymptotic results mentioned above remain valid, in
particular, the main asymptotic term keeps the form (3). However, higher-order
asymptotic terms get boundary layers of two types, namely the periodic in x;
exponential ones near Y and the power-law ones in the vicinity of the interlas
V.
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The main difficulty in the performed analysis of the problem (1) concerns
the justification of the asymptotic formulas that requires derivation of various
weighted a priori estimates of the solution, reduction of the original problem to
the pure Dirichlet problem in the angle K, and restoration of decay properties
of the asymptotic remainders near the boundary ray Y.
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NARROW ESCAPE PROBLEM
NURSULTANOV M.!, TZOU J.C.2, TZOU L.3

Let (M,g,0M) be a compact connected orientable Riemannian manifold
with non-empty smooth boundary. Let also (X;,P,) be the Brownian motion
on M with initial condition at x, that is, the stochastic process generated by
the Laplace-Beltrami operator A,. For any I' C M open we denote by 7 the
first time the Brownian motion X; hits I":

=1inf{t >0: X; € T'}.

In the case when I' =T’ , is a small elliptic window of eccentricity v'1 — a?
and size € — 07, the narrow escape/mean first arrival time problem wishes to
derive an asymptotic expansion as ¢ — 0 for the expected value E[rr, ,|Xo = 7]
of the first arrival time 7, , amongst all Brownian particles starting at x.

Many problems in cellular biology may be formulated as mean first arrival
time problems; a collection of analysis methods, results, applications, and
references may be found in [5]. For example, cells have been modelled as
simply connected two-dimensional domains with small absorbing windows on
the boundary representing ion channels or target binding sites; the quantity
sought is then the mean time for a diffusing ion or receptor to exit through an
ion channel or reach a binding site [8, 4, 6].

There has been much progress for this problem in the setting of planar
domains, and we refer the readers to [4, 6, 10, 1] and references therein for a
complete bibliography. An important contribution was made in the planar case
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by [1] to introduce rigor into the computation of [6]. The use of layered potential
in [1] also cast this problem in the language of elliptic PDE and facilitates some
of the approach we use here.

Few results exists for three dimensional domains in R™ or Riemannian
manifolds; see [2, 7, 9, 3| and references therein. The additional difficulties
introduced by higher dimension are highlighted in the introduction of [1] and
the challenges in geometry are outlined in [9]. In the case when M is a domain
in R? with Euclidean metric and I , is a single small disk absorbing window,
[7, 9] gave an expansion for the average of the expected first arrival time,
averaged over M, up to an unspecified O(1) term.

In this paper we outline an approach which allows one to derive all the main
terms of E[rr, ,|Xo = ] for Riemannian manifolds of dimension three with a
small absorbing window which is boundary geodesic ellipse.
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A NOTE ON THE EIGENVALUE CRITERIA FOR POSITIVE
SOLUTIONS OF A CANTILEVER BEAM EQUATION WITH
FREE END

PADHI SESHADEV

In this paper, we study the existence of at least one positive solution to the
fourth-order two-point boundary value problem(BVP)

u"(t) = M) f(tut), 0<t<1,
u(0) = ' (0) = u"(1) = u"(1) = 0,

which models a cantilever beam equation, where one end is kept free. Here
fEC([Oa 1] XR+3R+)3 gEC([O, 1}7R+)

and A is a positive parameter. The sufficient conditions are interesting, new
and easy to verify. We have used some inequalities on the nonlinear function
f and eigenvalues of a linear integral operator as bounds for the parameter A
in order to obtain our results. Our approach is based on a revised version of a
fixed point theorem due to Gustafson and Schmitt.

Birla Institute of Technology Mesra Ranchi — 835215, India.

Email: spadhi@bitmesra.ac.in

ON ENTROPY SOLUTIONS OF SCALAR CONSERVATION
LAWS WITH DISCONTINUOUS FLUX

PANOV E.YU.
In the half-space II = (0, +00) x R™ we consider the conservation law
up + divgp(u) =0 (1)

with a jump continuous flux vector ¢(u). The curve (u,¢(u)) in R**! is known
to admit a continuous extension

u=>b(v) € CR), ¢(u)=g(v)eCR,R"),
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such that the function b(v) is non-strictly increasing and |b(v)| — oo as v — 0.
After the change u = b(v) equation (1) reduces to the equation

b(v) + diveg(v) =0 2)
We study the Cauchy problem for equation (1) with initial data
u(0,z) = up(x) € L>(R"). (3)

Definition 1 (cf. [1]). A function u = u(t,x) € L°°(II) is called an entropy
solution (e.s.) of problem (1), (3) if there exists a measure valued solution v; . (v)
of equation (2) such that the push-forward measure (b*v; ,)(u) coincides with
the Dirac mass 0(u — u(t,x)) for a.e. (¢,z) € II, and etsii)iirnu(t,-) = ug in

LL (R™).

loc

We recall (see [2]) that v, is a measure valued solution of (2) if for all k € R

o [[1000) = B a (o) + i, [ sento = B)g(0) — g0 (0) <0

in the sense of distributions on II. We observe also that in view of the
assumption (b*vy ,)(u) = 0(u — u(t,x)) we can write

/|b ) — b(E)|dv o (0) = [ult, ) — b(R)].

The main our result is the existence of the largest and the smallest e.s. of (1),
(3). In the case of continuous flux vector this property was known, see [3]. In
particular, this result implies the uniqueness of e.s. in the case of periodic initial
data and the following more general comparison principle.

Theorem 1. Let uy = uy(t, ), us = ua(t,z) be e.s. of (1), (3) with initial
functions ug1, uge, respectively. If ugr < uge a.e. in R™ and at least one of
these initial functions is periodic then uq(t,x) < ug(t,x) a.e. in II.

The research was supported by RSF grant 22-21-00344.
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ON ONE NONLOCAL PROBLEM FOR SECOND ORDER
LINEAR SINGULAR DIFFERENTIAL EQUATIONS

PARTSVANIA N.
On a finite open interval ]a, b[, we consider the linear differential equation
u" = pi(t)u+ pa(t)u’ + q(t) (1)

with the nonlocal boundary conditions

ag b

/ u(t)dg (t) = 1, / u(t) s (t) = 2. 2)
a bo

Here p; :]a,b[— R (i = 1,2) and ¢ :]a,b[— R are measurable functions,

satisfying the conditions

b

b
/ ((t—a)(b—)|ps ()] + [pa (1)) dt < +00, / (t—a)(b—t)la(t)ldt < +o0, (3)

a

a < ag <by<b, ¢ (i =1,2) are real numbers, while ¢1 : [a,a0] — R and
©2 @ [bg,b] — R are nondecreasing functions such that

p1(ag) > pi(a), @a2(b) > p2(bo).

We assume that the values of any solution to equation (1) at the points a and
b are its right and left limits, respectively, the existence of which is guaranteed
by condition (3).

We are mainly interested in the case where the functions p; and ¢ have
nonintegrable singularities at the points a and b. However, the results below on
the unique solvability of problem (1), (2) are new even in the case where those
functions are integrable on [a, b].

For any continuously differentiable function w defined on some interval
I C [a,b], we put

ha(p1, p2, w)(t) = [pr ()] _w(t) + [p2(1)]_w' (1),
ha(p1, p2, w)(t) = [pr(t)]_w(t) — [p2(t)] w'(1).

Theorem 1. Let conditions (3) hold and there exist a number ty €]la,b|
and continuously differentiable functions wy : [a,tg] — [0,+o0] and
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wsy : [to,b] = [0, +00[ such that
to
wi(a) =0, wi(t) >0, /hl(pl,pg,wl)(s)ds < wi(t) for a <t <ty,

t
t

wa(b) =0, wh(t) <0, /hg(pl,pg,wg)(s)ds < |wh(t)| for to <t <b,
to
to t

h h
lim sup / haprpe w)(8) 5 i gup / ha(propa,wa)(s) ;0
t—to wi (t) t—to ; w5 (2))]

0

Then problem (1), (2) has a unique solution.

Note that the strict inequality (4) in Theorem 1 is unimprovable and it
cannot be replaced by the nonstrict one.

Corollary 1. Let conditions (3) hold and there exist to € |a, b such that
to b
J(t=aln )+ b))t <1, [ (=010 +a0) )it <1 6)
a to
Then problem (1), (2) has a unique solution.
Corollary 2. Let conditions (3) hold and there exist nonnegative constants ¢;
(i =1,2) such that
p1(t) > =Ly, pa(t)sgn(2t —a—b) < ¥y for a <t <b,
Feo dx
—_— b—a)/2. 6
/0 £1+£2$+1‘2<( CL)/ ()
Then problem (1), (2) has a unique solution.
In the right-hand sides of inequalities (5) in Corollary 1, the number 1 cannot

be replaced by 1+ ¢ no matter how small € > 0 is, and the strict inequality (6)
in Corollary 2 cannot be replaced by the nonstrict one.

A. Razmadze Mathematical Institute of Thbilisi State University, Georgia.
Email: nino.partsvania@tsu.ge
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IMPROVED APPROXIMATIONS
FOR RESOLVENTS OF ELLIPTIC OPERATORS
IN THE ENERGY OPERATOR NORM

PASTUKHOVA S.E.

In the space R?, d>2, we consider divergence-type operators of an even order
2m>2
Ac=(=1)™ Y D*(ags(x)D”)
loe|=|B|=m

with e-periodic coefficients ag,5(7) = @ap(y)|y=c-14, € > 0 is a small parameter.

Here, a=(ai,...,0q) is a multiindex of length |a|=a1 + ... + aq4, a;€Z>o,
D* = D{"...D3*, D; = Dy, i = 1,...,d; the coefficients a.s(y) are
real, measurable, 1-periodic with periodicity cell Y:[—%, %)‘ﬂ and satisfy the
conditions

laasllLoo(vy < A1, Vo, B, |al =|8] =m,

/ Z aag(x)DﬁgoDacpdxz)\o/ Z |D%p|? dx
R4 R | iom

lor|=[B]=m

(1)

for all p € C5°(RY) with some positive constants \g and \;.
With the family A. we associate the homogenized operator

A=(-1)™ Y D%asD’ (2)
la|=|8]=m

which is of the same class (1). The coefficients d,p are constant and are
expressed via solutions to so-called cell problems. It is known [1] that

[(Ae +1)7t = (A+1)7" = Ko p2(ra) s (ray < Ce, (3)

where the constant C' depends only on the dimension d and the constants Ag
and A; in (1). The correcting operator K. is obtained by using the solutions to
the cell problems introduced to compute the coefficients aqg.

Now we seek e2-order approximations of the resolvent (A. + 1)~! in the
energy operator norm || - ||p2_, g=. To this end, we introduce the homogenized
operator, slightly different from that in (2); namely,

Ao =(=1)" > DY aapD’+e > basD’).
lal=m  |fl=m |5l=m-+1

Here, the coefficients dop are the same as in (2) and b,s are constants defined
via solutions to the additional cell problems. We define the correcting operators

Kn(e)= Y Ny(D)DS*(A+1)7!
[v|=m
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and
Kimy1(2)= N5(£) D555 (A+1) 71,
|§|z7n:+1 <
where N, |y|=m, and Ns, |§|=m+1, are the solutions to the above-
mentioned cell problems, S¢ is the Steklov smoothing operator defined as
(5°¢)(x) = [, ¢(x — ew) dw. In [2], the following estimate is proved:

H(Ae 1) e Kn(e) + €™ g (e) — (Ac + 1)71||L2(Rd)—>H"I(]Rd) < Cé?,

where the constant C' is of the same type as in (3).
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ON VARIATIONAL APPROACH IN HOMOGENIZATION OF
CONVOLUTION TYPE OPERATORS

PIATNITSKI A.L.

We consider a symmetric operator of the form

AE:ECZ%/Rda<$;y)A(§,g)(u(y,t)—u(x,t))dy (1)

with a small parameter £ > 0 and the corresponding quadratic functional

Fe(u) = Ed%/w /Rda(ﬁgy)A(gg)(u(y,t) —u(x,t))* dyda.

The talk will focus on I'-convergence results for functional F¢, as ¢ — 0.
We assume that the coefficients a(z) and A(£,7) possess the following
properties: integrability

a(-) =0, /a(z) dz =1, /|z|2a(z) dz < o0; (2)
Rd R
ellipticity”
0<A” <A(Em) <AT 3)
for some positive constants A~ and AT. symmetry
a(—2) = a(z) for all z € RY A(E,1) = A)(n,€) for all &, 1. (4)
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We also assume that either A(£,n) is periodic both in £ and 7, or A(&,n) is
random statistically homogeneous ergodic random field.
In the periodic case the following result holds:

Theorem 1. Let A(&,7n) be periodic in § and 1, and assume that conditions
(2)~(4) are fulfilled. Then, as ¢ — 0, the family F T'-converges in L?*(R9)
equipped with a weak topology to the functional F° defined by

FO(u) = /Rd&Vu-Vuda:, if u € H'(R?),

400, otherwise,
where a is a symmetric positive definite constant d X d matrix.
Similar result holds in the random case.

Theorem 2. Let A(£,n) be random statistically homogeneous ergodic random
field in R??, and assume that conditions (2)—(4) are fulfilled. Then almost
surely the family F° T-converges in L?(R?) equipped with a weak topology to
the functional F° defined in Theorem 1 with a constant deterministic positive
definite matriz a.

This is a joint work with Andrea Braides (Rome).
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OSCILLATION CRITERIA FOR THIRD-ORDER
DIFFERENTIAL EQUATIONS WITH NEUTRAL
COEFFICIENTS

PINELAS S.

In this work it is introduce a criteria to the oscillatory behavior of solutions to
a class of third-order differential equations with neutral coefficients. Sufficient
conditions for all solutions to be oscillatory are given and some examples to
illustrate the main results.
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THE KALTON AND ROSENTHAL TYPE DECOMPOSITION
OF ORTHOGONALLY ADDITIVE OPERATORS

PLIEV M.A.

Narrow operators on symmetric function spaces, as introduced in [1], may be
thought of as a generalization of compact operators. There is a deep connection
between the theory of narrow operators and classical results of Kalton [3],
Rosenthal [5], concerning decompositions of continuous linear operators on
L(Ly). The next theorem can be regarded as a generalization of [3, 5] to the
setting of dominated orthogonally additive operators (OAQOs) on lattice-normed
spaces (LNSs).

All necessary information on LNSs and dominated OAOQOs the reader can find
in [2, 4].

Theorem 1. Let (X, E) be a decomposable lattice-normed space, where E is a
vector lattice with the principal projection property, F be an order continuous
Banach lattice and T: X — F be a dominated orthogonally additive operator.
There then exists a unique decomposition

T=Ty+Ty
where T is a narrow operator and Ty is an atomic operator.
The research was supported by the Ministry of Science and Higher Education
(the agreement numbers is 075-02-2021-1844).
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SURFACES IN R?> AND THEIR CONTACT WITH CIRCLES
REEVE G.

It has long been known that we can use the contact between a surface and
so called model submanifolds to tell us about the underlying geometry of the
surface. For example, we can tell something about how flat a surface is by its
contact with either planes or lines, and something about how round it is by its
contact with spheres or circles. In this talk I'll revisit the idea of contact between
a surface and circles and introduce the concept of a "surface of centres"of circles
with sufficiently high contact, a kind of generalisation to the focal set. This is
joint work with Peter Giblin.
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DECOUPLING OF QUASILINEAR DYNAMIC SYSTEMS ON
TIME SCALES

REINFELDS A.

Let T be unbounded above and unbounded below time scales T [1]. We
consider the rd-continuous on ¢ € T dynamic system

{a:A = Az + f(t,z,y), (1)
v = Bty +g(tay),

in a Banach space, where nonlinear terms are e-Lipschitz and the system (1)
has a trivial solution. Let X (¢,7) and Y (¢,7) be the transition operators of the
corresponding linear system

& = A(t)r,
{yA = DB(t)y. @

Suppose that the system (2) satisfy the conditions of integral separation

v = max (sup/ [Y (s, 0()|| X (¢, )| At ,
o7



+o0o
sup/ X(s,a(t))||Y(t,s)|At> < 40

S

with the separation constant v. Based on the integral version of the idea
developed in the article [2] we generalize [3].

Theorem 1. Let 4dev < 1 and the linear system (2) is regressive. Then the
dynamical systems (1) and

{xA = Az + f(t,z,u(t, ),
y® = By +g(t, vt y),y).

on time scales are global dynamic equivalent.

3)

In the case of unbounded above time scales we also find sufficient condition
under which the system (1) is dynamic equivalent to system (4).

Theorem 2. Let 4dev < 1 and the linear system
2 = A(t)x
is regressive. Then the dynamical systems (1) and

{ 2 At)x + f(t, z,u(t, x)), (@)
y® = By +g(t,k(t,z,y),y).

on time scales are global dynamic equivalent for t > 7.
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AN ADDITION TO A NEW APPROACH TO NON-LOCAL
BOUNDARY VALUE PROBLEMS

RONTO M.!, RONTO A.2
We study the non-linear boundary value problem of general form

u'(t) = ftu(t), t € la,b];  @(u) =d, (1)
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where ® : C([a,b] ,R™) — R™ is a vector functional (possibly non-linear), d is
a given vector, and f : [a,b] x D — R™ is a continuous function satisfying the
Lipschitz condition in a bounded closed domain D,

|f(t>$)*f(t>y)‘ SK‘%*M, for all {x,y} CDa te [aab]' (2)

We are interested in establishing the solvability of (1) and approximate finding
its solution. An approach to this was suggested in [1], which involves a kind of
reduction to a parametrized family of problems

u'(t) = f(tu(t), t € la,b];  ula) =2, u(b)=n, 3)

where z = col(z1,...,2n), n = col(m,...,n,) are unknown parameters.
AssuMPTION 1. There is a non-negative p such that, componentwise,

p= 5 (b—a)dynl(f)
where 0q.),p(f) = 5 (max (s w)yefap)xp f(tu) — ming u)efapxn(tw)).

ASSUMPTION 2. r(Q) < 1 for the spectral radius of Q = %K,

The techniques are based on properties of the iteration sequence

DN | =

t
i (£ 2,m) = o (£, 2,7) + / £ (81t (5, 2,)) s

—a b
Z_a/ f(svum (S,Z,n)) ds, (4)

where ug (¢,2,7) = (1 — Z:—Z)z + f;—gn, t € [a,b], m = 0,1,2,.... These
formulas are used to compute the corresponding functions explicitly for certain
values of m which, under additional conditions, allows one to prove the
solvability of the problem and construct approximate solutions. If the function
involves transcendental non-linearities with respect to the second variable, the
correspondent explicit computations, in the general case, cannot be carried
out due to the impossibility to find the exact values of the corresponding
integrals. One of the ways to overcome this difficilty is to use, instead of (4),

the polynomial approximations

ol (£,€.1) = uo(t,E.m) + / Lo(Nvp_y (- £,7))ds

t—a
b—a

b
/ Ly(Nvp—1(-,&,n))ds, t €[a,b], m=1,2,...,

where vf (¢,£,1) = uo(t, &, n). Here, we need to construct the gth order Lagrange
interpolation polynomials L,(Nvy,—1 (+,&,n)) over the ¢ + 1 Chebyshev nodes
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for functions obtained as a result of application of the Nemytskii operator IV,
(Ny)(t) = f(t (), ¢ € [a,b], y € C([a, bl,R").

To relax the conditions involved in Assumptions 1 and 2, following [2], we
use the interval division tg = a, ty =tp_1 +hg, k=1,...,M — 1, tp; = b, and
instead of (3), consider M model problems

k
dz:l(t : = (t,u(k)), t € [tp—1,tk]; ultg—1)= z(kfl), u(ty) = z(k),
where k = 1,2,...,M and 2 2 . 2(N) are to be determined. Each of
these problems is studied on an interval of length hjy. Assumption 1 is then
replaced by r(Qx) < 1, k = 1,2,..., M, where Q = %Kk and K} is the
Lipschitz matrix for f on [tx_1,t,] x DI¥l, DI¥l ¢ D. Assumption 2 is likewise
weakened. The approach is illustrated on examples.
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THE RESOLUTION OF SINGULARITY IN THE
NEIGHBORHOOD OF A SECOND ORDER SINGULAR
EXTREMAL IN TWO-INPUT CONTROL PROBLEMS

RONZHINA M.I.1, MANITA L.A.2, LOKUTSIEVSKIY L.V.3

Pontryagin’s maximum principle (PMP) reduces the study of optimal control
problems to the study of controlled Hamiltonian systems. If the Hamiltonian
system is affine in control, then the typical phenomenon is the existence of
a singular trajectory that is characterized by the fact that the Hamiltonian
reaches its maximum over a finite time interval at more than one point. In
other words, the optimal control can not be determined directly from the PMP
maximum condition. A class of problems that appear in many applications is
the ones with singular trajectories of the second order.

The behavior of optimal trajectories near a singular trajectory of the second
order can be quite complex, e.g. nonsingular trajectories can have infinite
number of control discontinuities near the matching point with the singular
arc (this is called the chattering regime, or Fuller’s phenomenon). In problems
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with one-dimensional control, it was proved that optimal chattering trajectories
are typical for controlled systems with singular trajectories of the second order
[1, 2].

In the case of one-dimensional control, the problems with singular
trajectories of the second order are well studied. A complete description of
the structure of optimal solutions in a neighborhood of singular extremals of
the second order was given by [2]. In problems with multidimensional control
the behavior near a singular trajectory can be much more complex and has
been studied only in a few special cases.

The main tool of studying the behavior of nonsingular extremals in a small
neighborhood of a singular extremal is the resolution of singularity. The method
consists in a geometric transformation that replaces a singular point with a
surface of higher dimension.

In the series of papers [3, 4, 5] we have implemented the resolution of
singularity in a neighborhood of a second order singular extremal for problems
with two-dimensional control. We consider a Hamiltonian system that is affine
in two-dimensional bounded control taking values in an ellipse. In a neighbor-
hood of a singular extremal of the second order, we obtain a family of solutions
in the form of logarithmic spirals that reach the singular point in a finite time
and have a countable number of revolutions around it.

This work is partially supported by the Russian Science Foundation (grant
No. 20-11-20169).
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ASYMPTOTIC MODELLING OF SOFT AND STIFF
INTERFACES IN KIRCHHOFF-LOVE’S PLATES THEORY

RUDOY E.M.

The characterization of the interface conditions between bonded together
elastic media is a classical problem in solids mechanics. This problem arises in
many fields of engineering when composite material should be modelled. For
example, laminate structures can be built by gluing together thin plates. Due
to the small thickness of glue layer (or adhesive) the numerical computation
of the solution of the corresponding boundary value problem can be very
difficult because it requires a fine mesh and, consequently, increasing of degree
of freedom of the corresponding system.

In this situation, instead of the full model the approximate model with the
interface condition between adherents is introduced. Many interface conditions
are currently studied rather well from both mathematical and mechanical point
of view for different models of solids mechanics: linear and nonlinear elasticity,
piezoelectricity, magneto-electro-thermo-elasticity [1, 2, 3, 4, 5].

In the present work, we consider a composite structure consisting of two
plates glued together by a third one (adhesive layer) along some common
interfaces. The structure is in equilibrium under the action of applied forces.
The composite plate is fixed on the parts of the external boundary. The
equilibrium problem (case of pure bending) is formulated as a variational
one. Namely, a minimization of the energy functional over a set of admissible
deflections of the composite plate in the space H?2. It means that the deflections
of each plates are described by biharmonic equations. And on the common
boundaries the condition of equality of the deflections and their normal
derivatives is satisfied. It is assumed that the elastic properties of the adhesive
layer depend on its thickness € as ¢V, N € R. Parameter ¢ is a small parameter
of the problem. But the elastic properties of the glued plates do not depend on
€ and remain constant.

The main goal of the work is to strictly mathematically justify the passage
to the limit when € tends to zero. It is shown that there are 7 limit problems in
dependence on N. Moreover, for these 7 problems it is shown that the influence
of adhesive on adherents can be replaced by interface [6].

The research was supported by RFBR grant 18-29-10007.
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ON A PROBLEM GOVERNED BY SUBDIFFERENTIALS AND
CAPUTO FRACTIONAL DERIVATIVES

SAIDI SOUMIA

Differential equations of fractional order have recently been proved valuable
tools in modeling many phenomena in various fields of science and engineering.
There are many applications to problems in viscoelasticity, electro-chemistry,
control, porous media, electromagnetics, etc. There has been a significant
theoretical development in fractional differential equations in recent years,
see for instance [1], [2], and the references therein. In particular, the
existence of solutions of boundary value problems and boundary conditions for
implicit fractional differential equations and integral equations with fractional
derivatives constitutes an attractive subject of research.

We study here a dynamical system involving a differential inclusion governed
by subdifferential operators and a differential equation with Caputo fractional
derivatives [3]. To establish our main theorem, we combine the necessary results
of fractional calculus and an existence (and uniqueness) theorem concerning
first-order evolution problems with single-valued perturbations [4].
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SUB-RIEMANNIAN GEOMETRY AND BICYCLE
MATHEMATICS ON THE GROUP OF MOTIONS OF THE
PLANE

SACHKOV YU.L.

We will discuss the unique, up to local isometries, contact sub-Riemannian
structure on the group SE(2) of proper motions of the plane (also known as
the group of rototranslations).

The following questions will be addressed:

e geodesics,

their local and global optimality,

cut time, cut locus, and spheres,

infinite geodesics,

bicycle model,

bicycle transform and relation of geodesics with Euler elasticae,
group of isometries and homogeneous geodesics,

applications to imaging and robotics.

The research was supported by RSF grant 17-11-01387-P.
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ON MATHEMATICAL MODELS OF EVOLVING NETWORKS
SADYRBAEV F.!, SAMUILIK I.2, SILVANS A.3

We study systems of ordinary differential equations (ODE), which model
the interrelation and evolution of large networks. We mean gene regulatory
networks (GRN), neuronal networks and telecommunication networks. They
can contain an arbitrary number of elements, which are interpreted as genes in
the case of GRN. These systems contain multiple parameters. The interrelation
between the elements of a network is described by the so called regulatory
matrix W, that is a square matrix with constant coefficients. The state of a
network is associated with the solution vector X (t) = (x1(t),...,z,(¢)), where
t is interpreted as time. Evolution of a network can be described by studying
the behavior of solutions of the associated system of ODE. The main factor,
defining the evolution in a model, is the set of possible attractors in phase
space. One can find non-trivial attractors in these systems, and they vary in
nature.

Both analytical and computational means are used in the study of a system.
The study of stable equilibria can be made using the standard analysis of critical
points. The geometry of the vector fields can be investigated using the method
of nullclines, this works well in low dimensional cases. The computational
approach is productive, however the usual restrictions on capability of devices
arise.

In our talk we try to mention the typical issues that arise in qualitative
study. The main problem is to treat systems of high dimensionality, where we
encounter issues with visualisation and processing limitations.

Nevertheless, the amount of relevant results increases, and some suggestions
for behavior of the state vector X () can be made even for relatively high-
dimensional cases.

References

[1] H. de Jong. Modeling and Simulation of Genetic Regulatory Systems:
A Literature Review, J. Comput Biol. 2002;9(1):67-103, DOI:
10.1089/10665270252833208

115



[2] Y. Koizumi et al. Adaptive Virtual Network Topology Control Based on
Attractor Selection. Journal of Lightwave Technology (ISSN : 0733-8724), Vol.28
(06,/2010), Issue 11, pp. 1720 - 1731 DOI:10.1109/JLT.2010.2048412

[3] Le-Zhi Wang, Ri-Qi Su, Zi-Gang Huang, Xiao Wang, Wen-Xu Wang,
Celso Grebogi and Ying-Cheng Lai, A geometrical approach to control and
controllability of nonlinear dynamical networks. Nature Communications,
Volume 7, Article number: 11323 (2016), DOI: 10.1038 /ncomms11323

[4] Sadyrbaev F.Zh., Atslega S.A., Samuilik I.V. On controllability in models of
biological networks. Collection of works of the VIII International Conference on
Science and Technology (Belgorod, 24-25 September, 2020), 411-413.

[5] F. Sadyrbaev, V. Sengileyev, A. Silvans. Attractors in a three-dimensional
genetic network. Proceedings book of "4th international Health Sciences and
Innovation congress July 5-6, 2021, Baku/Azerbaijan, 379-385.

!'Daugavpils University, Latvia. Email: felix@latnet.lv
’Daugavpils University, Latvia. Email: Inna.Samuilika@rtu.lv

3Student at Groningen University, Netherlands.
Email: albert.silvans@gmail.com

DYNAMICS OF LOCALIZED WAVES WITH CONTROLLABLE
NONLINEARITIES

SAKKARAVARTHI K!, KANNA T?

The objective of the present work is to investigate the consequences of
varying nonlinearities in the dynamics of localized waves propagating through
inhomogeneous media. For this purpose, we consider a coupled nonlinear
Schrodinger equation consisting of temporally varying self-phase & cross-phase
modulations and four-wave mixing nonlinearities governing multimode beam
propagation in inhomogeneous fiber. The corresponding mathematical model
is described as

A 82 M
. 1 2 2
i+ (5(%2 + V(z,x)> Aj+7(2) (Ujj 451" + % e |Adl ) 4

M
—v(2) (Z a@A§> A5 =0, j=1,2,3,--,M, (1)
4

where A;(z,x): jth optical mode, d: second-order dispersion, o;;: self-phase

modulation, o¢j,: cross-phase modulation, oy: four-wave mixing, V(z,z):

graded refractive index profile, and «(z): temporally-varying nonlinearity. We

investigate the importance of such modulated nonlinearities in the dynamics

of optical bright solitons, spatially or temporally periodic (Akhmediev or

Ma) breathers, and doubly localized bright-dark rogue waves with the help
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of explicit analytical solutions constructed through a dedicated similarity
transformation. We explore the possibility of controlling these solitons, rogue
waves and breathers possessing different characteristics. Especially, we provide
a demonstration for three types of inhomogeneities that shows snaking or
creeping, tunnelling through a localized barrier/well, and amplification driven
by compression type modulations with physically interesting changes in their
dynamical characteristics. An important advantage of our study is that the
methodology can be extended to multicomponent systems in a straightforward
manner.

The results discussed in this work will be beneficial to the theoretical
studies and experimental realization in engineering and controlling mechanism
of different waves. Particularly, the wave propagation in graded refractive
index (GRIN) media can attract interest toward further exploration in the
context of atomic soliton/breather/rogue wave management in binary and
spinor condensates, periodic lattice arrays, magnetic materials with layered
structure, and so on. Furthermore, the influence of such modulations in
higher-dimensional nonlinear optical systems featuring vortex solitons, optical
bullets, resonant solitons, lumps and dromions will be immediate future
interest.

The research work of K. Sakkaravarthi was supported by the Korean
Ministry of Education, Science and Technology through APCTP Young
Scientist Training (YST) Program.
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BOUNDARY OPTIMAL CONTROL AND HOMOGENIZATION:
CRITICAL CASE

SHAPOSHNIKOVA T.A.

We consider the homogenization of an optimal control problem in which the
control v is placed on the part I'y of the boundary and the spatial domain
contains a thin layer of "small particles very close to the controlling boundary,
and a Robin boundary condition is assumed on the boundary of those "small
particles". We assume that the size of the particles and parameters involved in
the Robin boundary condition are critical ( and so they justify the occurrence
of some "strange terms"in the homogenized problem and in the limit of the
cost functional).

Let Q R} ={z e R" 1z, >0}, 00 =T Uy, 'y = 00N {x, = 0} is
the (n — 1)-dimensional domain on the plane z,, = 0, I';y = 9Q \ Ty. We set
j=01,-Gn-1,0),4i €Z,i=1,...n—1 and GI = a.Gy +¢j, where Gy is the
unit ball with the center (0,...,0,1/2) and a. = Cpe® with a = (n—1)/(n—2),

Y.={je€Z":j=(j1,-,jn1,0),GL C Q}. Next, we introduce sets
Ge = Ujer. G, S: = Ujer. 0GL, Q. = Q\ G., Q. = S. Ul UT}.

For an arbitrary function v € L?(T'y), we denote by u.(v) € H*(Qe, 1) the
solution of the problem

—Aug(v) = f, x € €,
Oyue(v) + e Va(x)us(v) =0, =z € S, (1)
Opue(v) = v, x €Ty,
ue(v) =0, z €Iy,

where f € L?(Q), a(z) € C*(Q), a(z) > ag = const > 0, v € R, 9,9 is the
partial derivative along the outward unit normal vector v to the boundary.
Consider the cost functional J. : L?(T'g) — R,

J.(0) = 2 | B@)V(ue(v) — ur)V(ue(v) — ur)da + N 1ol22r, )
2
Qe

where B(z) = (b;;(z)) is an n x n positive symmetric matrix, b;; € C1(Q)
and ur € HY() is the target function, , N are arbitrary positive constants.
It is well known that there exists a unique element v. € L?(I'g) such that
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Je(ve) = min J.(v). It is known that an optimal control v, = —4; P., where

ve2(To)
(ue, Pr) is a weak solution of the coupled system
—Au, = f, x €,
AP, = div(B(z)V(ue — ur), z € Q,
Opue + e Ya(x)ue. =0, r e S,
0, P. — (B(z)V(ue —ur),v)+e Ya(z)P. =0, x€S., (2)
Opue = —% P, xz €Dy,
O, P. — (B(x)V(ue —ur),v) =0, x € Iy,
uE:Pszo, £E€F1.

Denoting by ue andg the H'-extensions of functions u. and P. to Q, we have
as € — 0,u. — ug, P- — Py, weakly in H*(Q,T;).

Theorem 1. Letn >3, a =+ = Z:; (ue, Po) is a weak solution
of the system (2). Then, the pair (ug, Py) is a solution of the system

—Aug = f, APy =div(BV(ug — ur)), x € Q,
3yuo+v41a(§)(+)%160:*ﬂpo, z € Lo,
0, Py — (B(x)V(ug — ur),v) + A1 se5 e Po—

_A22;?IT()$2)UO 0, x ey,
ug =Py =0, zeli.

_ n—2 .
C, = G wn s

where trB(x) = EI: bii(x), A1 = (n — 2)Cf %wn, Ay = A1,
=1

the surface area of the unit sphere in R™.

Lomonosov Moscow State University, Russia. Email: shaposh.tan@mail.ru

SOME NEW SOLUTIONS TO SEMILINEAR EQUATIONS IN R"
WITH FRACTIONAL LAPLACIAN

SHCHEGLOVA A.P.

2
Let n > 2, and let s € (0,1). Denote by 2} = n2 the critical embedding
exponent for the Sobolev—Slobodetskii space HS( ™). For ¢ € (2,2%), we

consider the equation

(=A)u+u = |ulf%u in R", (1)
where (—A)?® is the conventional fractional Laplacian in R™ defined for any
s > 0 by the Fourier transform

(=A)*u:=F" (| Fu(€)) -
119



Semilinear equations driven by fractional Laplacian have been studied in a
number of papers. We construct some new classes of solutions to the equation
(1), which, apparently, were not considered earlier.

In [1], for the model equation

—Au+u=u’ in R"™,

a variational approach was suggested. It is based on the concentration-compact-
ness principle by P.-L. Lions and on the reflections. This method, also applicable
to the equations driven by p-Laplacian, allows to construct in a unified way the
solutions with various symmetries which can also decay in some directions.

Let © C R™ be a convex polyhedron. For a positive sequence R — +o00, we
define a family of expanding domains

Qr={zeR": z/ReQ}
and consider the problem
(—A)gu+u=u"u in Qp, (2)

where (—A)g,,, stands for some fractional Laplacian in Qg, such as spectral
fractional Dirichlet or Neumann Laplacian, etc.

Lemma 1. There exists a least energy solution u of (2), positive and smooth
m QR.

Now we assume that the polyhedron 2 has the following property: the space
R™ can be filled with its reflections, colored checkerwise. Then we can extend
the function u to the function u in the whole space by reflections consistent
with the boundary conditions of (—A)g, .

Theorem 1. The function u is a solution of the equation (1) in R™.

In this way, we construct solutions of the equation (1) with various
symmetries. Among them, there are: positive and sign-changing periodic
solutions with various periodic lattices, quasi-periodic complex-valued
solutions, breather-type solutions. These classes of solutions, apparently, were
not studied earlier. In the local case, similar solutions are considered in [1].
However, some of our solutions are new even for s = 1.

This talk is based on joint work with Alexander Nazarov, see [2]. A part of
our results was announced in the short communication [3].

The research was supported by RFBR grant 20-01-00630.
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CRITICAL TRAVELING WAVES

SHCHEPAKINA E.A.!; SOBOLEV V.A.2, ZHANG L.3

The paper deals with a special type of traveling waves. We call these traveling
waves critical since they simulate critical phenomena. The specificity of critical
traveling waves is that they profile is a duck—trajectory (or canard) [1]. Recall,
that canards are trajectories of a singularly perturbed system which at first
move along the stable slow invariant manifold and then continue for a while
along the unstable slow invariant manifold [2, 3.

Canard traveling waves were considered first in [4] for a combustion model,
where it was shown that they separate the waves of slow burnout and the
explosion waves. Later, other papers on the canard traveling waves appeared,
see, for example, [5, 6, 7, 8] and references therein.

It should ne noted that critical traveling waves are of different types
depending on their profile which can be periodic, homoclinic, and heteroclinic.
For heteroclinic profile, it is possible to distinguish the cases of point-to-cycle
and point-to-point traveling waves.

In this paper, we demonstrate some types of critical traveling waves using
the reaction—diffusion system. We consider processes characterized by small
diffusion, which leads to the appearance of singular perturbations in the
corresponding ODE systems. The use of the method of invariant manifolds
of singularly perturbed systems allows us to reduce the traveling wave problem
of the original PDE system to the analysis of their profiles in the ODE system
with the lower order.

This work is partially supported by RFBR and NSFC according to the
research project No. 20-51-53008 (E. Shchepakina and V. Sobolev), and NSFC
projects No. 12011530062, No. 12172199 and No. 11672270 (L. Zhang).
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LARGE SOLUTIONS OF SEMILINEAR ELLIPTIC EQUATIONS
WITH DEGENERATE ABSORPTION TERM

SHISHKOV A.E.!, YEVGENIEVA Y.A.2

Let @ C R", n > 1, be a bounded domain and f(-,-) a nonnegative
continuous function in Q x R! such that f(x,0) = 0 Va € Q. We consider
the so-called large solutions of the equation

—Au+ f(z,u) =01in Q, (1)
i.e. solutions u(x) of (1), satisfying boundary condition
lim wu(z) =00, d(z):=dist(x,00). (2)
d(z)—0

When f = f(u) is monotonic function, then the existence of large solution is
associated with well known Keller-Osserman condition on the growth of f(u)
as u — 0o. An adaptation of mentioned KO-condition to nonmonotonic f(-)
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was realized in the work of S. Dumont, L. Dupaigne, O. Goubet, V. Radulescu
(2007), for general nonlinearities f(x,u) — by J. Lopez-Gomez (2000) and
many other authors. More difficult is problem of uniqueness of large solution.
For smooth domain Q and f(u) = uP, p = Z—fg, n > 2, uniqueness was firstly
proved by C. Loewner, L. Nirenberg (1974), for general f(u) = wP, p > 1,
mentioned uniqueness was proved by C. Bandle and M. Marcus (1992). As to
f(z,u), M. Marcus and L. Veron (2003) proved uniqueness of large solution
for C?-smooth bounded Q if: f(z,u) > cod(x)%uP Vo € Q, Vu = 0, p > 1,
a > 0, ¢g = const > 0. At last in [1] authors hypothesized the uniqueness if

the following condition holds:

f(@,u) = coexp (—crd(x) ™) uP
Vee, Vuz0,p>1, 0<a<l, ¢ >0.

We prove the validity of this hypothesis. Moreover, we prove even more general
result.

Theorem [2]. Let f(x,u) > cohy (d(z))u? Yz € Q, p > 1, where
he(s) = exp (—s~'w(s)) and nondecreasing continuous function w(-) satisfies
Dini condition:

/ s tw(s)ds < 0o, Ve >0. (3)
0

Then equation (1) admit only one large solution.

Problem: whether is condition (3) necessary condition for uniqueness of
large solution?

As it was shown in [3] condition (3) is sufficient condition for existence of
so-called very singular solution u,(x) of equation (1) with arbitrary a € 99,
i.e. solution of (1), satisfying boundary condition ug(x) = 0 Va € 9Q \ {a}
with singularity in the point {a} more strong than singularity of corresponding
Poisson kernel. We proved (see [2]) that condition (3) is also necessary condition
for existence of very singular solution u,(z) of (1) with arbitrary point a € 9€Q.

The research of the first author is supported by RUDN University, Strategic
Academic Leadership Program.
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ON A CHARACTERIZATION OF SETS OF TRANSEFER
TIMES

SHKREDOV I.D.

We consider the set of transfer times between two measurable subsets A, B
of positive measures in an ergodic probability measure-preserving systems of
a countable abelian group G. If the lower asymptotic density of the transfer
times

Rap=1{9€G | p(Ang 'B)>0}.

is small, then we prove this set (as well as our system) must be close to a
periodic set (system).
Joint work with M. Bjérklund and A. Fish.
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OPERATOR ESTIMATES FOR HOMOGENIZATION OF
CONVOLUTION-TYPE OPERATORS

SLOUSHCH V.A.!, PIATNITSKI A.L.2, SUSLINA T.A.3,
ZHIZHINA E.A.*

In Ly(R%), we consider an operator A., € > 0, given by

(Acu)(z) =972 /Rd a((z —y)/e)u(z/e, y/e)(u(x) — u(y)) dy,
r€RY, we Ly(RY).

It is assumed that a(r) is an even nonnegative function of class Li(R%),
lallz, = 1; a function p(z,y) satisfies the following conditions

w(z,y) = p(y,x), 0<p_ <p(z,y) < py <4oo, z,y€R?,

ple+my+n)=px,y), z,yeR mmnez’
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In addition, we assume that
My = / lz[*a(x) de < 0o, k=1,2,3.
Rd

The operator A, is bounded, self-adjoint, nonnegative, mino(A.) = 0; see [1].
We study the resolvent (A, + I)~! for small €.

We show that [[(Ac + I)~t — (A° + I)7Y|1,2, — 0, € = 0, where A is
the effective operator. It turns out that A° is elliptic second-order differential
operator A? = —div ¢°V.

Let Q := [0,1)? be the cell of Z%; let v(z) = (vi(x),...,va(z))t, z € R, be
a Z%-periodic solution of the “cell problem”:

Jra a(z = y)pu(z,y) (v(z) —v(y) dy = [pa alz —y)u(z,y)(z —y) dy,

Jov(y)dy = 0.
The problem (1) has the unique Z?-periodic solution. We define the effective
matrix ¢° = {3gi;}ij=1,....a by

gy = [ do [ dyGis(op)ate ~ putey)

Gij(z,y) = (zi —vi) (25 —y;) —vj(@)(xi — vi) —vi(@) (25 — y5),
ii=1,....d

(1)

The matrix ¢° is positive definite. The effective operator A? = —div ¢’V is
defined on the Sobolev space H%(R%). Our main result is

Theorem 1. [4] We have
[(Ac + D)7 = (A% + 1) 7Y yma)s Lo @) < Cla, ple, € > 0. (2)

Remark 1. 1) The effective operator A? is unbounded. 2) The estimate (2) is
order-sharp. 3) The constant C/(a, 1) is well controlled.

The method is further development of the operator-theoretic approach
suggested by M. Sh. Birman and T. A. Suslina in the papers [2, 3].
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INVARIANT MANIFOLDS, CANARDS AND TRAVELING
WAVES

SOBOLEV V.A.l, SHCHEPAKINA E.A.2, ZHANG L.3, WANG J.4

The main object of our consideration is the following system of differential
equations:
i‘:f(l‘,y7t7€)7 Ey.:g(x’y7t7€)7
where x and f are vectors in Euclidean spaces R™, y and g are vectors in R",
t € R, and ¢ is a small positive parameter. The second equation of the system
contains a small factor € at the derivative. That makes the system singularly

perturbed. The goals of the paper are to construct a transformation reducing
this system to the system of form

U= @(U7t75)7 €z = W(U,Z,t,s)z.

and to consider some applications of this splitting transformation. In particular,
the traveling waves problem for the singularly perturbed semi-linear parabolic
equations can be investigated by this way. The corresponding problem for a
singularly perturbed ODE system can be reduced to a certain problem of lower
dimension using a splitting transformation. The main attention is paid to the
study of the so-called critical traveling waves, which play an important role
in solving various applied problems. In this case, the technique of canards
trajectories is essentially used. Let us consider in more detail one of the
interesting situations that arose in the study of critical traveling waves.

A statement of the type "The life of canard is very short"can often be
found in papers. However, it is not difficult to give examples of canards living
for centuries. Consider the system & = z, &2 = 22 + 22 — o?. The circle
(z+35)2+22=0a— % is a canard. The upper semicircle is unstable and the
lower one is stable. This canard exists provided a? > 2/4, i.e., this canard
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lives for centuries. Then it is possible to investigate traveling wave solutions for
the following parabolic equation

ou  0*u  Ou ou

5 =92 %% —b(g)2 —cu® 4 o

Let u(s,t) = x(£) with £ = s — vt. Then we get —vz’ = ex” — az’ — ba'
—cx? + o2. and the case v = a may be considered as a special critical case.
In this case, the equation above becomes ez” — bx'? — cz? + o = 0, which is

equivalent to the following planar system

dx dy 2 2 2

— =y, e— =by"+cx®—a”.

ac v g =
The first integral of this system is

2 2
9 € o EC ec  « _2b,
+- St o —— e et =C.
(y N AT R )e
For simplicity, it is useful to consider the partial case b = ¢ > 0, under which
the planar system under consideration has two equilibrium points, a saddle at
(a/V/b,0) and a center (—a/v/b,0) for positive a. There is a family of periodic
canards within the homoclinic orbit, and this orbit is also a canard. With b = 1,
we can see the already familiar canard in the form of a circle.
It is for this canard that we can get a traveling wave in an explicit form

u(s —t) = PBsin(s —t) — /2,
where 32 = a? — 2 /4.
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UNIQUENESS CRITERIA FOR AN UNCERTAIN
DIFFERENTIAL EQUATION ON TIME SCALES

SOUAHI A.

This work concerns the investigation of sufficient conditions for the existence
and uniqueness of the solution of the following initial value problem with fuzzy
derivative up to the first order on arbitrary time scales:

TD%u(t) = f(t,u(t)), t€[to,to+alr,0<a<l1 )
T u(to) =0,

where TD® is the (left) fuzzy Riemann-Liouville fractional derivative of order
a on time scales T and ;1 is the fuzzy Riemann-Liouville fractional integral
on time scales, and [to,to + a7 is an interval on T. We assume that f is a
right-dense continuous function.

The theory of time scales calculus allows to study the dynamic equations,
which include both difference and differential equations. Both of which are very
important in implementing applications.

Our ideas arise from the papers [1, 2, 3], where the authors used Nagumo
and Krasnoselskii-Krein conditions on the nonlinear term f, without satisfying
Lipschitz assumption. Motivated greatly by the above works, under appropriate
time scales versions of the Krasnoselskii-Krein conditions, we obtain the
uniqueness and existence of solution for the following two classes of differential
equations, namely the first order ODE and the fractional one.
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ON MUTUAL DUALITY OF "WEAK"CESARO AND
WEIGHTED SOBOLEV SPACES ON THE SEMI-AXIS AND
THEIR REFLEXIVITY

STEPANOV V.D.

Let I :=(0,00), p € (1,00), p' := %75 > %. We define Cesaro-type spaces
as follows:

Cespp(l) == {fi I fllces, () = (/0 (1315/0 |f|) dx) T < oo}.

It is an ideal complete linear space. For 8 = 1 it is classical Cesaro space (see
[1] and literature given there).
Along with spaces Ces,, g([I) it is of interest the study of non-ideal Cesaro-

type space
1 x P %
73_/ f dac) <00 .
T Jo

Cespp(I) :== {f : ||fHCesp,B(1) = (/0

Clearly, L?,_,(I) C Ces,(I) C Cesyp(I), where the first imbedding follows
from Hardy’s inequality and weighted Lebesgue space LP(I) is defined by the

norm )
1Al = (A |v@»f@»wdx)”

The main problem is to characterize the associated spaces

|fgl
X, :={g:|gllx; == sup ;s < o0},
rex IIfllx
| [; fy]
X}, :=A{g: llgllx;, := sup /i < oo},

rex IIfllx

which we call “strong” and “weak” associated spaces, respectively, when
X e {Cespp(I),Cespp(I)} .

Theorem 1. Let 1 < p < 00,8 > %, X = Cesp g(I). Then

4
7

_ p’ P
Mm—msz@“mmmw)m).

(1), v0 € LoD, vollzay > 0.

Let vg,v1 > 0, v1 < oo a.e.on I, - € LP -

v loc

Weighted Sobolev space is defind by

Wpl(f) ={u: ||U||W[}(I) = |Jvoulle(r) + v Dul| e (1) < 00}
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We also need the subspace W, (I) C W, (I) of all absolutely continuous
functions with compact support [2].

Theorem 2. Let 1 < p < oo, 8 = a+1 > ﬁ and let X = W, 5(I)
be the Sobolev space with weights vo(z) = n,2%, vi(z) = 2. Then
lgllx; = llgllces, ,)> l9llx;, = llgllces, s (n)-

Theorem 3. Let 1 <p < oo, B=a+1> L and let X = Cesp () Then

7
p
0o

X, ={0}, X}, =W 5(I).

Corollary 1. Let X € {Ces, (1), W, 5(I)}. Then [X,],, = X.
Remark 1. Similar results are valid for the Copson function spaces [3].

The work of the author (except Theorem 1) was supported by the
Russian Science Foundation under grant 19-11-00087 and performed in Steklov
Mathematical Institute of the Russian Academy of Sciences.
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STATIONARY VORTEX FLUID MOTIONS AND THE
MAXIMUM PRINCIPLE

STEPIN S.A.

The topic of the talk is revision of solvability conditions for equation
Au = f(u) arising at the study of stationary plane-parallel ideal fluid motion
with a prescribed vorticity. Investigation of the properties of solutions to the
equations of the class in question is carried out within the framework of the
approach based on application of the maximum principle.

Moscow State University, Russia. Email: ststepin@mail.ru

OPERATOR ERROR ESTIMATES FOR HOMOGENIZATION
OF HIGHER-ORDER
HYPERBOLIC EQUATIONS

SUSLINA T.A.

Suppose that T is a lattice in R%, Q is the cell of I'. For instance, if I' = Z¢,
then = (0,1)¢. Our main object is a selfadjoint strongly elliptic operator of
order 2p, p > 2, acting in Ly(R%;C") and given by

A: = b(D)*¢"(x)b(D), D ==V, g¢°(x):=g(x/e). (1)

Here ¢ > 0; g(x) is a Hermitian (m x m)-matrix-valued function. It is
assumed that g(x) is bounded, positive definite, and T-periodic. Next, b(D) is a
differential operator of order p of the form b(D) = 3_,,,_, baD®, where b, are
constant (m x n)-matrices (in general, with complex entries). We assume that
m > n and the symbol b(§) = 3°,_, ba€” has maximal rank: rank b(§) = n
for 0 # ¢ € R?. The precise definition of the operator (1) is given in terms of
the corresponding quadratic form.
We study the Cauchy problem for the hyperbolic equation:

otu.(x,t) = —(Au.)(x,t), x€RY teR,
u:(x,0) = ¢(x),  (druc)(x,0) = P(x).

For ¢, € Ly(R%; C™), the solution of problem (2) is represented as
(o) (-, t) = cos(tAY?)p + AZV/ 2 sin(tAL/?)ap.

We are interested in the behavior of the solution of problem (2) for small . So,
in operator terms, the problem is to study the behavior of the operator-valued
functions cos(tA;/z) and A7 '/ Sin(tA;/Q) for small .
In order to formulate the results, we introduce the effective operator A°
given by A% = b(D)*¢°b(D), Dom A° = H?P(R¢;C"). Here ¢° is a constant
131
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positive matrix called the effective matrix. Recall the definition of g°. Let A(x)
be a periodic solution of the “cell problem™

b(D)*g(x)(b(D)A(x) + 1,,,) = 0, /QA(X) dx = 0.

Then ¢° = [Q7! [, g(x)(b(D)A(x) + 1,,) dx. Our main result is
Theorem 1. [1] Let t € R and € > 0. We have

Hcos(tA;/z) — cos(t(A%)1/?) “HP+1(R‘1)~>L2(R‘1) < C(1+ |t))e,

[AZH 2 sin(tAY?) — (A% 72 sin(t(A) 2| 1 gy 10 oy < ClEle-

For a fixed ¢ these estimates are order-sharp.
Under some additional assumptions the results are improved. In particular,
this is the case for a scalar operator with real-valued coefficients.

Theorem 2. [1] Let n = 1. Suppose that the matrices g(x) and by have real
entries. Fort € R and € > 0 we have

||cos(tA;/2) — cos(t(A") 1/2 ||Hp+2(Rd)—>L2(]R")

[ AZY2 sin(tAL?) — (A%) 72 sin(tH(A°)2) | o g

C(1+Jt])e?,

)= La(RY) S < Cltle?.

In terms of the solution of problem (2), we deduce the following results. Let
ug be the solution of the homogenized Cauchy problem:

OFug(x,t) = —(A%ug)(x,t), xR teR,
uo(x,0) = ¢(x), (Iyuo)(x,0) = p(x).
Corollary 1. 1°. Let ¢ € HP'(R%:C”) and o € H(R%; C™). Then
[uc(-,t) —uo(-, )| Ly way < O+ [t)ell @l mrtr(ray + Cltlell] mr(may-

2°. Let n = 1. Suppose that the matrices g(x) and b, have real entries. Let
¢ € HPT2(R%, C") and v € H*(R% C™). Then

lae (-, 8) = wo (s )l Ly (ray < C(L+ e[|l rre2(may + Cltle® (|9 2y
The research was supported by RSF grant 17-11-01069.
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THE WAVE EQUATION WITH SYMMETRIC VELOCITY ON A
HYBRID MANIFOLD OBTAINED BY GLUING A RAY TO A
THREE-DIMENSIONAL SPHERE

TSVETKOVA A.V.

We study the Cauchy problem for the wave equation with variable
(symmetric) velocity on the hybrid manifold obtained by gluing a ray to a
three-dimensional sphere. It is assumed that the initial conditions are localized
on the ray and the velocity on the sphere depends only on the geodesic distance
to the gluing point.

The wave operator on such an object is determined based on two
considerations. The first is that on each component of the hybrid manifold
the operator must coincide with the standard wave operator. The second is
that the operator must be self-adjoint. In order to guarantee self-adjointness, it
is necessary to choose the boundary conditions at the gluing point in a certain
way. Wherein the solution on the surface will have the singularity at the gluing
point.

In the talk the asymptotic series of the solution of the problem as parameter
characterizing the initial perturbation tends to zero will be given. Since the
sphere is compact, then the wave propagating over the sphere is reflected at
the pole opposite to the gluing point and returns to the ray. Thus, the question
of the distribution of wave energy at every moment of time is also interested.
We will describe the energy distribution for each boundary condition defining
a self-adjoint operator.

The talk is based on the joint work with A.I. Shafarevich.

The research was supported by RSF grant 21-71-00065.

Ishlinsky Institute for Problems in Mechanics RAS, Russia.
Email: annatsvetkova25@gmail.com

ON EXTENSIONS OF SOBOLEV FUNCTIONS DEFINED ON
COMPACTA

TYULENEV A.lL

We fix the following data:

(A) parameters n € [2,00) NN, p € (1,n], d* € (n — p,n] and parameters
e € (0,min{p — (n —d*),p — 1});

(B) an arbitrary compact set S C [0, 1] with HL (S) > 0.

We assume that the definition of the Sobolev space Wpl (R™) is known. Since
n—d* < p < n, it is well known that for every element F' € W (R"), there
exists a representative F having Lebesgue points everywhere except a set of
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H4 -measure zero. Therefore, given F € W, (R™) we define the d*-trace of F
to the set S by letting

FI& :={f:S = R: fis Borel and f(z) = F(z) for HY —a.e. z € S}.
Define the d*-trace space W;(R”)\d; by the equality
W;(R")\‘é* ={[f]:1f] = F\‘é for some I € Wpl(R")}
and equip it with the usual quotient-space norm, i.e., for each element
[f] € WZ}(R”)@* we set
I w2 gyyg = (I Fllwan < [f] = FIE Y.

Denote by Tr|% : Wy (R™) — W;(R")\gf the corresponding d*-trace operator.
Theorem 1. There exists a bounded linear operator Ext = Ext(S,¢) mapping

the space W, (R™)|& into the space W,_.(R™). Furthermore, ExtoTrd =1d
on WZ}(R")@* and the norm of Ext depends on n,p,d* and €.

Remark 1. The detailed exposition of the results is available in [2]. The short
announcement of the results from [2] was recently published in [1].

This work was supported by the Russian Science Foundation under grant 19-
11-00087 in the Steklov Mathematical Institute of Russian Academy of Sciences.
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TWO-DIMENSIONAL RECTANGULAR INTEGRATION
OPERATOR IN WEIGHTED LEBESGUE SPACES

USHAKOVA E.P.

Let v > 0 be a weight function on Ri := (0,00)2. For p > 1 the weighted
Lebesgue space LE(R%) consists of all Lebesgue measurable functions f on
R% such that |5, = fRi |f|Pv < oo. The two-dimensional rectangular

integration operator I is defined by the formula

Ty
i) = [ [ fendsd @) R,
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The dual to Iy transformation I5 has the form

I3g(s,t): / / (z,y) dxdy, (s,t) € RY.

For given weights v, w and fixed parameters 1 < p, g < 0o we study boundedness
properties of I from LE(R%) to LY (R%).
In 1985 E. Sawyer found a version of the boundedness criterion [2].

Theorem 1. 2] Put p' :=p/(p—1) and o := v Let 1 < p < q < co. The
operator Iy is bounded from LE(RZ) to L, (R2) if and only if

1
A= sup [I;’w(tl,tg)} a [IQO'(tl,tQ)] P < 00, (1)
(tl,tz)ERi

A2 = sup </ / IQO' w) [120'(751,752)] % < 00, (2)
tl,tz ERz

1

-

o' » _ L
Az = sup (/ / (Iw)” > [Lw(ty, t)] 7 < oo, (3)
(t1,t2) €]R t1 to

Besides, the operator’s norm || I B(R2 ) LY (R2) IS equivalent to Zl 1 A; with
equivalence constants depending on p and q only

In one-dimensional case the analogs of the conditions (1)—(3) are equivalent
to each other (see e.g. [1] and references therein). For the two—dimensional
operator I this, generally speaking, is not true. Moreover, as shown in
[2, §4] for p = ¢ = 2, no two of the conditions (1)—(3) are sufficient
for I, : LP(R3) — L%(R%). However, the construction of the second
counterexample in [2, §4]| fails in the case p < gq.

The main result of this work is a new boundedness criterion for the
two—dimensional rectangular integration operator I from LE(R%) to LY (R2)
in the case 1 < p < ¢q¢ < oo. In comparison with Theorem 1, where
the norm || I2]] := |‘I2||L5(Ri)—>L$U(Ri) is equivalent to A; + Ay + As, it
is proven in Theorem 2 that for 1 < p < g < oo the boundedness
of I, is controlled by the Muckenhoupt—type functional A; only. To state

2(g—1
rl o = algp),

q a -1 \ 1 L q-1 ?1'
Ca,ar = 3% [(%) max{a, 2q(¢")? }(ﬁ) + 3% ()7 (35’_7171) }
Theorem 2. For 1l < p < g < oo the operator Iy is bounded from L{j(Ri) to
L% (R2) if and only if Ay < co. Moreover,

Ay < | Bllp g2 )y @2) < Cajor At
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Remark 1. The results of Theorems 1 and 2 are related as follows:
1 1
A < ||| S CiafAr+ A+ A3] < Cra[l+alp,q)t +al(d,p)? | A, (4)
where limyyq [a(p, ) + a(q’,p’)] = oo. Thus, the last estimate in (4) and the
upper bound in Theorem 2 have blow-up for p 1 q.

The case of parameters 1 < ¢ < p < oo is also considered in the work.
The research was supported by RSF grant 22-21-00579.
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ON THE EXTREMAL FUNCTION IN THE EMBEDDING
THEOREM OF FRACTIONAL ORDER

USTINOV N.S.

Let n > 1, and let 2 C R™ be a bounded domain with Lipschitz boundary.
Assume that s € (0,1), 2% := 2n/(n — 2s) and
[1,2%] ifn>2 or n=1and s <1/2;
g€ ([l,00) ifn=1ands=1/2;
[1,00] ifn=1ands>1/2.

We consider the fractional embedding theorem H°(Q2) — L4(£2)

2
inf ISQq[u} ;= inf Hu”?;ié(ﬂ) > 0. (1)
u€H(Q) uEH () ”uHLq(Q)
For ¢ € [1,2%), this embedding is compact, and the extremal in (1) exists.
Moreover, in [2] it was shown that, for ¢ = 2%, the extremal in (1) exists in any
C? domain € for n > 3 and 2s > 1.
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The properties of extremals in (1) depend on the shape of the domain 2, on
its size, and on the norm of H*(2). We define

[ull3 (@) = ((=A)gpu, u) + llullf, ), 2)
where the quadratic form ((—A)%,u, u) is defined by

(—A)s,u,u) - ZA (1,070 (52) (3)

with \; as eigenvalues and ¢; as orthonormal eigenfunctions of the Neumann
Laplacian in €. The operator (—A)Ssp generated by (3), is called the spectral
Neumann fractional Laplacian.

In this talk we discuss the problem of the constancy of the minimizer in
(1). The simple fact here is that for ¢ € [1,2] such minimizer is constant and
unique. For the interesting case g > 2 the answer depends on the domain size:
for the family of domains €2, we prove that, for small dilation coefficients ¢,
the unique minimizer is constant, whereas for large ¢, a constant function is
not even a local minimizer. We also discuss whether a constant function is a
global minimizer if it is a local one.

For the local case s = 1 similar effects were established in [1] for the
embedding theorem W, () < Ly(Q2) with the Neumann p-Laplacian.

The talk is based on work [3].
The research was supported by RFBR grant 20-01-00630.
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NONLINEAR ELLIPTIC EQUATIONS WITH MEASURED
VALUED ABSORPTION POTENTIAL

VERON L.

Joint work with Nicolas Saintier, Universidad de Buenos Aires, Argentina
(Ann. Scu. Norm. Sup. Pisa, XXII (2021), 351-397).

We study the existence of solutions to the problem

—Au+g(u)o=p in Q, (1)
u=20 on 0,

in a bounded domain 2, where ¢ is a nonnegative Radon measure in (),
g : R — R is a continuous absorbing function (i.e. rg(r) > 0 for |r|
large enough) and p is a Radon measure in Q. We study in particular
the case where g(r) = |r|[P~!r with p > 1. We give results on existence
and uniqueness of solutions under appropriate assumptions on o, usually
in a Morrey class of measures, and on p usually under a capacitary type
absolute continuity. Applications are proposed in connection with Neumann
type nonlinear problems.

CNRS Institut Denis Poisson Université de Tours, France.
Email: veronl@univ-tours.fr

AN ANALYTICAL FIRST INTEGRAL WITH A FRACTAL
NATURAL BOUNDARY

VARIN V.P.

TIterations of an analytical map (or a formal power series)
o0
y—>Fly)=y+ Z cny™t, FM(y)=FoFo-.-0F(y), ntimes,
n=1

have an obvious semigroup property:
FO(y) = Fy), FOy) = y; T (y) = FO(F™(y)), n,m > 0.

The classical problem of a continuous iteration (CI) consists in generalizing this
property to arbitrary complex numbers, i.e., in construction of a continuous
group of maps y — F*)(y).

This problem is usually treated as a combinatorial one. It is solved with
Jabotinsky infinite matrices and Bell exponential polynomials [1]. We have
found an elementary solution of this problem [2].
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The CI can be written as

FOy)=y+> an(x)y™, (1)
n=1
where a,(z) are uniquely determined polynomials of a degree < n:
d
bp = —an(x) , bp=cp—dn(l), an(x) =byx+dy(z),
dx =0

where d,(z) = / (i (m+1) am(t) bn_m) dt, n>1.

0

Formal power series (1) are almost always divergent if x is not an integer.
Although the (isolated) proofs of this fact are rather difficult (see [3] for the
logistic map y — y — 4?).

The map y — F)(y) can be considered as a discrete dynamical system.
Then the construction of CI can be considered as a restoration of a continuous
dynamical system (CDS) by its discrete reduction, while the formal series (1)
represent invariant curves of CDS. An analogy with the Poincaré map is
obvious.

The existence of analytical invariant curves in a CDS is equivalent to the
existence of an additional analytical first integral. These curves in a CDS are
found usually (and locally) as divergent power series. Thus most often they are
not regarded as existent, not to mention analytical.

The CI (1) gives an example of a CDS with almost always divergent
expansions of invariant curves, which are analytical nonetheless [4].

Theorem 1. For an arbitrary formal series F(y), there exists an analytical
first integral H(x,y) the level lines of which correspond to the invariant curves
of continuous iteration for sufficiently small complez y.

For the logistic map y — y — y?, the first integral H(x,y) can be found
explicitly

1 1
H(z,y) = —v + v + 3 log(y?) + U(y), where

2 Y 1 2
Uly) —Uy—y°) = 1_y+210g(1 y)”

By this equation, the function U(y) is computed constructively and with
an arbitrary precision. So U(y), in a sense, is a new special function. All its
singularities are found explicitly. They form the Julia set of the map y — y—y?2,
while U(y) is holomorphic inside this set, i.e., in a Fatou domain with a fractal
boundary.
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Thus a CDS can be integrable in a finite domain with a fractal boundary,
while chaos (i.e., nonintegrability) be the property of its first integral.
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SPHERICAL POLYHARMONIC EQUATION AND SPHERICAL
CUBATURE FORMULAS

VASKEVICH V.L.

Let S be the sphere of unit radius in R, n > 2. The projection of an
arbitrary point z in R™, x # 0, to S will be denoted by 6; i.e., we assume that
0 = z/p, where p = |z|. So 0 is a point in S. In what follows, the integrals over

f are surface integrals over dS. Let us consider the differential equation of the
form

(=2)"u(0) = p(0), (1)
where D is the Laplace—Beltrami operator with respect to d [1], m is a positive
integer, and p(#) is a continuous function on S which obey the orthogonality
condition [ p()df = 0. The main results of the talk are about the solutions to
(1). They are formulated in the following two theorems [2].

Theorem 1. Let m be an integer and m > (n—1)/2. Then for every functional
1(0) in C*(S) with (I,1) =0, the problem
0, (2)

has a wunigue solution w(f) in the spherical Sobolev space H™. For
m > (3n — 2)/4 the solution to (2) belongs to the space C?m=37/2+1)(G),
The expansion of u(f) in the series has the form
0) = _ 1, Y1) Ye(0).
u(6) kz::l [ —— ;( Yie1) Y (0)
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Here the set of functions {Y% () |l = 1,2,...,0(k)} constitute an orthonormal
basis for the space of spherical harmonics of order k:

/ Yia(6)Yie, (6) d6 = 5.

Theorem 2. Let p(f) be a member of the spherical Sobolev space H® for some
s > (n—1)/2 and the equality [p(0)dd = 0 holds. Then there is a unique
solution to the spherical polyharmonic equation

(=2)"u(0) = p(0)

such that it is orthogonal to the identically-one function and belongs to the
space H? for ¢ = s+ 2m. The function u() can be written as follows

u(f) = /G(9~0')p(9’)d9’,
where the function G(0 - 0) is the Green’s function of (—D)™.
The definition of G(6 - 6') is as follows

G(0-0) = 01 ’; i f’,?_ Q)mG,@(e 0'). (3)

Here Gén) is the normalized Hegenbauer polynomial. For s > (n — 1)/2 the
series on the right-hand side of (3) converges absolutely and uniformly. For two
points # and #U) in S the function G(6 - 019)) is a solution to the equation

! /5(9 _ 0o,

On—1
Spherical polyharmonic equation (1) with error functionals in the right hand
side is very impotent in the theory of cubature formulas [3—4].

(=D)"G(0-09)) = 5(0 — W) —
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LIMIT CYCLES BIFURCATING FROM A PERIOD ANNULUS
OF PLANAR HAMILTONIAN SYSTEMS

XIAO DONGMEI

In this talk, we first introduce Hilbert 16th problem on a period annulus
and the Arnol’d-Hilbert’s 16th problem, then give an answer on the Arnol’d-
Hilbert’s 16th problem for a class of planar polynomial Hamiltonian systems
by a small perturbation. This is based on joint works with J-P. Franciose and
H. He.

Shanghai Jiao Tong University, China. Email: xiaodm@sjtu.edu.cn

STABILITY RESULTS OF A COUPLED SYSTEM OF
NONLINEAR FRACTIONAL DIFFERENTIAL EQUATIONS
INVOLVING RIEMMAN-LIOUVILLE FRACTIONAL
DERIVATIVES

YESSAAD MOKHTARI S.

Recently, several existence and uniqueness results for some systems of
fractional differential equations was obtained by means of fixed point type
theorems

For example In [3] X. Su established sufficient conditions for the existence
of nontrivial solution for a two-point boundary value problem for the following
system :

D*u(t) = f(t,v(t),D*v (), 0<t<l,
DBy (t) =g (t,u(t),D"u(t)), 0<t<l, (1)
u(0)=u(l)=v(1)=v(0)=0

Wherel < a, 8 <2,a—v>1, B—p>1,v,u>0,f,g:[0,1]]xRxR — R are
given continuous functions and D is the Riemann-Liouville fractional derivative.

Definition 1. The system (1) is stable (with respect to orders of derivatives)
if and only if

Ve >0, 3K > 0, |a—6|r+‘ﬁ—3f<e,
=
lu —a| + |v — 7] < ke,

where (u,v) et (u,v) are respectively the solutions of (1) with the orders of

derivatives replaced by @, [, 7 and 7.
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Lemma 1. Let o, €1 and ea € R (0 < t < 1), suppose that § : [0,T] = R is a
continuous function such that

”“”§“+rawﬂ (x— )" (5.(8)| dt, Y € [0,
then
16.(2)] < €1 Fa (2T),

E, is the Mittag-Leffler function : Eq(z) = > 3=, F(#k-&-l)’ (a>0).

Theorem 1. Let ¥y ,) = F(a1+1) + F(a,ll,+1)7 if

Jnax |f (s,v(s), Do (s))| < oo, e lg (s,v(s),D"v (s))| < oo,
and
A = max (Kf,Lf,Kg,Lg) max {1/)(01,1,),1/1(3710} <1,

then system (1) is stable.

Remark 1. The Gronwall inequality implies the stability of solutions to the
system (1).
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BIFURCATION OF POSITIVE PERIODIC SOLUTIONS TO
NON-AUTONOMOUS UNDAMPED DUFFING EQUATIONS

SREMR J.

We will discuss a bifurcation of positive w-periodic solutions to the
parameter-dependent equation

W = pltyu— h()a® + pf(b), (1)

where p, h, f: R — R are w-periodic locally Lebesgue integrable functions and
w € R is a parameter.
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A particular case of (1) is the Duffing equation
v = au — bu® + F(t), (2)

with a,b > 0, which is derived when approximating a non-linearity in the
equation of motion of various oscillators. Our results can be applied, for
instance, to the forcing terms

Ft) = —fo, F(t)=A (sin 2t _ 1) ,

w 2
where fo,A > 0. If F(t) = —p, then the phase portraits of (2) can be
elaborated depending on the choice of the parameter p and, thus, one can show
that, crossing the value %‘l 35, a bifurcation of positive periodic solutions to

equation (2) occurs.
We extend this result for the non-autonomous equation (1) under the
assumption that the Green’s function of the periodic problem

=ty u(0) = u(w), v(0) = o' ()

is negative and
h(t) >0 fora.e. t €R, / f(s)ds < 0.
0

Brno University of Technology, Czech Republic. Email: sremr@fme.vutbr.cz

O MHOTOMEPHOM AHAJIOTE CUCTEMBHBI A.B. BUIIAI3E
ABOPAXMAHOB A.M.!, ABAPAXMAHOBA P.II.2

Paccvorpum cucremy Bumanne wsz = 0, rme w = w + v; €ciin BMECTO
w = u + 1 B3ATb W = U + 1V, TO cucTeMa Wzz = 0 B BelecTBeHHON (hopme
3allNIIeTCd Tak

—Au+ QQ(UQ7 +vy,) =0,

ox
—Av+2g(u +wvy) =0.
oy Y
ITosTomy cucremy
—Au; + A 0 Ou; =0, 1=1,2,..,n, (1)
01‘,' = 8xj

MOXKHO CYMTATh MHOIOMEPHBIM aHAJIOrOM cucTeMbl Bunajse. I[Toaydaem ycio-
BUs paspemmmocTy 3anaau Jdupuxiie st cucremsbl (1) B 3aBUCAMOCTH OT .
st cucrembr
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— (27 4+ 23 + .. +x)Aul+)\ Zgzﬂ — i=1,2,..,n, (2
Ti J

KOTOpAas SIBJISIETCS SJUTAIITHYECKON CHCTEMOM Be3/e, KpOMe TOUKH
Ty =29 = ... = x, = 0 un -mMepHOIt chepbr m% + m% + ...+ x,zl = )\, IIe OHa
BBIPOXK IAETCS.

1. Hycrs obmacts D = {X € R™ : 2 + 23 + ... + 22 < R*} R* > \.
Pacemorpena 3amaga Jupuxie musa cucremsl (2) B Caeayomeil TOCTAHOBKE:
HaiiTn peryssipaoe B 0bsacTi D OrpaHUYeHHOe DENeHne CHCTeMBI (2), yI0BIe-
TBOpstomee Ha rpanure I' = {X : 23 + 23 + ... + 22 = R?} yciosusim

uj|F:fj :fj GCz’a(F),jzl,Q,..,n—l, (3)

Unls, = fa: fu € CH(0r), 0 ={X 12, =0, ai+a3+..+ap_ =R’} (4)

Jokazano, uro 3aga4a (3),(4) ausa cucremsl (2) paspermmma U ee PeIeHHe
€JIMHCTBEHHO B KJjacce PyHKIMil, OrPAHUYEHHBIX HA GECKOHETHOCTH.

2. B ciayuae R? < X x kpaesbiM yciosusm (3),(4) Heo6Xo Mo 106aBHT
ycsioBue

8’uk ’

s aixk r= frn+1s fat1 € Cl’a(l—‘) (5)

Hokazano, uro 3aiada (3),(4),(5) s cucremsl (2) pasperiMa u ee perieHne
€JIMHCTBEHHO B KJIACCE OFPAHUYEHHBIX (DYHKITHIA.

LY dpumckumit TocynapcTBeHHLIH aBUAIIMORHLIN TeXHIIeCKIH YHIBEPCUTET,
Yda, Poccusi. Email: abdrai@mail.ru

25’(1)1/11\1(31{1/11”4 rOCyJIapCTBEHHBII aBUAIMOHHBIN TeXHUYIECKNN yHUBEPCUTET,
Yda, Poccus. Email: vimk rimma@mail.ru

O CUCTEMAX, PEIITEHN A KOTOPBIX HE COAEP2KATCA B
I'VIOBAJIBHBIX ATTPAKTOPAX

ABJIEEB H.H.

M3BecTHO, YTO TeOpUs aTTPAKTOPOB JAMHAMUYECKHX CHCTEM HE IO3BOJISIET
HaiiTu r00aJibHble aTTPAKTOPbl HEKOTOPBIX ypaBHeHwmii u cucreM. OiuH u3
aJIbTePHATHBHBIX MOJXOJ0B — TEOpHsl TPAeKTOPHBIX aTTpakTopos [1]. B [2]
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pUBeE/IeH TIpUMeD ypaBHeHust (B R!), mpocTpancTBO TpaeKTopHil KOTOPOro co-
JEPYKUAT HE BECh CBON TPAEKTOPHBIN aTTPAKTOP, XOTd M IE€PeceKaeTcs ¢ HUM.
B [3, 4] mocrpoen npumep cucTeMbl, jjis KOTOPOH MUHUMAJBLHBIA TPAEKTOD-
HBII aTTPAKTOP [EJIMKOM JIE?KAT BHE IPOCTPAHCTBA TPACKTOPHI 3TON CACTEMBI
U Ui KOTOPOI'O CYIIECTBYeT IJIOOAJIBHBIN ATTPAKTOP B CMBICIE ATTPAKTOPA
TPAa€KTOPHBIX IIPOCTPAaHCTB, HO aTTPAKTOPOB B CMBbICJI€ JJTUHAMUYICCKUX CUCTEM
He cymectByeT. OJHAKO, KaK 3TO OOBIYHO ObIBAET, IEPBBIil IIpUMep OKAa3aJICst
JOCTATOYHO T'POMO3JIKUM; I€JIb HACTOAIIEH 3aMEeTKH — JaTh 0oJiee IIPOCTOi
opuMep TaKOH CUCTEMBI.

Bynmem paccmarpuBaTh Ha TJIOCKOCTH IOJISPHYIO CHCTEMY KOODJIAHAT
(p < 2m; i yaobersa cuanraeM ¢ = 0 upu r = 0).

Ipumep 1.
pr=11=pl-(1-p) )
¢ = (2r —¢)?
MuHIMATBEHBIM TPAEKTOPHBIM ATTPAKTOPOM CUCTeMBI (1) ABJISETCS MHOKECTBO
u3 oxuoit dyukmmm: {(¢(t),p(t)) = (0,1)}. ArrpakTopa JUHAMUIECKOH CH-

CTeMbl HeT, T.K. CedeHHe MUHUMAJLHOIO TPAEKTOPHOIO aTTPAKTOPa — TOYKA
(¢ =0,p=1) — He uHBapUAHTHA.

DTOT IpUMep MOKHO HEMHOT'O MOI(DUIIIPOBATH, YTOOBI MUHIMAJIBHBI Tpa-
€KTOPHBII aTTPAKTOP Co/epkajl OECKOHEYHOE KOIMYeCTBO (DYHKIIUM.

Ipumep 2.

pr=11-pl-(1-0p),
0, p#1, (2)
(27T - QD)27 p= L.
MuHUMAILHBIM TPAEKTOPHBIM ATTPAKTOPOM CHCTEMBI (2) SBJISETC MHOKECTBO
{(¢(t), p(t)) = (const, 1)}. Arrpakropa JMHAMAYECKON CUCTEMBI HET, T.K. Ceue-

HI€ MUHIMAJILHOTO TPAEKTOPHOI'O aTTPAKTOPa — OKPYKHOCTH {p = 1} — He
WHBApPHUAHTHA.

¢ =
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KJIACCU®KAIINA CUMMETPUI 1 3AKOHOB
COXPAHEHUS CUCTEMBI YPABHEHUI IBYMEPHON
MEJIKOU BO/JIblI HA/T HEPOBHBIM JTHOM

AKCEHOB A.B.', IPY>KKOB K.II.?
B 0OespasmepHBIX MEpEMEHHBIX CHCTEMa YPABHEHUI JIBYMEDPHOI MEJIKOMI
BOZIBI HaJl HEDOBHBIM JTHOM UMeeT cJieytommit sum [1]
Uy + Uy + VUy + 1, = 0,
Vg + Uy + vy + 1y =0, (1)
e+ [u(n + 1)) + [v(n + h)]y = 0.
3nech z = —h(z,y), h(z,y) = 0 — npobusns nxa, u = u(z,y,t),v =
v(z,y,t) — KOMIIOHEHTBI CpegHell 1m0 IIyOMHE TOPU3OHTAJBLHON CKOPOCTH,

n =n(z,y,t) — oTKIOHEHNE CBOOOIHOI moBepxHOCTH (1) + h > 0).
OmnepaTopsl CHMMETPUE CHCTEMBL ypaBHeHuit (1) umeMm B Buje

0 0 0
ngl(xayatvuvvﬂn)aix +§2("I"?y7t7uvvﬂn)aﬁy ‘1'53(33’97757“’@’77)& +

ov

ITpumensisi cTaHJAPTHBI KpUTepuil MHBAPUAHTHOCTU [2], IOJyYIMM mepe-
OIIpE/ICTIEHHYIO JIMHEHHYIO OJIHOPOJIHYIO CHCTEMY OIPEJIe/ISIONNX ypPaBHEHUI.
WcceroBanne Ha COBMECTHOCTH OIPEIEIISIONIE CHCTEMBI IIPUBOIUAT K CJIEIY-
IOIIEMY pe3yJIbTaTy

€' = —ax — 2By + 2k(t), n' = (a + 20)u — 2Bv — ax + 2k,
€ = —ay + 2Bz + 21(t), n*= (a +2C)v + 2Bu — iy + 2,

2 2 . . .
Yy ok — 20y + f

0 0 0
+ 771(37,?47757%11,77)% + 772(55731773,“,”777)* + 773(37,%@%11,77)877-

€ = —2a(t) — 2Ct, n*= (2a +4C)n +

rie dyuxmun a(t), k(t), I(t), f(¢) n xorcranTer B, C' mist Kazkmoro npodust
JHa h(x,y) onpeelsoTes n3 KIAcCUPUIUPYOIEro ypaBHEeHUST

(—ax — 2By + 2k(t)) ha + (—ay + 2Bx + 21(t)) hy —

24 2 . . (2)
_rty @ +2xk+2yl—f.

— (24 +4C)h(z,y) =
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AHajin3 pesysbTaToB I'PYIIOBOIl KJIACCU(DUKAIINN TOKA3BIBAET HEBO3MOXK-
HOCTB JIMHEapU3alluy CUCTEMbI ypaBHEHNU JByMEPHOI MeJIKON BOIBI HaJl HEPOB-
HBIM JIHOM C IIOMOIIHIO TOYE€YHOI 3aMeHbI IIePEMEHHBIX.

T'mapoaunammyeckne 3aKOHBI OMPEIEISIOTCS TPOUKO hyHKITI
P(z,y,t,u,v,n), Qz,y,t,u,v,n), R(z,y,t,u,v,7), TOXKIECTBEHHO YIOB-
JIETBOPSIIONINX YPaBHEHUIO

Do (P) + Dy(Q) + Di(R) =0

HA pelleHusaX cucreMbl ypasaenuii (1).
IMoamy4eno, 94To rUAPOAMHAMUYIECKHE 3aKOHBI COXPAHCHHA UMEIOT BUJI:

P= (77+h(x,y))2 <ua(t) - ;x—By—&-k(t)) +uR,

Q= (77+h(sc,y))2 (va(t) - gy—i—Bm—i—l(t)) +vR,

% + y2 . .
R= (77—|— h(:r:,y)) (Ta —2xk —2yl+2uk(t) + 2vl(t) +
+ 2B(zv — yu) — a(zu + yv) + a(t) (u® +v* +n — h(z,y)) + f(t)),
rue dyukun a(t), k(t), I(t), f(t) u nocrosnuas B onpeuessioTcs U3 Kiaccu-
dunupyromero ypasaenns (2) npu C = 0.
IMokasano, uro cucrema ypasHeHuit (1) obiazaer He 6Gosiee, UeM JEBsITH-
MEPHBIM [IPOCTPAHCTBOM I'MJIPOJMHAMUYIECKUX 3aKOHOB COXPAHEHMUSI.
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OBOBIIIEHHBIE PEIIIEHUY CTAIIMOHAPHBIX KPAEBBIX
3AJTAY J1JI1d BUKBATEPHUOHHBIX BOJIHOBBIX
VPABHEHUN U X CBOUCTBA

AJIEKCEEBA JI.A.

PaceMaTpuBaroTcst Kpaesble 3a7a4u JJisi GUKBATEDHUOHHBIX BOJHOBBIX (61-
BOJIHOBBIX) yPaBHEHHU, KOTODBIE SIBJISIFOTCSI OMKBATEPHUOHHBIMU OBOBIIEHIME
ypasaernit Makcpesuta u Iupaxa [1-3]. B paGore [4] aBropom ucciie[oBaHbI
HECTAIMOHAPHBIE PENIEHUs ITUX YPABHEHUN U WX CBOWCTBA. 37€Ch PACCMaTpU-
BAIOTCS WX CTAIMOHAPHBIE DerreHnsi ¢ (DUKCHPOBAHHON YaCTOTOI KOJIEOAHUIA.
TlocTpoensr dyHmaMeHTaIbHBIE W ODOOINEHHBIE PEIIeHNs YPaBHEHUs /st Ou-
AMILIUTYJT KOJIeOaHM, KOMIOHEHThI KOTOPBIX SIBJIIOTCS ODOOIIEHHBIMU (DYHK-
nusiMu MeJJTeHHOro pocTta. C UCIo/Ib30BaHneM MeTo/1a OO0OIIEeHHBIX (DYHKIUT
ITIOCTPOEHBI OOOOIEHHBIE PEIeHns OMBOJTHOBOIO YPABHEHUS B OTPAHUYCHHON
00JIACTH 110 M3BECTHBIM 3HAYEHUSIM OMKBATEPHUOHA HA T'PAHUIE OOJACTH U Ja-
HBI UX PEryJisipHble HHTEI'DAJIbHbIE TPECTABICHUS [IJIs BHYTPEHHUX To4eK. 11o-
CTPOEHO MHTErpaJjIbHOE IIPEJICTABIEHNE XaPAKTePUCTHIeCKON (DYHKIIMI MHOYXKe-
CcTBa 4yepe3 QpyHIAMEHTAJbHOE pellleHIe STOr0 YPaBHEHUS.

OT1u HOpMyJIBI SBISIIOTCST aHaJoraMu u3BecTHBIX (opmyn ['puna u [ayc-
ca IS SJUINITHIECKUX ypaBHEHUl, nx OMKBATEepHUOHHBIM 0000mennem. Ha
X OCHOBE IIOCTPOEHBI PA3PEIIAIONINE CUHTY/IsIPHbIE (PAHNYHBIE HHTEIPAJIbHBIE
YPaBHEHUS /I PEIleHNsI CTAIMOHAPHBIX U [IEPUOJINYECKUX 110 BPEMEHU Kpae-
BBIX 3a1a4.

Pabora BeImosiHEeHa Tipu (buHAHCOBOM ToIIepKKe Komurera Haykn Mwunn-
crepcTBa obpazoBanus u Hayku Pecnyonmku Kazaxcran, rpasT

AP05132272, 2018-2020 rr.
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O I'NNTAAKNX PEIMTEHNAX OJHOTI'O KJIACCA
OIIEPATOPHO-AN®PEPEHIINAJIbLHBIX YPABHEHUI
YETBEPTOTI'O IIOPAIKA

AJINEB A.P.!, MYPAZIOBA H.JI.?

ITycte A - caMOCONPSIKEHHBIN OJI0XKUTETLHO-OIIPEJIEIEHHBIN OepaTop B
cermapabebHOM THILOEPTOBOM MpocTpancTee H.

O6o3HaunM yepe3 Hy mikanay ruabOGEpTOBBIX MPOCTPAHCTB, MOPOXKICHHYIO
omeparopoM A, T.e.

Hy = Dom (Ae) , 0>0, (z,y)g = (AGI,AGy), T,y € Dom(Ae).

Pacemorpum oneparopuo-auddepennuaibHoe ypaBHEHNE YETBEPTOrO II0-
PSLIKA BUJIA

(i“‘)(i >3u<t>+gAju<“><t>f<t>7teR7 (1)

rae Aj;, j = 1,2,3, - nuneitnele, BooOIe roBOPs, HEOIPAHUYEHHBIE OIIEPATO-
pet B H, f(t) € Wi (R;H),u(t) € Wy (R;H), R = (—o0,+00). 31ech mos
W3 (R; H) st niesibIx quces m > 1 TMOHMMaeM THiIbGEepTOBO MPOCTPAHCTBO

(em. 1))
w3 (R; H) = {u(t) :

C HOPMOI1

d™u (t)
dtm

€ Ly(R;H), Au (t) € Lo (R;H)}

1/2
+ ||Amu||iQ<R;H)> 7

Hu”vvm R;H) <Hdtm

rue yepe3 Lo (R; H) oboznavdeHo ruyib6epToBO IPOCTPAHCTBO BEKTOP-(hDYHKITHI
f(t), oupenenennsix B R, co 3Havuenusivu B H ¥ JiIs KOTOPBIX

Ly(R;H)

1/2

“+o0 9
||f||L2<R;H)(/ ||f<t>||Hdt> < 4o,

ITpousBo/HbIE IOHUMAIOTCS B CMBICJIE TeOPHU pacnpenesenuii (cm. [1]).
B nacrosiuieii pabore JokasaHa Cie/yromas

Teopema 1. ITycmv A - camoconpasicennvili NOAOAHCUMENLHO-ONPEIENEHH DI
onepamop 6 H u onepamopw A; € L (H;, H)NL (Hj+1,H1), j = 1,2,3, npuuem
6HINOAHACTNCSA HEPAGEHCTNEO

3
. A—(4=5) A= (5=1) )
;maax{“A4_]A HH—>H7 HAA4_3A HH—>H} ny <1,
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20e .
nj = 524 — NI —1,23.
Tozda das mobozo f(t) € Wg (R; H) ypasnenue (1) umeem eduncmeennoe

pewenue u (t) € W3 (R; H).

Yepes L (X,Y) TpauuOHHO OHMMAETCS MHOYKECTBO JIMHEHHBIX OIDAHU-
YEHHBIX OIEPATOPOB, JIEHCTBYIOMNX U3 TUILOEPTOBA TpOcTpaHcTBa X B Jpyroe
TJILOEPTOBO MIPOCTPAHCTBO Y .
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OB OIIEHKAX MEWEPCA JIJIsI PEIIIEHU 3AJTAUN
3APEMBHI

AJIXYTOB 10.A.l1, YHEYKUVH I'".A.2

Pabora mocesiieHa oreHKaM pelneHuil 3aja4un 3apeMObl Jijisi paBHOMEPHO
SJUIAIITUIECKOTO OIlePaTOpa BTOPOIO MOPSIKA JTUBEPIrEeHTHOTO BUIA C CHMMET-
PUYHBIMY U3MEPUMBIMEU KO3 duiimeHTaMu BUIa

Lu := div(a(z)Vu)

B OTPAHUYEHHON cTporo jummuiesoit oogactu D C R™, rne n > 1. Paccmar-
puBaercs 3aa49a

Eu:dinBD,u:0HaF,?zOHaaD\R (1)
v

rae f € Ly(D), F C D — 3aMKHYTOe MHOXKECTBO, a Ou,/Jv 03HAYaeT BHEIIHIOO
KOHOPMAJIBHYIO TIPOU3BOJHYIO.

Huzke BP° — OTKDBITBI N-MEPHBIH IIap pajuyca r ¢ HEHTPOM B TOYUKE X,
mes,—1(E) — (n-1)-mepuas mepa JleGera muoxecrsa E, a C,(K) osnadaer p-
eMKoCcTb KommakTa K. JJomonHurespsHo GymeM cdurarh, d4to p = 2n/(n + 2)
mpu n > 2 u p = 3/2 upu n = 2. [peanonaraercs BBHIIOJHEHAE OJHOIO U3
CJIEJIYIOIINX YCJIOBUiL, BBIIOJHEHHBIX JIsI IPOM3BOJIBHOM TOUKN X9 € F npm
7 < 71g:

Cp(FNB.) > cor™ P wmu mes,,_1(FNB,’) > cor" L. (2)
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B KOTOPBIX ITOJIOXKUTEJIbHASI IIOCTOSTHHAS ¢y HE 3aBUCUT OT Tg U T
CupaBeJIMBO CJIeIYIONIEe YTBEPXK IEHNE

Teopema 1. Ecau f € Lais, (), 2de 69 > 0, mo cywecmsyrom noaroscu-
meavhuie nocmoannvie 6(n, 6g) < dg u C makue, wmo das pewenus 3adauu (1)
CNPpasedAu6a OueHKa

/\wﬁ*%m < c/|]f|2’+‘s dz,
D

D

2de C' 3asucum moavko om Oy, Pa3MEPHOCTIU NPOCMPAHCTNGA N, BEAUNUH Co U
ro u3 (2), NOCMOAHNBLT FANUNMUNHOCTIU MAMPUDL KOIPHUUUEHMOE INAUN-

MuYecro20 onepamopa, a MmaxaiHce om Taparimepucmukr ﬂunwuueeoﬂ obaacmu
D.

Bropoe ycioBue u3 (2) B TepMUHAX Mepbl SABJISETCS GOJiee CUIIBHBIM, YeM
ycsaoBue u3 (2) B TepMUHAX EMKOCTH, TO €CTh U3 yCJIOBUs B TEPMUHAX €MKOCTH
HEJIb3s1 CJIEJIATH BBIBOJ, O CIIPABEJIMBOCTH aHAJOTMIHOIO YCJIOBUS B TEPMUHAX
MepBI.

Bormpoc o moBblImeHHONT CyMMUDPYEMOCTH TPAJMEHTa DENIeHUNl SJIIAITIYe-
CKUX yPABHEHHIl sIBJISIETCS KJIACCHYECKUM M BOCXOIUT K padore [1], B KoTopoii
paccmorpena 3ajada Jupuxiie Jiist TUHENHBIX TUBEPreHTHBIX PABHOMEPHO 3JI-
JINTITHYECKUX yPABHEHWI BTOPOTO MOPSIKA ¢ M3MEPUMBIME KO3 duimenramu
na mwirockoctu. [lo3ke B MHOrOMEpPHOM Cilydae M yPABHEHUII TAKOTO YK€ BHJA
[IOBBIIIEHHAS CYMMHIPYEMOCTD I'PaJINeHTa pelenns 3a1a4u Jlupuxie B obractu
C JIOCTATOYHO PETyJIsIpHOI rpaHuiieli Obuta ycraHosaeHa B [2].

Ilepsorit aBTOop mogaepzkan rpanTom PH® momep 22-21-00292.
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CTAIINOHAPHAA 3ATAYA CJIO2KHOT O TEIIJIOOBMEHA
B CUCTEME CEPBIX TEJI C IIOJIVIIPO3PAYHBIMU
BKJIFOYEHU AMN

AMOCOB A.A.

K macrositiiemy BpeMeHU JOCTATOYHO MOAPOOHO M3y I€HA PA3PENTIUMOCTD Pa3-
JIMIHBIX TOCTAHOBOK CTAITMOHAPHBIX W HECTAIIMOHAPHBIX KPAEBBIX 38189 CJIOXK-
HOro (pa/IuaIOHHO - KOHIAYKTHBHOIO) TEIJIOOOMEHA B CUCTEMAaX, COCTOAIINX
JIOO TOJIHKO U3 HEITPO3PAUHBIX JIMOO TOJMHKO U3 TOJIYIIPO3PATHBIX /TS 3Ty de-
Hust Tesi. O630p COOTBETCTBYIOMMX MaTeMaTHIeCKUX paboT 3a mepuos ¢ 1937 r.
no 2020 r. MmoxkHO HaiiTu B [1]. B To ke BpeMsi 3a/[auu paIMAIIOHHO - KOHIyK-
TUBHOTO TEIIOOOMEHA B CUCTEMAX, COCTOANINX KaK M3 HEIMPO3PATHBIX, TaK 1 U3
TTOTYTPO3PATHBIX JIJIsT U3y IEHUsT TEJI, OCTAIOTCS MTOKA HEIOCTATOTHO MCCIIETO-
BaHHBIMU. B 3TOM HampaB/IeHNH €IMHCTBEHHBIMHU, IT0 MHEHHUIO aBTOPA, SABJISIETCST
crarbu [1] — [4].

B moknane paccmaTpuBaeTcst cTallMOHApHAS HeJIUWHEHasi KpaeBas 3aJjada,
OIIMCHIBAIONIAs CJIOKHDIH (PaIalnOHHO-KOHYKTUBHBIN) TEILIOOOMEH B CUCTE-
Me TPEXMEPHBIX CEPBIX TeJ, COMEPIKAIMUX IOJYyIPO3PATHBIE JJIsT W3y ICHUsT
BKJtovYenus. VIckoMbiMu (DyHKIUSIMU SIBJISIIOTCS aOCOJIIOTHAS TeMIIeparypa u(x)
U MHTEHCUBHOCTH n3nydenusi I (w, z). IIponece CI0KHOTrO TeIoobMeHa OIICHI-
BAaETCsI CUCTEMOM, COCTOSIIIEN U3 HEJTMHEHHOr0 ypaBHEHUsI TEIJIONPOBOIHOCTH,
nHTErpo-auddepeHInaAIbHBIX YPABHEHN IEPEHOCA U3JIYyUeHUsT U MHTErPaJIb-
HOTO YpaBHEHUSsI, OTPAKAIONIEr0 TEIIOOOMEH M3JIyIeHHEM MEXKIY CEPBIMU II0-
BEPXHOCTSIMU. Y pABHEHUS JTOTIOJHAIOTCST KPAEBBIMU YCJIOBUSIMU, OMMMCHIBAIOTIIH-
MU OTpaKeHre U IpeOMIeHNEe U3IyIeHnsT Ha TPAHUINAX Pa3/iesia cpesl.

B [4] ycraHOBIIeHA O/JHO3HAUHAST PA3PENTMMOCTD 3T0il 3aja4n. JJokazaHa Teo-
pema cpaBreHnus. [lokazaHo, 9TO yBeIMYeHNE CTEIIEHN CyMMUPYEMOCTH JAHHBIX
MIPUBOJUT K YTy IIIEHUIO CBOWCTB PEIIEHN, B TOM UHCJIE — K 9KCITOHEHITHATLHOIT
CYMMUPYEMOCTH W OTPAHUIEHHOCTH.

PaGora BbinosHeHa 3a cder rpanTta Poccuiickoro mayunoro dosia (npoexr
Ne 19-11-00033).
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0 BHAKOIIOCTOSIHCTBE ®YHKIIUN 'PUHA KPAEBOI
SAJAYN YETBEPTOTI'O ITIOPAJKA HA TPA®E

AHYYNHA I0.A.

Kpaessie 3a1a4u Ha rpadax paccmarpusaanch B paborax [1], [2], [3].

ITycrs Ha orpeske [0,1], [ > 0, BemecTBeHHO ocu 3ajaHbl JBa Habopa A,
u B,,, cocrosiiye COOTBETCTBEHHO U3 7 PA3JIUYHBIX TOYEK ag, k = 1,n, u u3s
M Pa3NINYHLIX ToueK by, k = 1, m. Ilomaraem, uTto MHOXKecTBa A, n B,, He
mepecekaiorea M 0 < a1 < ag < ... < ap <1, 0 < by <by < ... <by <L
Uckmounm u3 uarepsana (0,1) roukn muoxectsa A, u B,,. [loxydentoe 06b-
eJIMHEeHNe MHTEePBAJIOB 0003HaunM depe3 . st HEOTPUIATENBHBIX HA OTPE3-
ke [0,1] dynxmmit p; € C*77[0,1], j = 0,2; iel?ofl]po () > 0 u TPOU3BOJILHOMN

x )

dbyuknun  f € C' () paccMoTpuM KpaeBylo 3aga4y Auis 1uddepeHuaibLHoro
ypaBHeHUsI

(po () u" ()" = (p1 (@) ' (2)) + p2 (@) u(2) = [ (x) (1)
[IpY I'PAHUYHBIX YCJIOBHAX
w(0) =u'(0) =u(l) =u'(l) =0 (2)
7 YCJIOBUSX COTVIACOBAHUSA JBYX BHJOB: B KaXKJIOH TOUYKE QA 3a/IaHBI yCJIOBUS

{u(j) (ak—l—O):u(j) (ak_o)» J=0,2,

3)

u” (a +0) — u"” (ar, — 0) = —ypu(ag),

TIe yx — HeoTpUIaTebHAasT KOHCTAHTa, & B KaXKJIOW TOUKE by 3a/IaHbl yCJIOBUS

{u(karO)u(ka),

. , 4
u9) (b +0) = w9 (b —0), j=1,2. @

PaccmarpuBaemast KpaeBas 3aga4a (1)-(4) upu coorsercrByiomeM 1oabope
K03 durmenTon nuddepeHImaaIbLHOr0 ypaBHeHNs MOAEIUPYET MaJIble yIIpyTue
JedopMaIu CTEpXKHsI ¢ TIPOMEXKYTOUHbIMU 3aKpernsieHusiMu [4]. Tlepseiit Bug
yCJI0BHIL coryiacoBanus (3) COOTBETCTBYET COEAMHEHUIO CTEPIKHSI C MPYKUHOIA,
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3aKPEIVIEHHO} Ha HEIIO/IBMKHON OIlope, a BTOPOIl BHJ YCJIOBHil COIVIACOBAHUS
(4) — mMAPHUPHOMY 3aKDPEILICHHUIO.

ITonygyeno mpencrasienne dbyskiuu ['puna uepes dyuknuo ['pura mapy-
roil KpaeBoil 3a1a49M, y KOTOPOI KOJIMYECTBO NCKJIIOYEHHBIX BHYTDEHHAX TOYEK
MeHbIIIe Ha eJUHUILY, YTO HO3BOJIET OCTpouTh MyHKIMIO ['puHa, UCIoab3yst
U3BECTHBIE IIpeJicTaBienns MyHKIun ['puna kpaesbix 3a7a4. [locTpoens! rpa-
dbukn dyuknun ['puna u ee obiacrteil 3HAKOIIOCTOSHCTBA C UCIIOJIH30BAHUEM
ImakeTa IMPUKJIATHBIX MaTeMaTHIeCKIX IIPOrPaMM IIPU PA3/IMYHOM KOJIMIECTBE
HACKJIIOYEHHBIX TOYEK, & TaKKe IMPHU PA3JINIHBIX BUJAX YCJIOBUN COrJIACOBAHUSI.
B psze caydaes mosryden KpUTepuil MOJOKATEIHHOCTH DYHKIUH B TEPMIHAX
OrpaHUYEHUIl HA YCJIOBHs corviacoBaHus. PekyppenTHble (DOPMYIIBI IPEICTaB-
serust byHKIwE ['puHa 1osydensl BriepBble. Pe3ysibraTsl paboThl YACTUIHO U3-
JIO’KEHBI B cTaTbsX [5], [6].
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KOPPEKTHASA PA3PEIIINMOCTBb KPAEBOW 3AJJAYN OJId
CUCTEMBI INMOPEPEHIINAJIbHBIX YPABHEHUUN HA
ITPEAEJIBHOM I'PA®E-3BE3/1E

AY3EPXAH T'.C.

Paccmorpum 3Be3 b1 rpad I, cocTostmuit n3 MHOXKECTBa BEPIITNH U MHOXKE-
crBa ayr. Bepiuabl rpada HyMepyeMm HaTypasbHbME duciaamu ot 0 mo m + 1.
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Jyru rpada HyMmepyioTcs 9epes eq, ..., epq1. Ha KaxJIol j1yre e; paccMaTpu-
BaeTCsl BEKTOP-(QyHKIUSI

Yi(@j) = [y1; v25 Ysj
KOTOpas YIAOBJETBOPSET CJEIYIONEeil cucreMme JTUHEHHBIX IuddepeHITHaTbLHBIX
ypaBHeHUN

]T,Zj cej

d? A2y, (x;
hi(Yy) =25 (Mj(xj)aj(xj)ic};g Dy
J J
d? d*ysi(z;) d? d?yz;(z;)
tos (Mj(xj)bj(l‘j)id;? ) - i (Mj(l‘j)dj(xj)id;? ) = g1j(2),

J

d d?yr(x;
loj(Yj) = 7= (uj(xj)bj(xj)ic};g Dy
J
d> d?yo; () d> d?ys;(z;)
JTJ:? (Mj(xj)cj(xj)id;? =) - 2 (Mj(xj)fj(mj)id;? 22) = g95(x;),

I3j(Y;) = 5—

2 2
+di(ﬂj(xj)fj($j)7d yQngJ)) - *i(uj(iﬂj)id ygjg%)) = gsj(x;)
Z; dx ; i dx ;
Cucrema (1) simneiinbix pauddepeHnuagbHbIX yPaBHEHU COCTOUT U3 TPeX
nuddepeHmaabHbIX YPABHEHNN PA3HBIX MOPSIAKOB OIIMCHIBACT COBMECTHBIE T10-
IepedHble, IIPOJAO0JILHBIC KO.He6aHI/IH CTep}KHeI?'I COeIMHEHHbBIX B OJJHOM y3.He. EC—
JIM JIaMeTp cedeHnst w(z) cauTarh MaJbiM, Toria cucreMa (1) pacmnajaercs
TPH [IOCJIEJ0BATENILHO PeriaeMble cucreMbl. B cuiny masocru cucrema (1) npu-

MeT BH]T

e P8y~ R, )
AR E) — a2 Do) = £y Q

Bo MHOIHX HHYKEHEPHBIX pAcderax CUMTACTCS, YTO ABUYKEHUS Pa3IeJIsioTcs:
norepeyuHble KoJe0aHusl He BIMSIIOT HA NPOJOJbHBIE U HaoGopoT. OHaKo mo-
JI0GHBIe pa3jiesieHne JBUKEHNUIT CTePKHS He BCErjia OlPaB/bIBaeTcs. Takum 00-
pasom, B obmeM ciaydae cucrema (1) He Bcerjia pacnajaerTcss Ha ypaBHEHHS
tuma (2) 1 (3).

B 10K/1a71e BLIABJIEHBI YCIOBUs CONPSXKEHUS B COCJUHUTEIBHOM y3JI€ U COOT-
BETCTBYIOIIME YCJIOBUSI 3aKPEILIEHNUs] B IPAHUYHBIX BEPIIMHAX, KOTOPOM COOT-
BETCTBYET KOPPEKTHO Pa3pentnMoii 3aja4uu s cucreMbl (1).
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ACVMMIITOTUYECKUE 9PTOANYECKHWE BBICIIINE
NHBAPUAHTHI 3ALEIIJIEHUN 11

AXMETBEB II.M.

B MarauTHOl ruiponuHaMuKe HHBAPHAHTHI MATHUTHBIX I0JIEN IMEIOT 00JIb-
1moe 3HaveHne. Peds neT o MarHUTHOM IoJe B obsactu §) C R3 mposossieit
JKUJIKOCTH, MArHATHOE I10JIeé HAIIPABJIEHO 10 KacaTeJIbHON K rpaHulle 0bJacTu
Of), MHBAPUAHTHI MATHUTHBIX TOJIEH WUIYyTCS OTHOCUTEJIHHO TPYIIIbI COXPaHs-
omuxX 00beM auddeoMopdU3MOB, HEMOABUKHBIX B HEKOTOPO OKPECTHOCTH
6GECKOHEYHOCTH.

ITo Teopeme ApHoJiba ONIpEJIEIEH ACUMITOTHIECKHI IProINIecKnil NHBa~
puant Xorda, KOTOPbI Mbl 0003Ha4YNM |epe3 xB. VHBapuanT Xorda sBis-
eTca pyHKIHEH Ha TeKapToBOM KBajpate {22, cMBIC KOTOPOTO COCTOUT B TOM,
9TO BBIMYCKAIOTCST MATHUTHBIE JIMHUM U3 TOYEK X1,Xo € () W HOYTH IS JIFO-
Goil apbl (X1, Xg) BBIYUCISIETCH ACUMITOTHIECKUH KO3bMUIMEHT 3allelIeHus
XB(X1,X2).

Kaxk ormeueno B [1], caocka Ha c¢Tp. 163, B KOHCTpYKInK X B (X1, X2) MMeeTCst
TPYAHOCTh. 9TO OTHOCUTCS JIAIIb K CJIyYar0 MarHUTHBIX II0Jiefl HeOoOIIero Imo-
JIOZKEHUsI. 371eCh YKe MPEJIaraeTcs MPOBECTH JTOKA3ATETHCTBO CyIIEeCTBOBAHUS
B IOJIHOII OOIIHOCTH.

Bouiee rubkoe ompe/iesieHne rayccoBa 3allellJIeHUs] MAPHUTHBIX JUHU (pas-
nest 4.3 [1]) MOXKHO TBITATHCSI TIPOBECTH OTKA3ABIIUCH OT TIOHSTHUS ,CUCTEMBI
KOpOoTKux myTeit”. TpyaHocTh, Ha B3IVIsIJT aBTOPA, COCTOUT B JIOKA3ATETHCTBE
TOTO, 9TO SPrOJUIECKYI0 TeopeMy Bupkroda mjist JUCKPETHON AMIPOKCUMAIAN
MAarHUTHOTO ITOTOKA MOXKHO IMPUMEHUTH TaKXKe K CAMOMY MArHUTHOMY IOTOKY.
IIpu Tex wim WHBIX JOMOJTHUTEIBHBIX HPEIIOJOKEHUSIX, HAIIPUMED, IPU OT-
CYTCTBHHY HyJieii MArHUTHOI'O 110J1s1 B 00siacTH §) (IpeiosozkeHre 0 MarHuTHOM
TpyOKe), YKasaHHAs TPYJHOCTH MPEOoseBaercsi. [I0CTpOeHUsT Mbl IPOBOIUM
JINIIB B MIPEJIIIOJIOXKEHNN O MArHUTHON TpyOKe.
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B sokmaze [2] aBrop aHOHCHpOBAJ CyNIeCTBOBaHUE BBICIINX (T.€. HE CBOJIS-
muxcest K Kod(uimeHTaM 3aleieHus) aCUMITOTUIECKUX IPrOAUIECKUX HH-
BapUAHTOB 3arelienuii. Buocaencrsun, npu nybiaukanuu jgokiaga [3] yeio-
BUE IProJUYHOCTU (CYIIECTBOBAHUE IIOTHOCTU WHBAPUAHTA MAUHUTHBIX JIU-
HUIT) 0cJabJIeHo J10 YCJI0BUS CJ1abO0 IPrOJUYHOCTH, YTO, KOHEUHO, HesKesIaTelb-
HO, HO JIOIYCTUMO It TpuioKenuit. Konedno, MOKHO HaJesATbhCA HA TO, UTO
9ProJINIeCKe CPeJHUEe BBICIINX WHBAPUAHTOB MATHUTHBIX JIMHUNW KOPPEKTHO
[TOYTHU BCIOJY OIPEJIEJIEHBI JIjIsi MATHUTHBIX I0JIel ob1ero Bua B obsractu §2.

Mpbi BepHEMCSI K TIOCTPOEHUIO ¥ BBITIOJIHUM €r0 B MEPBOHAYAIBLHOMN (hopMy-
JMpOBKe Jist maBapuanTa Ms, cruenys [4]. Jdns waBapunanta Ms oxmmaercs
NPUJIOXKEHNUe, CM. [5], HO 3TOT BOIPOC [0 KOHIIA HE UCCJIEI0BAH.

PaGora BeinosHena npu nojjepxkke Russian Science Foundation (project
21-11-00010).
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O EJIMHCTBEHHOCTH PEIIIEHUN HAYAJIbHO-KPAEBBIX
3AIOAY OJI4 ITAPABOJIMYECKNX CUCTEM B
OTIPAHNYEHHBIX OBJIACTAX HA IIJIOCKOCTU

BAJIEPKO E.A.!, YEPEIIOBA M.®.2

Paccmorpenbr niepBast u Bropasi HadaJIbHO-KPAEBbIE 3aJ[a9d JJIsi OJHOMEpP-
HBIX (IO MPOCTPAHCTBEHHON NepeMeHHOM) mapaboiudeckux 1no IlerpoBckomy
CHCTEM 2-T0 TOPSAIKA C IEPEMEHHBIME KO3 puIimeHTaMu B 00, 1aCTIX ¢ HETJIaI-
KAMHU OOKOBBIMU I'DAHUIAMU. YCTAHOBJIEHA €JMHCTBEHHOCTH KJIACCHIECKUX Pe-
[IEHUH yKa3aHHBIX 33/a4 B OIPaHUYeHHO 0bJ1acTu ) ¢ HerJIaJAKuMu OOKOBBIMU
IPAHUTIAMH, JIOTYCKAIOINAMHI, B YaCTHOCTH, «KJIOBEI», B TpocTpanctse C10(Q)
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dyHKIMIT, HEIPEPBIBHBIX B {2 BMeCTE C IPOU3BOJIHOI 110 IIPOCTPAHCTBEHHOI T1e-
PEMEHHOIA.
Pabora BTOpOro aBTOpa BBINOJHEHA 3a CYET I'PaHTa POCCHIICKOTO HaydHOrO

donga (mpoekr Ne 19-11-00033).
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OB ACUMIITOTUYECKOM IIOBEJAEHUN PEIIIEHUN
OJHOTI'O JIMHEMMHOI'O ABTOHOMHOTI O
JN®OEPEHIIMAJIBHOI'O YPABHEHIUSI HEMTPAJIBHOT'O
TUITA

BAJIAHVH A.C.

B pabore m3ydarrcsi acHMITOTHYECKHE CBOMCTBa pemnteHuil audepenim-
aJIbHOT'O yPaBHEHUST

z(t) —ag(t — h) = =bx(t) + cx(t —h), t=0, )
2(©) = p6), #(E) = v(E), £ [-h0), @

BO3HUKAIOIIETO B PA3JINYHBIX IPHUKJIAIHBIX 33/@9aX: JUHAMUAKA IOIMYJISAIUN
KJIETOK, JIBUYKEHWE IJIOCKUX YIPYIUX ILUINT C Y9eTOM TPEHUsl, HCCJIEeI0Ba-
Hue ;1eEeKTOB C TMOMOINBIO yibTpasByka. C Apyroit CTOpOHBI, 9TO ypaBHEHUE,
HECMOTPSI HA TIPOCTOTY, 00J/IaaeT OOIBITNM Pa3HOOOPA3NEM ACUMIITOTHIECKUAX
CBOUCTB pENICHUII U IO3ITOMY HMHTEPECHO TAKXKE C TEOPEeTUYECKOU TOYKH 3pe-
must [1, 2, 3, 4, 5, 6].

Kpurepnit KCIOHEHIMAIBHON ycTolanBoCTH Jiiisi ypasHeHus: (1) ycraHos-
JeH B [7], rie mocrpoeHa 06JaCTh YCTONYUBOCTH B TPEXMEPHOM HPOCTPAHCTBE
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ko3 durmenToB. OTMeTHM, YTO HEOOXOJIMMBIM YCJIOBHEM SKCIIOHEHIUAJBHON
ycroiiunsoctr st (1) siBasiercss BbILOJNHEHWe HepaBeHCTBa |a| < 1; B sTOM
cJIydae moTepst SKCIIOHEHITNAIBHON YCTOWYIUBOCTH TPOUCXO/IAT 3& CUET MOsIBJIe-
HUsI CTAIIMOHAPHBIX WJIM MEPHOJNIECKUX PEIIeHnil. ACuMITOTHIecKast yCTol-
YUBOCTH, HE COBIAIAIONIASI ¢ SKCIIOHEHITNAJLHO, OTCYTCTBYET.

ITpu |a| > 1 ypasrenue (1) mMeeT HEOrpaHUUEHHBIE DEIIEHNUs], 3HAUHUT, yPaB-
HeHue Heycrofiunso. Hanbosee cioxkubIM siBisteTcs caydaii |a| = 1. Ipuunna
B TOM, YTO 3JIeCh Xapakrepucrudeckas GpyHkuus ypasaenus (1) MoxeT umerhb
Ha KOMIIJIEKCHO IIJTOCKOCTH ITIOCJIe0BATEIbHOCTD HYyJIeH, HEOTPDAHUIEHHO MIPU-
OJIMZKAIONIYIOCS K MHUMOM OCH, JIMOO JIEXKAIYI0 Ha MHUMON OCH. DTHU Cirydan
noTpeGoBan OTJeabHOrO n3yueHusi. B paborax [7, 8] npusenens: addexTus-
HBle YCJIOBUsI, IPU KOTOPBIX ypasHeHue (1) obiiagaer CBOMCTBOM aCUMITOTH-
YeCKON yCTOMYIMBOCTH, HE COBIIAQJAIONIEH C IKCIOHEHIINAIBHON; yCTaHOBJIEHA
TaK>Ke PABHOMEDHAs YCTOWYUBOCTh B CIIy4Yae HAJIMYUS y XapaKTEPUCTUIECKON
byHKIIE 6GECKOHEYHOTO MHOYKECTBA YUCTO MHUMBIX KOPHEH.

Pabora BoImostHEeHA B paMKax roc3afganns MuHUCTEPCTBA HAYKU U BBICIIIETO
ob6paszosanust Poccniickoit @enepanun (3amanne FSNM-2020-0028).
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OIIMCAHMUE TIOKASATEJIA ITEPPOHA
JINHENMHOU IN®PEPEHIINMAJIBHON CUCTEMBI
C HEOTPAHUYEHHBIMU KO®PUIINEHTAMMA

BAPABAHOB E.A.l, BEIKOB B.B.?

s 3aganroro n € N uepes M, ob6o3HaunM Kjacc JuHeiHbix auddepen-
[UAJIBHBIX CHCTEM

t=A(t)x, zeR" teRy=][0,+00), (1)

¢ KyCOYHO-HENIPEPBIBHLIMA Kodh durmentamu, gepe3 M, — ero mogxaace, Ko-
3 dUIIeHTHI CHCTeM KOTOPOIO OIPAHUYEHb Ha oJIyocH, a depe3 x(-; &) — pe-
menne cucreMsl (1) ¢ HaganapueiM BekTOpoM z(0;¢) = = £ € R™. O6oznaunm
gepes R := R | |{—00, +00} pacmupeHmyio 9iCI0BYIO IPSMYIO C €CTECTBEHHBIM
MOPSAJIKOM U MOPAIKOBOI TONOJIOTHEH.

Huorcrum noxazamenem Ileppona nenysesoro pertenus x(-; &) cucremsl (1)
HasbiBaeTca [1| BesmamHa

rle(:6)] = lim < nla((:)]), 2)
t—+oo t

a yHKIHs Hada bHOTO BekTopa T4 : R™\ {0} — R, onpenensemas paBeHCTBOM
wa(&) = w[x(;€)], — nokasamenem IHeppona cucremsr (1). Hirknane nokazaresn
Ileppona npejacTaBIsiroT co0O# OJUH M3 MPUMEPOB MHOIOYHCJIEHHBIX ACHMII-
TOTUYECKAX XaPAKTEPUCTUK — (DYHKIUOHAJOB, ONPEIEICHHBIX HA PEIICHUIX
nuddbepeHIMaIbLHBIX CUCTEM U OTPAZKAIOIIUX T€ WU UHbIE KAY€CTBEHHDIE HJIN
ACHMIITOTUYIECKNE WX CBOHCTBa. BakKHelmmit m3 HUX — XapaKTEPUCTHICCKUH
nokazaresb JIdAmyHoBa (€ro olpesesieHne MOIydaeTcs 3aMeHOl B (2) HIKHe-
ro upezeia BepxuuM). IIpuBesieM HEKOTOpbIE U3BECTHBIE CBOMCTBA IIOKA3ATEJIs
ITeppona, moka3pIBAOIIME €0 MPUHIUINAIbHBIE OTJIUYHs OT oKasaTesst Jls-
IIYHOBA.

A M. JIgryHOBBIM yCTAHOBJIEHO, YTO YUCJIO PA3JIMYHBIX HOKazaTeseh Jlsiry-
HoBa cucreMbl u3 M, He mpeBocxomuT ee pasmepunoctu n. O. Ileppon obma-
pyzkumi [1], 9ro Mg HEXKHHX IOKa3aTeJell 9T0 yTBep:KieHue He BepHO. [l
JIMArOHAJIBHBIX CUCTEM U3 M, KOJUYECTBO Pa3/JINIHBIX 3HAUEHWI MOKa3aTe st
Ieppona He npeBocxoauT 2™ —1 [2] u MOXKeT OBITH JFOOBIM TAKMM HATYPAJIbHBIM
qucsioM [3]. B obmiem ciaydae MHOXKeCTBO P sIBJISIeTCSl MHOXKECTBOM 3HAYEHMUIT
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nokaszaresiei IleppoHa HEKOTOPOit crucTeMbl U3 M,, TOrJa U TOJLKO TOIJIA, KO-
raa P — orpaHuvenHoe CYyCJOMHCKOE MHOXKECTBO, COAEPIKAIee CBOIO TOYHYIO
BEPXHIOIO TpaHb [4].

CraBuTes 3a71a4a TEOPETHKO-MHOMKECTBEHHOTO OTMCAHIS [TA KasK/IOTo Ha-
TYPAJbHOTO N KJacca PyHKITHI P, = {ma : A € M,,}. UsBectro, uro P —
HOJIKJIACC BTOPOTO, HO He MepBoro, Kiacca Bapa [5].

B [6] mokazano, uTo ju1st s1E0GOrO N > 2 KIlace P, COJIEPKUT BCE HEIPEPhIB-
uble dyakmuu f: R™\ {0} — R, yaoBieTBopsifonpe yCI0BHIO

f(e€) = f(&), €eR"\{0}, ceR"\{0}. (3)
ITosiHoE onmcanue Kiacca ’ﬁn JI7IsT JTIO00TO 1. > 2 JIaeT CJeIyIoast
Teopema. Pynxyus f: R*\{0} — R npunadaestcum xaaccy P, npun > 2,
ECAU U TMOABKO ecalu ona Yydosaemsopsem ycaosuto (3) u das aoboeo v € R
npoobpas f~1([—o0,r]) aeasemca Gs-mmoocecmeom. Kaacc Py cocmoum us
scex nocmoannoir gynwuut R\ {0} — R.
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ACUMIITOTUKA 3AJAYN PUMAHA — I'MJIBBEPTA J1JI4
MOJEJIN COMOBA MATHUTHOTI'O ITIEPECOEJIUHEHW S B
IIJTABME

BE3POJHBIX C.11.!, BJIACOB B.1.2

Bozuukaromuit B mrazme CostHedHON KOPOHBI 3DMEKT MATHUTHOTO IEPECO-
eJIMHEHNs], 3aKJIOYAIONNNACT B U3MEHEHUN KOH(UTYPAIUH MATHHUTHOTO ITOJIsT
C CYIIECTBEHHBIM BBIJIEJIEHUEM SHEPIHMH, UIPAET BaXKHYIO POJIb B MEXaHH3Me
Comnreunsix senbimex [1]. MaranTHoe 1oJie B 06JaCTH TI€PecoeIMHEHUsT MOYKHO
paccMaTpHBaTh KakK IUIOCKoe, T.e. B = (By, By, 0), a Bemuuuny F = B, — iB,
— KaK aHAJUTUICCKYIO (DYHKIUIO IEPEMEHHOI0 2 = & + 1y.

Moyens mannoro sadpdekra, npeioxkentnas Bb.B. Comosbim [1], cBogur BbI-
quC/IeHne MArHUTHOIO 1oJisd K 3ajade Pumana — I'miabbepra B OIMHOCBA3X-
Hoit 0bs1acTu X, MPeJICTABIIAIONIEH co00M BHENTHOCTHL CUCTEMBI pa3pe3oB 1y, 'y,
..., T4. Buecw Ty — orpesok [—R, R] BemecrBeHHoil ocu — u3obpazkaer To-
KOBBIi cyioit (Takoii ke, kKak B Momeau C.U. Ceiposarckoro [2] storo addex-
ta). K ero KoHmaM npucoemHeHbl OCTaJdbHbIe YeThIpe Pa3pe3a JAJIUHOMN T, 1306~
paxatore MIJI-ynapubie Bosmbl. Dtu paspessr I'j, j = 1,4, pacmosoeHs
3epPKaJIbHO—CUMMETPUYHO OTHOCUTEJIBHO JEKAPTOBBIX OCeii, IpuYeM pa3pe3 B
[epBOM KBaJIpaHTe HAKJIOHEH K ocu 2 noj yrioM ma < /4. B monenn Comosa
[IPUHUMAETCS, 9TO Ha pa3pe3e [’y HopMmaJibHast KOMIIOHEeHTa, B, MAarHuTHOrO 110~
s paBHA HyJIIO, a Ha pa3pesax L'j, j = 1,4, oHa NOCTOSIHHA U paBHA 3aIaHHOI
Besmaute 3 > 0. Boipaxkast By, depe3 F U KOMIUIEKCHYIO €INHUIHYIO HOPMAJIh
v o dopmyiie By, (z) = Re [V(z) F (z)} , TIOJIy9aeM U3 ITHX yCJIOBUIT TPEOyEeMyIO
zagaay Pumana — 'minbepra

Re[v(2)F(z)] =0, zeTy; Re[v(2)F(z)] = B, z€l, (1)

B KOTOPOIi €IIIe MIPEII0IaraeTcs, 9To MoJIe UMEeT JTUHEHHBIH pocT Ha GecKoHed-
HOCTH, T.€.

F(z) ~ —ipz, z — 00, (2)
rae p > 0 — 3azamsbiit napamerp mogesu. Cleayer OTMETUTD, Y4TO MOJEIb
CripoBaTckoro [2] cozep:KuT TOKOBBIAT CJIOH, HO HE HE BKJIIOYAYET yIAPHBIX
BOJIH, TOT/Ia KaK MOiesib IleTvuexa [5], HATPOTUB, COMEPIKUT GECKOHETHO JITHH-
HBIE YJaPHBIE BOJIHBIL.

C nomompio MeTonoB, paspaboTaHHbiX B [3| u [4], mpoBeseHO acHMITOTH-
Jyeckoe ucciepoBanue 3agaqau (1), (2) kak npu ykopoueHun (bpoHTa yAAPHBIX
BOJIH, T.¢. ipu p := /R — 0, Tak u npyu ux GECKOHEYHOM BBITSATUBAHWUH, T.C.
upu p — 00. OHO 10Ka3as0, 4ro upu p — 0 U OIHOBPEMEHHOM COIVIACOBAHHOM
nopsiaka p~ /2 Bospacranuu mapamerpa 3 u3 yciosus (1), a Taxske dbukcupo-
BaHHBIX OCTAJIBHBIX HapaMerpax R, mogemu nojge CoMoBa IpeBpamaercs
B moJte ChIpoBaTCKOTO.
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TakKe OBUIO YCTAHOBJIEHO, UTO €CJH p — 00, a Koaddurnument u B (2) co-
IJIACOBAHHO YMEHBIIACTCH 110 3aK0HY fi(p) = po ptte—D/(1=20)) "0 — const,
a ocraJsibHble HapameTpsl Mogen (R, a, ) dukcuposansl, To upn 0 < o < 1/4
npesesibHOe mosie ComoBa coBmaaer ¢ mojem [lerueka. CiieoBaresibHO, MOJIe-
siu CoipoBarckoro u Ilerueka MOKHO PACCMATPUBATD KAK IIPEJIE/IbHbIE CILydan
momenn ComoBa.
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KPAEBBIE 3ATAYN JJId TUITEPBOJIMYECKUX
YPABHEHUU C THBOJIIOIIVEU 1 BBIPOXK/TEHUEM

B>KEYMUXOBA O.HU.

Iycrs 2 ecrb unrepsan (0,1) ocu Oz, @ ecrb upsamoyroasauk 2 x (0,7)
KoHeuHOM BBICOTHI T. Jasee, mycTh ¢(x) ecTh 3aJaHHASI HHBOJIOIMS OTPE3KA
[0,1], a = const, b(x,t) u f(x,t) ecTb 3a/aHHBIE ONpE/IEJIEHHBIE HA MHOYKECTBE
Q dyukimm.

Kpaeas 3agayva I. Hatmu gynryuro u(z,t), ABAA0WYN0CA 8 NPAMOY2015-
Huke QQ peweHuem YpasHeHUsA

Upt (T, 1) — Uga (T, 1) — g, (©(2),t) + bz, t)u(z, t) = f(x,t)
U MAKYI0, YMO OAA HEE GHINOANAIOMCA YCAOGUA
u(0,t) = u(l,t) =0, te(0,T),

u(z,0) = ut(x,0) = 0, z €.
164



Ipeacrasiennas 3a1a9a B ciydae a = 0 JOCTATOYHO XOPOIIO u3ydeHa (CM.,
Hanpumep, paborsr [1, 2] u 6ubsamorpaduio B HuX).

B pabore myisi rumep0osinaeckoro ypaBHEHHs C IE€PEeMEeHHBIMEU KO3bdurm-
eHTAMU W C UHBOJIONHEH B CTAPIINX TPOU3BOJHBIX HCCJEJOBAHA Pa3pEIu-
MOCTh Ha4YaJbHO-KpaeBoii 3a/1a4uu B mpocrpancTBax Cobosesa. st uzydaemoit
Ha4YaIbHO-KPAeBoil 3a/Ia4l METOJIOM PEeryJIsipU3aliA U METOJOM IPOJIOI2KEHUsT
1o napameTpy [3] ¢ mOMOIIbIO AIPUOPHBIX OLEHOK JIOKA3LIBAIOTCS TEOPEMBI CY-
[IIECTBOBAHUS U €IMHCTBEHHOCTH PErYJISIPHBIX DEIeHM.
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OBPATHAZA 3AJAYA OJId INOPEPEHIINAJIBHBIX
OITEPATOPOB C
KOO PUIIMEHTAMMN-PACIIPEAEJIEHU AMN

BOHJAPEHKO H.II.

JlokJa 1 TocBsAIIeH 0OpaTHON CHeKTpaJbHON 3ajade i nuddepeHInab-
HBIX OIIEPATOPOB N-I'0 MopAiKa (n > 2) ¢ koadhduiuenTaMu-pacupee/IeHuAME.
PaccmarpuBatorcst onepaTopsl, OPOXKIEHHBIE CIeAYIOmUME TuddepeHIaib-
HBIMU BBIDAYKEHUSIMU TIPUA 1 = 2m:

m - k m— m—
lom(y) =y + 3 (DR (2)y R k)

k=1
-1
+i Z (_1)k+1 ((U]ik)(x)y(m—k—l))(m—k) n (Jl(ck)(x)y(m—k))(m—k—l)) . (1)
k=1
rie
Tlye s Tm; 01y, 0Om—1 € LQ(O,l),
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u upu n = 2m + 1:

m

m s k m— m—
Cams1(y) =y 413 (1) 3 @)y )R
k=1
m—1
k —k— — k _ —k—
+ 3 (D (o @)y D) 4 (o @)y )R ) ()
k=0
e
TlyeosTmy 00y yOm—1 GLl(O,l).

OnepaTopbl ONpPeJEISIIOTCA B COOTBETCTBUY C PErYJISIPU3ANUOHHBIM TIOXO/I0M,
[pPeJUIOKEHHBIM B [1, 2].

Mo nuddepenimanbroro Beipazkenus £, (y) mMoCTpoeHa MATPHUIA
Beiinsa-FOpko M (\), ananornunast MaTpuIie, UCIoab3yemoit B (3] s mudde-
PEHIMAJILHBIX OIIEPATOPOB BBICHINX MOPAIKOB € PEry/IApHbIME KO3 duImenTa-
mu. PaccmarpuBaercst ofparHast 3aa4a, COCTOANIAs B BOCCTAHOBJICHAN KOID-
dunpenros {7} u {0} mo M(A). Jokazana Teopema eJIUHCTBEHHOCTH Dellie-
uus obparnoii 3agaun (cM. [4]). [Toaydyenubie pe3ysnbrarbl 0600MIAIOT PE3YIIbTa-
To1 [5] i oneparopos Illtypma-JInyBHILIsT ¢ CHHTYIISIDHBIME MOTEHIIUATIAME
u3 xmacca Wy (0, 1).

HcenemoBanne BBIOIHEHO 3a c4eT rpanTa Poccuiickoro mayanoro donga Ne
21-71-10001, https:/ /rscf.ru/project/21-71-10001/
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OB ACUMIITOTHUKE PEIIIEHUSA KPAEBBIX 3AJIAY B
IIEP®OPUPOBAHHBIX OBJIACTAX C TPETbUM
HEJVMHEWHBIM 'PAHUYHBIM YCJIOBUEM HA I'PAHUITAX
OTBEPCTUN

BOPUCOB [.11.1', MYXAMETPAXNMOBA A.1.2

IMycrs = (21, ...,2,) — JeKapTOBBLI KoopauHATH B R™, ) C R™ — Heorpa-
HUYEHHAsA OOJIACTD, € — MAJIBIA TIOJIOKUTEIbHBINA apamerp u 1 = 1(e) — hyHK-
s, yposiersopsiiomas 0 < n(e) < 1. Homoxum: S = {z : =z, = 0},
O = {x Lo <o < b= 1,...,n—1}, 0 = O xR,

b; > 0. O6osnauum yepes M € Il bukcupoBaHHYIO0 TOUKY U 4Uepe3 w (puk-
CUPOBaHHOE OTPaHWYEHHOE MHOXKECTBO. B oKpecTHOCTH S BBIOEpEM TOYKH
Mli = €(Mk + M), My = (blkl, .. -7bn—1kn—1)7 k = (kl, ey kn—l) e zn1
takue, aro dist(Mf,S) < Rpe, tme Ry > 0. Obosmasmm: Q° = Q )\ 67,
U {x s (w—MHeTtnTt e w}.
keMs

Iycts A;; = Aij(x), Ai = Ai(x), Ay = Ao(z) — dyuxnum, 3amanubie
B Q u ynosrersopstomme: A;;, A; € WL(Q), Ay € Loo(Q), Aij = Aji,
Z A’L]( )57,6] CO|€|2a VS Q 5 (51 o 75”) € Rn, Co > 0. Hpe;monaraeM,
i,j=1
qro A;j =1, A; =0, A; = 0 upu |z,| < 79. Ilycrs a = a(u) — GeckonedHO
muddepennupyemas GyHKIms, yaosiersopsiomas a(0) = 0, \ga| ag, TIe ag
— HekoTOpas KoHcTaHTa. ObO3HATNM:

9, 9
£==2 5, : ”a +Z Jaxj Ba, i+ Ao
ij=

PaCCManI/IBaeTCH KpaeBasd 3a/iava:

Oue R
o +a(,u.) =0, z € 96°,

rae f € La(Q) N WH(QE) N Wq(Qf), Qf =={z:0< £z, < 7}, ¢ €N,

(L=XNus=f, 2€Q°, wu.=0, xz€0,

n

[o R 9 A .

A — BeIeCTBEHHOE 4HCIIO0, 7- = Z Aijcos(v, Ox;) 5~ e; + > Ajcos(v, Ox;y),
4,J=1 ’ J=1

cos(v, Ox;) — KOCHHYC yIya MexKay ocbio Oz; U eAUHAYHON HOPMAJILIO V K 06°,

HAIIpaBJIEHHO} BHYTPb MHOXKeCTBa 6°. B pafore paccMaTpuBaIOTCs JIBa CILyYast:
1) a =0 nmm 2) n(e) — 0.

Ham OCHOBHOII pe3y/lbTaT yTBEPXKIAET, 9TO ACHMITOTHKA (DYHKIWMH U B
W4(0F) umeer Bu

Ln

us(&fc,n):xa(:*g)@”(fcm)Jr(1—x€<g)) ul(&,2',m) 4+ Ole
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N . N

e uS (@) = 30 Mup(@,n), wh(E, ' n) = Y emvn(E,a’,n), N - npo-
m=0 m=0

U3BOJIbHOE HATYpaJjbHOE YUCI0, X = X(Z,) — beckoneyno auddepenimpyemast

cpesatomas (DyHKIWsI, PABHAS HYJIO TpH |T,| < 1 u emunune npu |x,| > 2,
E=(¢,¢) = (@'e Y wpe™t), bynxuun ug — pemenue 3a1aun

(L=XNug=f B Q w=0 ma 09, (1)
dyukImMn u, — pemenns sagaun (1) ¢ f =0, dynknun v, — permenns 3amad
v
_Afvm:fm BR"\&’JW’ L :wm Ha awn7 f0:07 ¢0=07
8u§
n—1
£m72 amfo , aQUm—l
=T L0y 125 LVl AL+ Ao,
n—1
OV,
wm ::—Z:ZI ’gxi11/7;—_L»,n,l(’l}l,...,’Uﬁi,l)7
e 0" = Y {§ i Y ¢ - My — M) € w}, Ve — €JMHIYHAS HOPMAJb K w',

kezn—1
HaIlpaBJIEeHHAs BHYTpPb w'', V; — KOMIIOHEHTHI BEKTOpA Ve, L,, — HeKoTOpbIE

@I/IKCI/IpOBaHHbIG IIOJIMHOMBI.

! BamKupcKuil rocy/1apCTBeHHbI 11eIarorHYecKnil YHIBepcuTeT uMeny M.
Axmysutel, Poccusi. Email: borisovdi@yandex.ru

QBaHIKI/IpCKI/Iﬁ TOCYJIAPCTBEHHBIN TIeJJarorutiecknit yuupepcureT umenn M.
Axwmystet, Poccusi. Email: albina8558@Qyandex.ru

T'PYIIIOBOM AHAJIN3 KUHETUYECKNX YPABHEHUN U
ITPOBJIEMA 3AMBIKAHWUA MOMEHTHOUN CUCTEMBI

BOPOBCKUX A.B.!', IIJTATOHOBA K.C.?

OfHOI M3 OCHOBHBIX MATEMATHYECKHX IIPODJIEM, CBA3AHHBIX C MOIEJISIMU
KUHETUIECKON TEOPUH, SIBJIAETCS IIPo0JeMa 3aMbIKAHNS MOMEHTHON CHCTEMBI,
Bocxozdmias K pabotam Ix. K. Makcsesna. M mest narmero mogaxoga K pereHuio
3TOl POBJIEMBI COCTOUT B TOM, YTOOLI B OCHOBAHUE BHIOOPA 3aMBIKAHUS ITOJIO-
JKATH IPYIIIOBBIE CBOfiCTBa AuddepeHnnaabHbIX ypaBHeHuit. Peusb umer o ToMm,
9TOOBI, OMPEIEINB TPYIIy CUMMETPHI KHUHETHIECCKOTO YPABHEHNUsI, TIEPEHECTH
ee JeficTBUEe HA MOMEHTHbIE BEJIMYNHBI, HAATH NHBAPUAHTHI 3TOM I'PYIIILL B TEP-
MHMHaX MOMEHTHBIX BEJIMYMHBI, U «ype3aHhe» U 3aMbIKaHUE MOMEHTHOI cHucTe-
MBI, IIPUBOJIAIIEE K YPABHEHUSIM CILJIOIIHON CPeJIbl, OCYIIECTB/ISITh C IIOMOIIBIO
9TUX WHBAPUAHTHBIX COOTHOIIEHUIA.
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PeanuzyemocTh 3TOI cXeMbl yCTAHOBJIEHA Ha IPOCTEHINEl CUTyalluu OJTHO-
MEPHOT'O KMHETHYECKOTO YpaBHEHUsI, (PAKTUIECKU COBITAIAOINIETO C yPABHEHU-
eMm JImyBunnsa

fe+cfe +(Ff)e=0 (1)
(t — BpeMsi, T — IPOCTPAHCTBEHHAsI KOODJIUHATA, ¢ — CKOPOCTh,
F =F(t,z,c)

— BHEIIIHee CHIIOBOE 1I0J1e, Hen3BecTHas (hyukuus f(t, x, ¢) — dpazoBas IIOTHOCTD
pacipe/eJIeHus] YaCTHlL).

Oxaszasoch, 4TO 3a/ady I'DYNIOBOTO aHaJW3a ypabHenusi (1) HeoGxommmo
COIIPOBOJIUTH JOIOJTHUTEILHBIME YCJIOBUSIMU, HAJIATAEMBIME HA T'PYIIILY IIPeod-
pasoBaHuii. ITO yCI0BHUA

e UHBAPUAHTHOCTH IIPU 3TUX IPeoOPa30BAHMUIAX COOTHOIICHUI
dx = cdt, de = F dt, (2)

YTO BBIPAKAET COXPAHEHNE OTHONICHHU MeKIy (DU3MIeCKIMHI BeTHTH-
Hamu (t,x, ¢, F);
® UHBAPHAHTHOCTH CEMEHCTBA IPAMBIX

dr =dt =0, (3)
HEOOXOIUMOe, ITOOBI COXPaHICH (PU3NIECKAN CMBICT MOMEHTHBIX Be-
JIMIWH;
® UHBAPHAHTHOCTHU IIPU 3aMeHaX MEePEMEHHBIX BeJTUINHBI

(1+cb, + Fo.)f(t,x,c)dxde, (4)

Ha, J11000ii nmoepxuocTu ¢t = 6(x, ¢), 9TO BHIPAKAET HE3ABUCUMOCTD KO-
JITYECTBA JaCTHUI] B HEKOTOPOM (HPa30BOM 00bEME OT BBIOOPA CHCTEMBI
KOOD/TUHAT.

YCTaHOBJIEHO, UTO I'PYIIIA TOYEUHBIX [IPE0OPA30BAHUI IPOCTPAHCTBA IIepe-
MeHHBIX (t, Z, ¢, ), OCTABJIMIONUX HHBAPUAHTHBIME cooTHOmenus (2), (3) u Be-
sauanny (4), coBuazaer ¢ rpymnoii auddeoMopdu3MOB POCTPAHCTBA IIE€pe-
MeHHBIX (t, ) ¥ HOPOXKIEHHBIX UMH IIPEOOPA30BAHUI OCTAJILHBIX IIEPEMEHHBIX;
rpyIIia SKBUBAJIEHTHOCTH ypaBHeHusl (1) cOBIaaeT ¢ 9Toi rpyIoi.

OcymectBiena rpynmnosasi Kiaccudukanust ypapHenuit (1) B yKasaHHOM
KJIacce IIpeobpa30BaHnil, MaKCUMaJbHAs IPYIIa CUMMETPUN 0Ka3ajach BOCh-
MuMepHOit (s F' = 0 1 9KBUBAJIEHTHBIX €il) U COBIAIAIONIEH ¢ MPOEKTUBHOMN
rpymmoii B R2.

s oIy YeHHBIX IPYII CUMMETPHUil OKa3a/JI0Ch BO3MOXKHBIM SIBHO OIIUCATH
JleficTBUE 9TUX IPYII Ha MOMEHTHBIE BeJIMUMHbBI, M HAWTH WHBApUAHTHI. B ciry-
qae F' = 0 maiimenusiii quddepeHnuaabHbli MHBADUAHT MPUBEJ K CHCTEME
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ot + (pu)z = 0, uy + uu, = 0, KOTOpast XOPOIIO U3BECTHA KaK yPABHEHUST «IH/I-
POJAMHAMUKY 0€3 JAaBJICHUS».

Tounsle GOPMYIMPOBKH MOJy9IE€HHBIX PE3YJIBTATOB OY/IyT MpPEICTABIEHBI B
JIOKJIaJIe, IX MOXKHO HailTH B padorax [1-2].

Cuucok aureparypsbl

[1] ITaamonosa K. C., Boposckuxr A. B. I'pynmoBoii aHaan3 0JHOMEPHOTO ypaBHE-
Hust BosbiiMaHa. YciioBus coxpaHeHHs (HU3NIECKOTO CMBICIIA MOMEHTHBIX Be-
suana // Teopernmyeckast u maremarndeckas dusuka. 2018. T. 195, Ne 3. C.
452-483.

[2] Boposckux A. B., ILramonosa K. C. I'pynmnosoil aHaau3 OJHOMEPHOTO ypaB-
wenus Bonbrmana. V. [lonnas rpynmoBas kiraccndukanyst B obmeM ciaydae,

2019 , TM®, T. 201, Ne 2, C. 232-265.

'MockoBckwmit Tocynapersennblii yausepcuter umern M.B.JIomonocosa,
Poccusi. Email: bor.bor@mail.ru

2MoCKOBCKHit TOCYIapCTBenHEI yausepenTeT mMenn M.B.JIomonocosa,
Poccusi. Email: kseniya-plat@yandex.ru

VHTEPIIOJILIIMOHHBIE TEOPEMBI J1J151 HEJIMHENHBIX
OITEPATOPOB TUITA YPBICOHA

BYPEHKOB M.H.!, KAJIMJOJIAN A.X.2, HYPCYJITAHOB E.JI.3

ycrs (V,v), (U, ) uamepumble npocrpaucrsa u Z(U), M (V') nopmuposan-
HBbIE IPOCTPAHCTBA V-U3MEPUMBIX U [-I3MEPUMbIX (DYHKIHI, COOTBETCTBEHHO.
Iycrs K : R x U x V — R, u oneparop T : Z(U) — M (V) oupenenen ciuesry-
FOIIUM paBeHCTBOM: It JitoObix f € Z(U)

T(f.y) = /U K(f(@),z.9)du , yeV (1)

7 TIPEIIIOJIOKUM, YTO TOT MHTErpaJl CyIecTByeT M KOHEYEH JijIs IOYTH BCEeX
y € V. Jlanublil orrepaTop HA3BIBAETCS WHTErPAJIHHBIM OIEPATOPOM Y DBICOHA.

XO0PpOIII0 U3BECTHO, YTO OJHUM U3 JIOCTOMHCTB METO/A BEIECTBEHHON NHTEp-
TIOJISITIAY, OCHOBAHHOTO Ha cBoiicTBax BBesennoro Ilerpe K-dbyuknunonana, ss-
JISIETCSl BO3MOXKHOCTD IIEPEHECEHNS] OCHOBHBIX PE3YJIBTATOB 3TOT'O METO/Ia, yCTa-
HOBJIEHHBIX B JITHEHHOM CJIydae, Ha HEKOTOPBIE KJIACChl HeJIMHENHBIX OIlepaTo-
pOB, HallpUMep, Ha KJACC JIUIIIHUIEBbIX WU I'eJIbJIEPOBBIX OIIEPaTOPOB , T.C.
HaKJIa/IbIBaJIOCh YCJIOBUE BHUJA!

ITf=Tylly <CIIf = gl%-
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SameTnM, ITO onepaTop Y PBICOHA, BOODIIE TOBOPsI, HE SIBJISETCS KBA3UJIM-
HEHHBIM OIEPATOPOM WJIU TeJIbJIEPOBBIM OIEPATOPOM, IOITOMY COOTBETCTBYIO-
[[Ie WHTEPIOJISIITHOHHBIE TEOPEMBI HE TPUMEHUMBI K 3TOMY OII€PATODY.

B mammoit pabore mosrydeHbl MHTEPHOJIAIIMOHHBIE Teopembl Maprunkesu-
qa, Kampaepona n Creiina-Beiica st mupokoro Kjacca HEJIMHEHHBIX OIe-
paTopos. /laHHbIE TEOPEMBI IPUMEHUMBI JIJI P-OJHOPOJIHBIX OIIEPATOPOB, IIPU
0 < p < . ITocTpoeH UHTEPITOIAIMOHHBIN METO/T, OXBATHIBAIOIIHIA OIIEPATOPHI
THIA Y PBICOHA. B 9acTHOCTH, MTO/IyY€eHbI CJIEIYIONIe YTBePIK IeHUSI.

Teopema 1. Ilyemv p >0, 1 < pg < p1 < o0, 1 < qo,q1 < o0, qo # q1,
O0<o<7<00,0<fl<1lu
1 1-9

1-0 0

q0 q1

0 1
+—, - =
p bo P11 q
Iycmv T onepamop Ypvicona.

Ecau das nexomopwvix My, Ms > 0 caedyrougue nepagencmea umerom mecmo

I7CH) = TN, vy < Mill fllz,, o wams i=0.1,

moeda
—0 6
ITCF) = TON, ) < M MENF L, 0
2de ¢ > 0 zasucum moavko om napamempos Py, P1,qo, 1,0, T, 0.

Teopema 2. ITycmb 0 < pg < p1 < 00, 0< qo,q1 <00, o #q 0<0<1u
p=(1—0)po+0p1, q=(1—-0)q+0q.

Ecau T onepamop Ypowicona u dasn wexomopwvir My, My > 0 umerom mecmo
HEPABEHCMEA

/V (0T (f) — T(O0,y)) % dv

<M, /U (wi@)| @) dp, | € Ly (Uywi ), i=0,1,

_ q 1-6 470 p
||T(f) T(O)HLQ(V,Uéigvf,l/) S CMO Ml ||fHLp(U,w579w19,u)’

2de ¢ > 0 3asucum moavko om py,p1 u 6.

Pabora BbImosinena nipu moepkke MunucrepecTBa 00pa30BaHUs M HAYKU
Pecnybsiuku Kazaxcran, rpant AP08856479.

'Maremaruaeckuit macturyT nm. C.M. Hukomsekoro, Poceniickuit
yHuUBepcuTeT ApyKObl HapomoB, Poccusi. Email: burenkov@cardiff.ac.u

2EnpasuiicKuit HATMOHAILHLIH yEIBepcuTeT nMmenn JI.H.I'yvmresa.
Email: aitolkynnur@gmail.com
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3MockoBcKuit rocyaapcTBennblii yausepeurer nvenn M.B. Jlomorocosa
(Kazaxcranckuii dpuinas); MHCTUTYT MATEMATHKI U MATEMATUIECKOIO
mogesmpoBarus MOH PK, Kazaxcran. Email: er-nurs@yandex.ru

O PACXOIAIMNXCHA PAOJAX B METOIE ®YPBE
BYPJIVIIKAA M.II.!, BEJIOBA 1.B.2, TPUT'OPBEBA E.11.3

TpagunuonHo B ucciaegoBanun 3aja4 MerogoM Dypbe u3ydaercss COOTBET-
CTBYIOIasl CIIEKTPaJibHAasl 3a/1a9a U 0DCYKIAI0TCsS BOIPOCHI CXOIUMOCTH (DOP-
MaJIbHOTO PeIeHUsi W BO3MOXKHOCTH €ro MOWIeHHOro jauddepeHImpoBaHus.
TpynmocTn, cBsg3aHHBIE C MOJIyI€HHEM YTOUYHEHHBIX ACAMITOTHIECKHX (DOP-
MYyJI [JIs pelleHuil CHeKTPaJJIbHON 3a/1a9i, ¢ BO3MOXKHOII KPATHOCTBIO CIIEKTPA,
YCIIENITHO IIPEOJIOJIEBAIOTCS 3a CYET HCIOJIb30BAaHUS PE30JIbBEHTHOIO IIOJIXOA
[1]. TIpu sToM MeTor Dypbe NPUMEHSIETCSI € MCIIOAB30BAHNEM Kl TI0 yCKOpe-
HUIO CXOUMOCTH PsAioB, uaymux or A.H. KpbiioBa, 1 mo3BOISOMNX Oy YaTh
KJIACCUYIECKOE PEIIeHrE TPU MIHIMAJIBHBIX TPEOOBAHUSAX HA HaYAJbHBIE (DYHK-
uru. B 3TOM HampaBjeHHH JOCTUTHYTO MHOTO YCIIEXOB IPH IOJYyYEHHH KakK
KJIACCHYECKHX, TaK ODOOLIEHHBIX PelIeHUil ([IOHMMAeMbIX KaK IIPeesl KJIaCCu-
vecknx). JlanbHeiimee paspuTtue stux uzeil npogoskeno B padorax A.Il. Xpo-
MOBa ¥ CBSI32HO C IIPUBJIEUEHHEM pacxoismuxcs psjos [2]. Ero moaxon nos-
BOJIWJT TIOJTy YUTh HEOOXOIUMBIE U JOCTATOYHBIE YCJIOBUS CYIIECTBOBAHUS KJIAC-
CHYIeCKUX U ODOOIEHHBIX PENIeHUl B CIydasix CyMMUPYEMbIX OTEHIINAJIOB U
HavaJIbHBIX DYHKIWI U, TEM CAMbBIM, PACIIUPUATH TPAHUIIBI IPUMEHEHNsT METO/IA
Pypbe.

B pabore paccmarpuBaercsi cMeIIaHHas 3a/a4a IS BOJJHOBOTO YpPaBHEHUsI
Ha TeOMeTPHUIeCKOM Tpade, COCTOSIIEeM U3 JABYyX pebep, 0JIHO U3 KOTOPBIX 00-
pa3yeT IuKJI:

O*u(z,t)  Ou(w,t)

nt) P00 Glayu(an 0
ul(O, t) = ul(l,t) = UQ(O,t), L@(l,t) = O, (2)

ullx(ovt) - ulla:(lv t) + uéz(ovt) =0, (3)
uw(x,0) = p(x), uy(z,0)=0, =ze€]l0,1]. (4)

Bnech u(x,t) = (ui(z,t),uz(z,t))T (T — smax TpancmormpoBanms),

x € [07 1]7 te (—007-1-00), Q(LE) = diag(Ql(x)an(x))»

o(@) = (p1(x),p2(2)T, gj(z),p;(x) € L[0,1] n KomIIeKCHO3HAUHBL. YCII0-
Bus (2) obecreunBarOT HENPEPHIBHOCTH PEIeHUs] BO BHYTPEHHeM y3iie rpada
U HEIIOJ[BUKHOE 3aKperlieHne cBOGOJIHOTO KOHIa Ha BTOpoM pebpe. Vcmonb3yst

172



upueMbl u3 [2], perenne mpejCcTaBIsieTCst B BUJE OBICTPOCKOMISIIIErocs Psijia:

t) = ZAn(x,t),

rae Ao(a,t) = 3[B(x + ) + B(x — 1)), B(x) = (¢1(2), pa(@))T, upu @ € [0,1], &

¢ orpeska [0 1] IIPOJIO/I?KAETCS HA BCIO OChb C ITOMOIIBIO COOTHOIIEHUH:

B1(~a) = 128:(1 - 2) + 282(2) — B (2)],

By(—2) = 1281 (@) + 281 (1 - ) — Bole)]. i

(I)l(l —|—$) = %[2(1)1( )—|— 2@2(.1?) - @1(1 - x)}, @2(1 +.’B) = —q)g(l - I),
t r+t—T1 _

An( = %of tf+ Fo_1(n,7)dn, n>1,

F(z,t) = —diag (q1(z), g2(2)) An(z,t) mpu x € [0,1], a uepes F 06o3naueno
npoyioszkenne dynkmuu F = (Fy, F»)T ¢ orpeska [0, 1] ma Bcio ock ¢ ToMomnibio
AHAJIOrMYHDLIX COOTHOIIECHUM.

Pa6ora Bbinosinena 1pu ¢unancooit nomigepxkke PH® (mpoekr Ne 19-11-
00197, BeinosHsieMblil B BopoHeKCKOM rocyHusepcurere).

Crucok aureparypbl

[1] Bypayuyxas M. II., Xpomos A. II. Pe301bBEeRTHBIIN MOAXO/ /IS BOJTHOBOTO Y PaB-
wenus // 2KBMuM®. — 2015. — T.55, Ne2. — C.51-63.

[2] Xpomos A. II. O KIacCHIeCKOM PEIIeHNN CMEIIaHHON 3aJadu JJIsi OJTHOPO/I-
HOT'O BOJTHOBOTO YPABHEHUS C 3aKPEIJICHHBIMU KOHIIAMW U HYJIEBOW HAYAJILHON
ckopocteio // U3s. Capar. yu-ra. Hos. cep. Cep. Maremarnka. Mexanuka. Vu-
dopmaruka, 19:3 (2019), 280-288

' BoponexKcKuil Tocy1apCTBeHHbI yHIBepcuTeT, Poccus.
Email: burlutskaya@math.vsu.ru

2BopoHesKCKHil TOCYIapCTBEHHEI YHUBEpCHTeT, Poccusi.
Email: ianabeloval23@yandex.ru

3BopoHEIKCKHIT TOCYJAPCTBEHHLIN YHIBEpCUTET, Poccus.
Email: elenabiryukova2010@yandex.ru
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O IIPEJEJIBHOM ITOBEJIEHUU PEIIIEHUN
SJIJINIITUYECKUNX IICEBIOIN®PEPEHIINAJIBHBIX
VPABHEHUN

BACUJIBEB B.B.
IIycre C'¢ — yron Ha IIOCKOCTH
CY ={z € R?* 1z = (21,72), 72 > a|z1],a > 0}.
PaccmarpuBaercst MOeIbHOE YpABHEHNE BUIA
(Af)(x) = g(z), =e€R*\CY, (1)

B IpeIIoJIoKeHn , 4To cuMBoi A(€) ~ (1 + [£])* mouyckaer BosHOBYIO bak-
Topuzanuio orHocuTeabHo —C'4 [1]. DTo 03HaUaeT, YTO MMeeTCs CleNHaIbHOe
PEJICTAB/ICHIE CUMBOJIA

A(§) = Ax() - A=(&)

¢ MHOXKUTEJISMH, 00JIaIAONUME CHEIUAIbHBIMA CBOHCTBAMU, CBSI3AHHBIMU C
AHAJINTUIECKUM [IPOJIOJIKEHUEM B PaJiuajibHble TPyOUaThie 061aCTU KOMILIEKC
Horo mpocrpancTsa C2.

*
Comnpszxennpim xkonycom C¢ x C'¢ HasbIBaeTCs: KOHYC

{z €R? 1z = (21, 22), a2 > |11|},

* *
pasmanbHas TpyGuaras obmacts T(CY) max komycom C{ — 5TO MHOMKECTBO
*
Buma R? + 4 ce .
BosnoBasi daxTopuzarnust mpeamosaraeT aHaAJTUTHIECKYIO MTPOJIOIZKUMOCTD

A€ B T(~ C2),m A(€) -~ 8 T(CY) ¢ onerans
[AZHE —in)| < er(L+ [ + ),

"
[AZHE +im)| < co(1+ Jg] + |7, wr eCy,
YUCJIO % HA3BIBAETCH WHIEKCOM BOJHOBOW (DAKTOPH3AIIUN.

IIpu Hasmyuu BOJIHOBOW (hakTOpU3aNUK U ycjaoBuu | — s| < 1/2 pemienue
ypasHeHus (1) CyImecTByer 1 eIMHCTBEHHO, U MOXKeT OBITh ONUCAHO HHTETPAJIb-
Hoit dopmyioii [1]. Hac unrepecyer ciaydail, 9T0 IPOU30iiIeT ¢ peIleHneM IpH
a — 00.

Teopema 1. IIpednososicum, “mo GOAHOEAA HAKMOPUSAUUS C UHOEKCOM
e, e — 8| < 1/2, cywecmsyem Odas 6cexr docmamourno 6GOAVWUT a U
g € H5=%(R?). Tozda npedea pewenus ypasnenus (1)

lim ﬁ(fl,fg)

a— o0
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CYWECmBYem U NPUHUMEM CAOYIOUUT U0

lim 61,6) = A~ (€)3(6) ~ A (€1,0)3(61,0).

a—» o0

B cityuae, xorpa ycsosue |& — s| < 1/2 He BbINOJIHSIETCs, BO3MOYKHA HEe IMH-
CTBEHHOCTD periennst. HEKOTOpbIE CUTYaAIUY C JIOMOMTHATETbHBIMA TPAHAIHBIME
YCJIOBUSIME PACCMOTDEHBI B [2,3].

Pabora BbeimosHena npu nojaepxke Munobprayku P®, npoekr FZWG-
2020-0029 .

Crmcok aureparypbl

[1] . Bacuaves B. B. Mynsrumaukaropsl uarerpanos @ypoe, ncesnoguddepen-
nuagbHbIe ypaBHEHNUsI, BOJTHOBas (pakTopu3anus, kpaesbie 3agadn. M.: YPCC,
2010.

[2] Kutaiba Sh., Vasilyev V. On solutions of certain limit boundary value problems.
AIP Conf. Proc. 2020. V. 2293, 110006.

[3] Vasilyev V. B. On certain 3D limit boundary value problem // Lobachevskii J.
Math. 2020. V. 41, Ne 5. P. 913-921.

Besnroposckuit rocymapcTBeHHBIIN HAIMOHAJIBHBIN UCCIIEI0BATEIbCKAI
yausepcuret, Poccusi. Email: vbv57@inbox.ru

O HEKOTOPBIX HAYAJIbBHO-KPAEBBIX 3A/TAYAX B
APOTNAPOVYIIPYTIOCTN

BEJIbBMUCOB II.A.!;, TAMAPOBA 10.A.2

PaccvaTpuBarorcst HadaIbHO-KpaeBble 3a/1a9u I CHCTeM JTuddepeHITnab-
HBIX YPaBHEHUIl C YaCTHBIMU IIPOU3BOIHBIMIE, OIUCHIBAIONINE MATEMATHIECKIE
MOJIEJI MEXaHWIECKOW CHCTEMbI «TPyOOIPOBOJ - TAaTJIUK JaBjeHus». [Ipes-
JIO2KEHHBIE MOJIE/IN [IPETHAZHAYEHBI JIJIsI UCCJIeI0BaHUSI COBMECTHOM JTMHAMUKI
9yBCTBUTEJILHOTO dJIEMEHTA JATINKA JaBJIeHns U paboUeil cpebl B ABUTATEIE
u B Tpybonposojse. Ha ocHoBe 3Tux Mosesieil 3aKOH M3MEHEHUs JIaBJIEHUS Pa-
6oueil cpelibl B KaMepe CrOPaHMs JBUTATENS PACCIUTBHIBAETCS 110 U3MEHEHUIO
BeJIMYMHBL JiehopMalliy yIIPYroro jIeMeHTa JaTInKa. PazpaboTaHbl aHAIUTH-
9eCKue W 9UCJIEHHBIE METO/IbI PEIleHrs] YKA3aHHBIX HAYAJbHO-KPAEBbIX 3324,
B OCHOBY KOTODBIX IIOJIO2KEHBI, B YACTHOCTHU, METOJT ['ajlepKiHa 1 MeTOo/T KOHeY-
HBIX PA3HOCTEI.

IIpuBesem B KavuecTBe IpUMepa MaTEMATHIECKYIO IOCTAHOBKY, COOTBETCTBY-
FOIIYIO JIBYMEPHON MOJIET MEXaHUIECKON CHCTEMBI «TPyOOIPOBOM, — JaTIUK
nasienusy (pabodas cpelia - ujeadbHasd U CKUMAEMAs )

Sott = a%(@’r”l‘ + pry)a HAS (07Z)a ) € (O7h)a (1)

pr(xaovt) = pr(xvhat) = 07 LS (Oal)v (2)
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7p090t(03y5t) = P(y7t)a ye (07 h)a (4)
mw + Dw//// + Nw// + Bwll/, + f(w’ w) — (5)
:PO_pOQOt(l)y?t)_P*v ye(O,h)

B (1)-(5) ungekcnl x, y, t cau3y 0603HAYAIOT YACTHBIE IIPOU3BOJHbIE; TOUKA U
HITPUX CBEPXY — YACTHBbIE IPOU3BOAHBIE 110 ¢ U 110 Y cOOTBeTCTBeHHO; P(y, 1)
— 3a/IaHHBIH 3aKOH M3MEHEHWUsl JIaBJIeHusT paboueil cpejibl B KaMepe CropaHusi
(ma Bxome B Tpybonposox x = 0); ag, po, Po, P, m, D, N, 8 — HekoTOpPBIE T10-
CTOSIHHBIE, SIBJISIIONIMECS XaPAKTEPUCTUKAMU MEXaHUIeCKOil cucrembl; f(w, w)
— HEKOTOpasl JUHEHHAS MIN HeJTMHeHAs (DYHKIWA, 3aBUCAIIAS OT JedbOpManun
w(y, t) u ckopoctu gedopmanuu w(y,t).

Nmeem cBszanHylo 3aza4y (KOTOpasi JOJZKHA OBITH JIONOJHEHA HAYaIbHbI-
MU YCJIOBUSIMM) IS TIOTEHIIMAJIA CKOPOCTH paboveil cpeabl B TPyOGOIPOBOIE
o(x,y,t) n qedopmarnun w(y,t) ynpyroro sjeMeHTa JATINKA, PACIOIO0KEHHOTO
B KOHIIe TpybompoBoma x = . Heobxomumo Takxke 3a71aTh TPAHUIHBIE yCJIOBUST
miasgt w(y,t) upu y = 0, y = h, COOTBETCTBYIONIUE THILY 3AKPEIJICHUs KOHIIOB
9JIeMeHTa (HAIpuMep, w = wy = 0 OJI KeCTKOTO 3aIeMIIEHHs, W = Wy, = 0
JJTsT IAPHUPHOTO 3aKPEIJIeHNsI ).

Onun u3 crocoGoB pereHnst ykasanHon 3amaun (1)-(5) ocHoBaH Ha BBeje-
HUY YCPEJIHEHHBIX XapaKTEPUCTUK OCHOBHBIX BEJUYNH JUHAMUYIECKON CHCTEMBI
W CBEJICHUM DENICHUS 3aJa9l K MCCIEI0BAHNIO MU DepeHInasbHOro ypaBHe-
HUST ¢ OTKJIOHSAIOIIUAMCS apTyMEHTOM, CBSI3bIBAIOIIETO YCPEJIHEHHYIO BEJUINHY
nedbopMarmu ynpyroro sjaeMenTta jgarduka 6(t) ¢ 3aKOHOM U3MEHEHUsI YCPE[l-
HEHHOTO JaBJyieHust pabodeil cpennt B npurarese G(t)

) (o] - ) 02
s

) I . I
—pPoaoWo |:0 (t — ) -0 (t + >:| = 2[G(t) + (P() - P*)h],
ao ao
rae mo, &g, Yo, Wo - HEKOTOPbLIE IIOCTOAHHDBIE.
Pabora Bwimosnnena mpu dbunancooit momaepxkke PODU u YibsaHOBCKO#

obJtactu, rpaut 18-41-730015.

LV nbaHOBCKHIt rOCYIAPCTBEHHbIN TeXHIMeCKHH yHIBepcuTeT, Poccns.
Email: velmisov@Qulstu.ru

2 VIIbSIHOBCKIIT TOCYIAPCTBEHHBIH TeXHUUECKU yHIUBEpCUTeT, Poccus.
Email: kazakovaua@mail.ru
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BAYPOBCKUIN KJIACC JIOKAJIBHOUN TOIIOJIOTUYECKOM
SHTPONUU INHAMUNYECKNX CUCTEM

BETOXUH A.H.

PaccmarpuBaercst mapamMeTprieckoe CeMeHCTBO JUHAMUYECKUX CHCTEM,
OTIPEJIEJIEHHBIX Ha, JIOKAJIbHO KOMIIAKTHOM METPUIECKOM IIPOCTPAHCTBE U HEIIpe-
PBIBHO 3aBHUCSIINAX OT HAaPAMETPa M3 HEKOTOPOI0 METPUIECKOTO TPOCTPAHCTBA.
st J11060T0 TAKOTrO ceMeficTBa JIOKAJIbHAS TOIOJOTUYECKAs SHTPOIUS BXO/Isd-
IUX B HETO JIMHAMUYECKUX CUCTEM U3YUAeTCsI KaK (DYHKIUS [TapaMeTpa ¢ TOUKU
3peHus 6POBCKOI KiaccupuKam GyHKIHIA.

Cuaenys [1], nupusenem Heo6XoMMOeE B JasIbHEHIIIEM OIIpe/IeJIeHIe JIOKAJILHON
rorosorudeckoil surporuu. Ilycrs (X, d) — JloKaJIbHO KOMIIAKTHOE METpUYe-
cKoe mpocTpaHcTBo, & f : X — X — HemnpepbiBHOe oToOpaxkenue. Hapsy ¢
UCXOJHON MeTpUKOil d ompenesum Ha X JONOJHUTENLHYIO CACTEMY METPUK

_ i i
d(z,y) = max d(f'(2),f'(y), zyeX, neN,
0<i<n—1
rae f%, 4 € N, — i-s1 nrepanus orobpakenns f, fO = idx. Hus Beakux x € X,
n € Nyr > 0wue >0 obosnaunm uepe3 Ny(z, f,r,€,n) MaKCUMAJIbHOE YUC-
70 Touex B mape By(z,e) C X, monapubie d-paccTosHUS Me¥KTy KOTOPBIMH
6osbItie, eMm r. Torma A0KasbHYI0 MONOA0UNMECKYI0 IHMPONUIO OTODPAYKEHIST
f B Touke x onpenensior HOpMyIIOit
hao(f) = lim lim lim —In Ny(z, f,r,€,n).
r—+0e—=0n—ocon

ITo merpuueckomy npoctpancTBy M, Touke x € X U HEIPEPBIBHOMY OTOOpa-
JKEHUTO

f MxX—->X (1)
obpasyem (OyHKIIIO

= hao (f(p,-))- (2)

Teopema 1. Jlas aobvx © € X u omobpasicenus (1) dynrkyus (2) npunadae-
orcum mpemuvemy 6aposcKomy Kaaccy wa npocmpancmee M.

Ormerum, 9TO U3 ITOrO pesyibrara B cuiy TeopeMbl Bapa [2, ro. IX, §39,
VI| BerTekaer, uto i mo0bx @ € X u orobpaxkenus (1) B mOJHOM MeTpH-
YeCKOM IpocTpaHcTBe M Haiizercs Bciomy 1ioTHoe MHOXKecTBO G Tuna Gy
TaKoe, 4T0 cyxKenue GyHkuun 4 — hy . (f (@, -)) Ha MEOKecTBO G HELPEPHIBHO.
BosHukaer ecrecTBeHHBII BOIIPOC O HAMMEHBITIEM 63POBCKOM KJIacce, KOTOPOMY
npuHaIeXRAT OyHKIUs (2).

Teopema 2. Cywecmeyrom M, X, u omobpasicerue (1) maxue, wmo das ato-
6ot mouku x € X Pynkyus (2) 6cro0y paspuieHa U He NPUHAOAEHCUM, 8MOPOMY
baposcromy Kaaccy Ha npocmparncmse M.
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Crucok aureparypbl

[1] Kamox C. B., Xacceabnram 5. BBeneHue B T€OPHIO JUHAMHYECKUX CUCTEM C
o63opom mocsieHux gocrvxkenuii. M.: MIIMHO, 2005.
[2] Xaycdopp . Teopus muoxects. M., 1937.

MockoBckuit rocymapcrBennniit yauBepcuteT uMenn M. B. Jlomonocosa,
MockoBcKUiT TOCYIAPCTBEHHBIN TeXHUYIECKU yHUBepcuTeT nMeHn H.D.
Baymana, Poccust. Email: anveto27@yandex.ru

O BAPVMAIIMOHHBIX ITPUHIINUITAX JIA
CAMOCOIIPA2KEHHBIX TAMNJIBTOHOBBIX CUCTEM

BJIAJINMUPOB A.A.
PaccMoTpuM caMOCOIPSIKEHHYO TaMIJIBTOHOBY CHCTEMY
Jy' = [\ + Bly, M*Jy(0) = N*Jy(1),

e A € (L1]0,1])™*™ — cymmupyemasi MAaTpUYHO3HAYHAsT (DYHKIUS € TIOUTH
BCIOJly HEOTPHUIATEIbHBIMU 3HaueHusMH, B € (L1]0,1])"*"™ — cymmupyemast
MaTPUIHO3HAYHAS (DYHKIUS C TOUTH BCIOJLY CAMOCOIPSI?KEHHBIMY 3HAYCHUSIMU,
marpuna J = —J* € C"*" ueBblpoxeHa, a pacmupennas Marpuna (M* N*)
UMeeT MAaKCUMAJILHBIN paHr u noaaunsercs ycjaosuio M* JM = N*JN. Ouepa-
TOPHYIO MOJIE/Tb 9TOM CHCTEMBI 06pasyer juHeitnsI mydox 1T9: C — B (D, D7)
OIIEPaTOPOB, OTOOPAYKAIOIIUX IPOCTPAHCTBO

DT = {ye (W[0,1])" + M*Jy(0) = N*Jy(1)}

B npocrpancrso ®~ = (L1]0,1])™.
BBoas B paccMmorpenune rusibbepTOBO ITPOCTPAHCTBO §), TOJIyIaeMOe TOTIO -
HeHUeM IIPOoCTPaHcTBa DT OTHOCUTEILHO HOPMBI BUJIA

1
Iyl = / " Augiy d,
0 g

BMECTE C €CTECTBEHHBIM BIIOJIHE HEeIIPePLIBHLIM BioxkenmeM I7: DT — 6, a
Takske BioxkenumeM I~ : § — D~ co cpoiictBoMm I~ 1Ty = Ay, MbI momyua-
€M BO3MOXKHOCTH IIOCTABUTH B COOTBETCTBHE MCXOJIHOI 3ajade OMpeIeJICHHOE B
[IPOCTPAHCTBE §) JIMHEITHOe OTHOIIEHUE

T* =[]t TH0) [IH]
¢ pesosbsentoii (T* — \)~! = It . [T4(\)]~! I~. B ciyuae, Korja Jyisi HEKOTO-
poro oneparopa D € B()) coorBercTByIomuii onepaTop

T°(D) = T%0) — I~ DI
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06J1a/[aeT OrpaHNYeHHBIM OOPATHBIM, CIIEKTpPBI oTHOMmeHns: 1 u mydka T7 3a-
BesioMo copnagaor. CylecTBoBaHne Takoro oneparopa D € B($)) Hamu nasee
BCETJIa MPEJIOIaraeTcs.

OCHOBHBIM pPE3yJILTATOM HACTOSIIIErO JIOKJIAJa SABJISIETCS CJIEIYonuil haxT.

YrBepxkaenue 1. I[Tycmv donosnumensvho 3aPurkcuposaiv. HEKOMOPHIE CAMO-
conpascenmvie eparusnvie yeaosus MG Jy(0) = NgJy(1), das komopwx coom-
eemcmsyrowul AuNetinbl nYwox Tg : C — B(®F,D7) umeem xoneunoe wucao
OMPUYAMEAHBIT cOOCEENHOT 3Hadenud. TTycms maxoice dan 6cAK020 6€KMO-
pav € C" natidemca nocaedosamenvrocms {yn 12 o anemenmos noonpocmpar-
cmea My = [T2 ()] Mm A, 2de p < 0, co ceoticmeamu limy,_, s yn(0) = Mov,
limy, 00 Yn (1) = Nov u
Lim (T§(1)yn, ya) = O

. Tozda cocuumarHoe ¢ Ywemom KPAmHOCIY YUCAO PACTIONONHCEHHBLL CAEBA O
npoussoavio durcuposanmot mouxu x € p(T?) ﬁp(Tg) NR cobcmeernvir 3na-
wenul omuowerus T npesocrodum maxosoe daa ommnowenua T 6 mownocmu
HA OMPUYUAMENLHBIT UHOEKE UHEPUUL MATPULDLL

C,. = [N*JNg — M* M) [S5.(1)Ng — S,.(0)Mp] ™' [S,.(1)N — S,.(0) M],
2de uepes S, € (W1[0,1])"*™ o6osnaneno npouseoavnoe nesviposicdennoe pe-

wenue ypasrenus S, = —S,.J 1 [xA+ B].

YacTHbIMU CilydasiMu 3TOro akrTa sIBJISIOTCS IOJyYeHHbIe Ha COBEPIIEHHO
JIPYTOM IIyTH HEJIABHUE PE3yJIbTaThI [2].
Pabora Bemosiaena npu noguepxkke POOU, rpart Ne 19-01-00240.

Crucok aureparypbl
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C. 2014-2025.

OUIT 1Y PAH, BII um. A.A. Joponuunpina PAH, Poccus.
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O CBOMICTBAX ITIOJIVIPVIIII, IIOPOXKJIAEMBIX
BOJIBTEPPOBBIMU MHTEI'PO-IN®PEPEHIIVAJIBHBIMN
YPABHEHU MU

BJIACOB B.B.

[IpenacraBiieHbl pe3ysabTaThl, HA3UPYIOMUECS] HA MOJXO0JIE, CBA3AHHOM C UC-
CJIEJIOBAHUEM OJIHOIIAPAMETPUYECKUX IOJIYIPYIII JJisl JIMHEHHBIX 3BOJIFOLH-
OHHBIX YpaBHEHUIl, MPUMEHEHHOM K WCCJIEJIOBHUIO BOJBTEPPOBBIX HHTErPO-
nuddepennuanbubix ypapaenuii. [IpuBomurces MeTos cBeieHusl UCXOAHOM Ha-
YAJIBHON 38129 JIJIsT MOJICILHOIO WHTErpo-audDepeHInalbHOT0 ypaBHEHMST
C OIEpPATOPHBIMH KOI(MDPUITMEHTAMA B THJIHL0EPTOBOM IMIPOCTPAHCTBE K 3a-
madge Kommu st audpdepeHnnaabHOrO ypaBHEHUs IIepBOro mopsiiaka. Jloka-
3bIBAETCS CYIIECTBOBAHME CXKUMAIOIIEH M IKCIIOHEHIIMAIbHO ycroitumBoit Cy-
TOJIyTPYIIBI TIPU ONPEIEJICHHBIX IIPEIITOJIOXKEHUSIX O sIpaX HWHTErPaJbHBIX
omepaTopoB. st MUIPOKOTo Kilacca saep MHTErPAIbHBIX OIIEPATOPOB YCTAHOB-
JINBAIOTCS PE3YJIbTATHI O CYIIECTBOBAHUN W €IMHCTBEHHOCTU KJIACCHIECKUX Pe-
MeHn yKAa3aHHBIX YPABHEHUI, C OIEHKAMU CKOPOCTH UX SKCIIOHEHITUIHLHOIO
yobiBanusi. [IpuBOIsTCS IPUMEPHI IPUMEHEHUsI TI0JIyYEHHBIX PE3YIBTATOB JJIsl
uHTErpo-audepeHInaIbHbIX YPABHEHN C SKCIIOHEHIMAJBHBIMA U JIPOOHO-
9KCIIOHEHIIMAIbHbIME sizipamu (pyHaknuu PaboTHOBa) HHTErPAILHBIX OIIEPATO-
pos (cm. [1]-[3]).

Pabora Beimosinena npu nogepxkke POOU, rpant 20-01-00288.

Crucok aureparypsbl
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57, Ne 10. — C. 1426-1430.

[2] Baacos B. B., Paymuan H. A. CnekrpaJibHbIil aHAJIU3 U Pa3peNInMOCThb BOJIb-
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Mockosckuil rocymapcTseHHbli yHIBepcuTeT nMenn M.B.JIomoHOCOBA,
Mockosckuii [leaTp dhyHaaMenTaabpHOM 1 TPUKIAIHON MaremaTuku, Poccust.
Email: victor.vlasov@math.msu.ru
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O KPATHOCTSIX I ACUMIITOTUKE COBCTBEHHBIX
3HAYEHUM 3AJTAY JVNPUXJIE 1 HEMMAHA J1JIs1
OIIEPATOPA JIAIIJIACA B IIPSIMOYT'OJIbHUKE

BOMTULIKUI B. .

Pabora mocssIena mcCiIeIOBAHUIO PACIIPE/IESIEHUsS KPATHOCTEHl U TOYHOM
ACHMIITOTHKE COOCTBEHHBIX 3HadeHmil 3anad upuxie n Heiimana misa orre-
paropa Jlamnaca B npsmoyroasHoit obiactu 2 = (0;a) x (0;b). Xopomo us-
BECTHO, YTO 9Ta 3aJa9a UMEET JAMCKPETHDIH [OJI0KUTEIbHbIH (HeOTpUIaTe b
HBIl) CIIEKTD, COCTOSINUI M3 U30JIMPOBAHHBIX COOCTBEHHBIX 3HAYECHUIT KOHEU-
HBIX KPATHOCTEH € MpeebHON TOUYKOM Ha OecKoHedHOCTH. B ciydae mpsmo-
YTOJIBHOI 00J1acTH BCe COOCTBEHHBIE 3HAYEHUST BBIUYUCIIAIOTCH 10 (hopMmyse

k2 ™m\ 2
Aem ={—) +(—)
a b
rae k,m € N unu k,m € NU {0} coorBercrsento s 3anaun Jupuxie uin
Heiimanma. C ncionb30BaHreM KJIACCAIECKUX U HOBBIX PE3YJIbTATOB TEOPUU U~
cesl U Teopun JUO(GAHTOBBIX NMPUOMKEHUN YCTAHOBJIEHA 3aBUCUMOCTH CIIEK-

TPANBHBIX CBOMCTE OT TOTO, sBJAsSeTcsa u uncio f2 := (a/b)? panuoHaTbLHBIM
WUJIA HET.

Teopema 1. Ecau f2 ¢ Q, mo sce cobemesenmvie 3Havuenus 00HOKPAMHDLE,
npu amom dasa a106020 € > 0 cywecmsyem OECKOHEUWHO MHO020 PASAUMHBLT NGD
(k1,m1) u (ko,ma), k1 # ko, m1 # mo maxux, wmo

‘)\klml - >\k2m2| <e.

Teopema 2. Ecau f2 € Q, mo cywecmeyem 6eckoHemno MHo20 Kpammolr cob-
cmeeHHbr 3navenut. B caywae f € Q xpamuocmu ne AsaA10MCA PABHOMEPHO
02PAHUMEHHDIMU, NPUYeM dasa Atobozo d € N cywecmsyrom cobecmeenmvie nod-
NPOCPAHCNEA, PA3MEPHOCTIU d.

Bamevwarnue 1. Io-Bumumomy, KpaTHOCTH He SABJISIOTCS PABHOMEDHO OTDAHU-
JeHHBIME T mo6oro f2 € Q (B psAse KOHKPETHBIX MPHUMEPOB 9TO BHITOJHE-
HO). B 0IHOMEPHBIX CHEKTPAIBHBIX 33/auax HaOJI0IaeTcs NHas KapTuHa. Ha-
npumep, B 3agade [Irypma-JTuysuiuist (faxe JUist HEIVIAJAKAX MTOTEHIINAJIOB)
COGCTBEHHDIE 3HAYECHUS SIBJISIIOTCS ACUMIITOTUIECKU IIPOCTHIMU (CM., HAIIPUMED

[1])-

Teopema 2 BHauaste joKasbBaercs 1is f = 1 (caydait kBaapaTHOl obacTn),
IJIe MOKHO HOJIyUHUTh SIBHYIO (hOPMYJLy JIsi KOJM4aecTBa v(n) pasaoKeHnil me-
noro wncia n = (a?/7?)\ B BUE CyMMBI JBYX KBaJIPaTOB TOJIOKUTETHHBIX
(HEOTPUIIATEBHBIX) MEIbIX YUCE]. A UMEHHO, ecin

n = 20‘p?1p§2 .. .pflqi“qé” coqty
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e p; — upoctble ducaa Buga 4k + 1, q; — mpoctbie uucna sBuga 4k + 3,
a,Bi,vi € NU{0}, B:=(B1+1)(B24+1)...(6 + 1), T0

0, ecim XOTsi ObI OIHO 7; HEUETHOE;
v(n) = { B, ecim Bee v; u B(a + 1) — gerHbie;

B F 1, eciu Bce v; yernbie, a B(a + 1) — meuerHoe

(“mmuyc” B mocseHeil crpouke coorBeTcTByeT 3asade Jupuxie, “nunoc” — 3a-
nade Heiimana).

Ha ocHOBEe yTOYHEHHON ACHMITOTHKM YUCJIA LEJIBIX TOYEK BHYTPH 3JIJIAI-
ca (cMm. [2], [3]) ycranoBieHa dbopMyia Jyist Yucaa COGCTBEHHBIX 3HAYCHUN B
nosyunrepsasie [0; )
ab \F atb AL/2
A 2T
Ara dopmysa yrounsier uzsecTHyo Gopmyiy Beitist (cm., Hanpumep, [4]). Bo-
Jiee TOYHAS OIEHKA OCTATOYHOrO WICHA IIOKA He JoKa3aHa. 3BecTHO, 94TO OHA
pasua O(\'), rne 1/4 <t < 131/416 + «.

N\ = + O, Ve>0, A— +oo.
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Pu3nKo-TeXHIYeCcKnit HHCTUTYT KpBhIMCKOro desiepaabHOrO YHUBEPCUTETA
nmenn B. . Bepuajckoro, Poccusi. Email: victor.voytitsky@gmail.com

3AJTAYN OIITUMAJIBHOI'O CBOPA PECYPCA "3
CTPYKTYPUPOBAHHOMN IOIIYJISIIAN

BOJIJIEAB M.C.!, POAUHA JI.11.2

SasauaM ONTUMAJIBHON SKCILUIYATAIINN TOIYJIANNAN, 33JaHHBIX Pa3IHIHBIMI
JAUHAMAIECKUMU CHCTEMAaMU, [TOCBSAIIEHO MHOYXKECTBO PAOOT yIEHBIX, HAYMHAS
C TPOILIOro BeKa. B HacToslee BpeMs BeIyTCs aKTHBHBIE HCCIEIOBAHUS 10
U3YYEHUIO ONTUMAJIBHOTO IIPOMBICJIA M €r0 BJIUSHUS HA JUHAMUKY U COCTaB
CTPYKTYPHUPOBAHHBIX HONYJISINN, PACCMaTPUBAIOTCA 3a/Ia4l II€PUONIECKOTO
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HUMITYJICHOTO cOOpa pecypca, 33/1a9u ONTUMAJIBHON SKCIUIYATAIINN TOMYJIISIAN
¢ mupdysueit, ucciemyercs MakcuMaabHast 3OEKTUBHOCTH COOPaA U BBITOJIA OT
sKcrryaTanu. MHOro mybIuKaruii oCBSAINIEHO BOMPOCAM IKCILTYaTAIUT TIOITY-
JIALUIE, OlIPEJIeJICHHBIX BEPOSTHOCTHBIMU MOjiesisiMu (0030p JIMTepaTyphl IpU-
BegsieH B [1]).

PaCCl\’IOTpI/H\/I MO/JIeJIb IIOIIYJIAIINU, Pa3BUTHUE KOTOpOﬁ Opu OTCYTCTBHUU 3IKC-
IUIyaTAIMH 33/IaH0 CUCTEMOM JuddepeHInalbHbIX YpaBHEHUN

= f(z), tme xR ={xeR":2;>0,...,2, > 0}.

Ipemnonaraem, uro B Mmomentsl Bpemenu 7(k) = kd, d > 0 u3 nomynsiuu
u3BJIeKaeTCs Hekoropas mond pecypca u(k) = (ui(k),...,un(k)) € [0,1]™,
k = 1,2,..., 9TO NPUBOAUT K MIHOBEHHOMY yMEHBIIEHUIO €r0 KOJMYECTBA.
Ecrmm n 2> 2, To pecypc o € R apagercs HeOHOPOJHBIM, TO €CTh OO COCTO-
UT U3 OTHEIbHBIX BUNOB I1,...,T,, JAOO Pa3/e/IeH Ha 7 BO3PACTHBIX TDYIIIL.
3mech B cKOOKax MbI 0003HAYAEM BPEMEHHBIE, & HUKHUMH HHICKCAMU — IPO-
CTPAHCTBEHHbBIE IIADAMETPBI; TaK, Yepe3 u; (k) obo3Havyaercs Jojs pecypca i-ro
BHU/IA, U3BJIEIEHHOTO B MOMEHT kd.

Takum 06pa3oM, Mbl pACCMATPUBAEM IKCILIYATUPYEMYIO MTOILYJISIIIIIO, 3aIaH-
HYIO YIIPABJIAEMON CUCTEeMON

xz:f1<‘r)a t7ékda

rie 2;(kd — 0) u 2;(kd) — KosmmuecTBO pecypca i-To BuZa JI0 U mocie cbopa
B MoMmeHT kd coorBercTBeHHO, i = 1,...,n, k = 1,2,.... [Ipeanosaraem, dro
pemenue (t, ) cucrembl & = f(r) ABIAETCS HEOTPUIATEJLHBIM DU JIOOBIX
HEOTPUIIATEIbHBIX HAYAJBHBIX YCIOBUAX, TO ecTh byHKImu fi(z),. .., fr(2)
YZIOBJIETBODSIIOT YCAOBUI0 Keazunonoocumenvhocmu (em. [2, c. 34]).

IMycers X, (k) = x;(kd — 0) — kommdecTBO pecypca i-ro Buma a0 c6opa B
MmomeHT kd, k = 1,2,..., 3aBucamee ot joseii pecypea u(1),...,u(k — 1), co-
OPAHHOrO B IPEABIAYIIIEe MOMEHTHI BPEMEHH U HadaabHOro KojaudectBa x(0);
C; > 0 — croumocTb pecypca i-ro Buma. Cpedueli epemennoli 6b12000T OT
U3BJIEYEHUs] PECYPCaA HA3BIBAETCS (DyHKIAS

(1)

k n

_ o1 ) .
H,(@,z(0)) = lim Z E Ci Xi(G)ui(y) - (2)
k—oco P

j=11i=1
B [3] nosyuens! onenkn dyHKmu (2) /18 OJHOPOJHBIX U CTPYKTYPUPOBaH-
HbIX momysianmii. Onucan crocod modban pecypca [jist pexkumMa cbopa B J0JIr0-
CPOYHOI TIEPCIIEKTUBE, IIPA KOTOPOM COXPAHSIETCS YACTH MOITY/IAINT, HEOOXOIH-
Mast JIJIsI €e BOCCTAHOBJIEHUS U JIOCTUTAETCST MaKCUMaJIbHAs CPEIHsIsSI BpEMEHHAsT
BBITOJIa. Pe3ysIbTraThl Hec/IeoBaHus IIPOULIIOCTPUPOBAHLI Ha, IPUMepax MoJe-

Jei B3aHMO,ZLefICTBHH JABYX BHUJIOB, TaKUX KaK KOHKYPEHIINA 1 CcuMOIO03.
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Pabora Beimonena npu nojepxkke PO, rpant Ne 20-01-00293.
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VICCJIEJJOBAHUE BOITPOCA CYIIIECTBOBAHUA
HECKOJIbBKUX PEIITEHUI 3AJIAYN IIIOYOJITEPA —
CUJIOPOBA JJII OHON MATEMATHUYECKOM MOJEJIN
JTE®OPMAIINN JIBYTABPOBOW BAJIKU

FABPUJIOBA O.B.!; HUKOJIAEBA H.I'.2

Junamuky medopmarnuu  ABYTaBPOBOH Oajiku MOJEIUpYeT ypaBHEHUE
Xodda. B padore [1] I.A. Ceupumokom u B.O. Kazakom 6bL10 HOKA3aHO, 9TO B
caydae aff > 0 dazoBoe nmpocTpancTBo ypasuerus Xodda sBIISeTCs] TPOCTHIM
6anaxoBeiM C'*° — mHOroOOpasmeM. B ciyuae aff < 0 dazoBoe mpocTpaHCcTBO
umMeer cOOpKy YUTHE Kak [IOKa3aHo B paborax [2, 3]. B manHOM uccieoBanum
OIPAHUYMMCsI OJHOMEPHBIM cjrydaeM (n = 1).

Samnumniem ypasaerue Xodda:

>\ut + Uzzt = QU + ﬂu?)a te (07T) (1)

s mamero ciyvast 3agada [loyonrepa — CujiopoBa BBITJISIIUT CJIELYOITAM
obpazom:

A(u(z,0) —ug(x)) + (Uge(z,0) —ug(x)) =0, = € (0,1) (2)

Tonoxum U = Ly(R), h = ng O6o3HaunM §, 4" IpocTpaHCTBA COIPSIYKEH-
ubie K h, 4 orHocurensuo ABoiicteennoctu (-, ). [Ipu n = 1 coryacuo Teopeme
Bioxkernst CoboseBa Bee BioxKeHus ) < 4 — Lo(Q) — U* — F mwioTHB! u
HETIPEPBIBHDI.

daz0B0e TPOCTPAHCTBO B JJIsl JAHHOTO yPABHEHUS TIPUMET BU/T;:

B ={uei: {au,) + <Bu3,w> =0}y €ker L, |9 1,0y = 1. (3)
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Cuwnrasi, uro af < 0 mnpejacraBuM BEKTOp % B BHje U = Sy + v, TJe
v e ={ueil: (uy) = 0}, 3amernm, uro MHO)KecTBO B C™ — mud-

I
deomopro MuokecTBY B = {(s,v) € R x 4 : s3]y [|f + 3s? [ 30 dx +
0

+ s(3j1/)2v2 dr +af™1) + Ofwv?’ dx = 0}.

YpaBHeHUE, OIPEIESIONee MHOXKECTBO ‘B, gBJsieTcs KyOMIeCcKuM ypaB-

HenmeM obmero Bumga as® + bs? + cs + d = 0. Jloboe KyGuueckoe ypas-
HeHHe OOINero BUJA MPHU IIOMOIMM 3aMEHbl § = Yy — 3% MOXKeT OBITh TPH-
BeJeHo K Kamommdeckoii dopme y® + py + ¢ = 0 ¢ xosbdunmentamu

l l 1
a=|¢|& b= 3Ofw3v dz,c= 3Ofw211 de +ap~t,d= ng3dx,

2 3
p=32t g =12y — L2 1+ ) Q(s,0) = p® + ¢, R(s,v) = 3s?||||§ +

] 1
+6s [3v dz+3 [*0? dz+af~!. s nanbreiimero paccMOTpeHnst BBEJIEM
0 0
caesyromue MHOXkecTBa Ut = v € Ut 1 Q(s,v) > 0, UL =v € Ut Q(s,v) < 0.

Teopema 1. ITycmo n =1,a8 < 0,\ = A\;. Toeda
(i) daa moboeo uy € U NUL cywecmeyem mpu pewenus sadavu (1), (2);
(i) dasn mobozo ug € U NUL cywecmeyem odno pewenue sadaqu (1), (2).
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METOABI IIOCTPOEHU A HEOTPAHNYEHHBIX
SHTPOIINMNHBIX PEIIIEHNI OJHOMEPHBEIX 3AKOHOB
COXPAHEHU A

TAPISIHIL JI1.B.!, TOPULIKUI A.10.?

B mosoce Il = {(t, ) | t € (0, T), € R}, rme 0 < T' < 400, paceMarpu-
Baercd 3ana4a Ko

ug + (f(u))e =0, (t, z) €Ilr, Ult=o = up(z), = € R. (1)

Msr1 6yzem cTpouTh KyCOYHO IVIaJiKue 0O0OIEHHbBIE SHTPOIMITHBIE PENTEHUS 3a-
naan (1).

Panee ObL11 HOCTPOEHBI IIPIMEPHI HEOIPAHUYEHHBIX (HO I[P 9TOM JIOKAJILHO
OrpaHNYeHHBIX ) OGOBIEHHBIX SHTPOMMHHBIX permennii 3agad Komm (1), mvero-
IUX CJIeAYIoNLyIo cTpykTypy. llomymiockocts ¢ > 0 jesuTcest rIajKuMy Hele-
pecekarorumucs Kpubimu 1), Ha cueTHOE dnciio obsracreii. B obractsax mexmy
9TUMU KPUBBIMU DEIIEHUE ABJISIETCS KIACCUIECKUM, 8 JIMHUS CHJIBHOTO Pa3phl-
Ba I';, bopMupyercs kak ormbaromas ceMeicTBa XapaKTePUCTHUK.

[IpuHIunuaIbLHON 0COGEHHOCTBHIO ITUX PEIIeHU SIBJISETCS CMEeHA 3HAKa IPH
repexojie Jepes KayKJIy JIMHUK pa3pbiBa. 1eM caMbIM, HAPYIIAeTCs TPUHITAL
MaKCHMyMa, U, KaK CJIeJICTBUE, TEPSIETCS €INHCTBEHHOCTh SHTPOIMITHOTO PeIle-
Hus 3amaqn Ko, ecyin ojt, pereHrneM MoHUMAaTh (bYHKITHIO He U3 MPOCTPaH-
crBa Lo (Il7) (kax B kiaccmuaeckux paborax C.H.Kpyxkosa) a B Gosee mm-
POKOM KJIACCE JIOKAJIBHO OTPAHUIEHHBIX MYHKIUI, U € Lo joc(II7). OTMerny,
YTO 3HAKOIIOCTOSIHHBIX SHTPOIMIHBIX PEIIeHMil Y pacCMaTpUBAEMbIX 3aJa4d He

CYIIECTBYET.
Takwme pemenust ObLUIM TOCTPOEHBI IS CTEIIEHHOW (yHKIUA IMOTOKA
f(u) = |ul*tu, @ > 1, u HeorpaHWIEHHBLIME TIPU T — —OC HAYAILHBIMU

yenosusvm ug(z) = |z|?, Bl — 1) > 1, wmm ug(z) = e~ *.

Permtenne cTponstoch Ipu MOMOINK HEKON PEKYPPEHTHO MPOIEIyPhI, [T03Ke
OBLII IIPEJIJIOYKEH CIIOCOD, OCHOBAHHBIN HA HAJIUIUY y HCCIEIYEMbIX 33144 IPYIII
CUMMeTpUil.

B paGore [1] cdopmysnupoBan eauHbiil 104X0/ K HOCTPOEHUIO TAKOIO THIIA
peleHuii B cilydae HedeTHON (yHKuuu noroka f(u), uMeromeil B HyJie eIMH-
CTBEHHYIO TOUKY Teperuba, OCHOBaHHBIN Ha mpeobpazoBanuu Jlexkamapa. Kak
MU3BECTHO, IMEHHO ITpeobpa3oBanueM JIekaHpa OIpeIesIsiioTCs OrHOAIONTIe ce-
MeUCTB IPSIMBIX Ha, IJIOCKOCTH.

OkaspiBaeTcsd, 9YTO B CAydae CTEIEHHOW (DYHKIMU MOTOKA M HAYAJIHHBIMEI
JAHHBIMU, COBIIAJAIONIAMHA CO CTEIIEHHOM MJIN SKCIOHEHITNAJILHON QyHKIIHEN Ha
MUHYC GECKOHEUHOCTH, MOYKHO TIPUMEHUTh OIMCAHHYIO B cTaThe [1] mponeaypy
moCTpoeHusi pereHust. [IpuHIMIITAIBHOE OT/IMYME 3aKJI0YaEeTCs B TOM, JIUIIh
qacTh yuapuoi BosiHbl g (a He Beg Kpubas g, Kak B paHee IIOCTPOEHHBIX
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pereHnsx) obpasyercsi Kak Orubarolas ceMefiCTBa XapaKTepUCTHUK, MILyIHUX
OT Ha4YaJIbHbIX yCJIOBHII.

Teopema 1. V zadauw Kowu (1) ¢ dynxyued nomoxa f(u) = |u|* tu, a > 1,
U NOAOIHCUMENLHVMU HAYAABHOLMU YCAOBUAMU, COBNADAIOUUMY CO CMENEHNOT
g(x) = |z|%, Bla — 1) > 1, uau sxcnonenyuanvrot h(z) = e™* dynryuedi na
MUHYC BECKOHEUHOCTIU, CYWECTBYIOM 3HAKOUEPEOYIOULUECH KYCOUHO 2Aa0Kue
0606ULeHIHDIE IHMPONUTIHBIE PEWEHUS CO CHETMHLM YUCAOM YOAPHOLT BOAH.

Pabora JI.B. l'apraun soimosnena mpu nojgepkke [Iporpammsr [Ipesunenta
Poccniickoit Pemepariun s TOCYIAPCTBEHHON TOMIEPAKKU MOJIOIBIX POCCHI-
ckux yuenbx, rpant MK-1204.2020, a TakxKe mpu nojiepkke MuHucTepcTsa
HayKHU U BhICIIEro obpaszosanusi Poccun, npoekt 0705-2020-0047.
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AHAJINMTNYECKNE HEPABECTBA THUIIA
MAPKOBA-®PUAPUXCA-KOJIMOTOPOBA

TAPMAHOBA T.A.

Bynem paccmarpusarh npocrpancrBa CobosieBa WZ? [0;1] cocrosimue wu3
Beex dymkmmit, Takux uro fU)(x) € AC[0,1] u fU(0) = fUN(1) = 0,
Vji=0,...,n—1,a f("(x) € L,[0,1]. Hopma B JaHHOM IIPOCTPAHCTBE OIpE/Ie-
JISIETCST PABEHCTBOM:

1
P

1
£ higiony = | [ 157 @)Pds
0

OHpeILe.HI/INI BeJIMYNHDBI Aan(a) KaK HaMMEHbIINE BO3MOXKHBIEC KOHCTaHTBLI B
HepaBEHCTBaX

2
k 2 2 1
@] < A2 @I o S € WET031]
Takne HepaBeHCTBa Ha3bIBAlOTCA aHaAJUTUYIECCKHMU HEpaBEeHCTBaMU THUIIA

Mapkosa-®puapuxca-Kommoroposa.
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Iesbio JAHHOTO UCCIICAOBAHNS SIBJISETCS YCTAHOBJIEHUE STBHOTO BHIA (DYHK-
muit A, ;(a), nas seex a € [0,1] u marypambusix n u 0 < k < n. Takxke
paccMaTpHUBaeTC 3a,1a%a, 0 HAXOXKICHIN TOUYHBIX 3HATEHN

A= sup A, i(2).
z€[0;1]

IIycts 7, 1 oIepaTop BJIOYKEHUA U3 IPOCTPAHCTBA WQ" [0; 1] B upocTpancTBO
Wfo [0;1] (n > k > 0), Torzma || T k|l = An k. Taxum ob6pazom, Ay, j, — KOHCTAHTA
Ba1osenns npocrpancrsa Cobonesa Wi[0; 1] B mpocrpancrso WE [0;1].

CMermeHHBIe TOJMHOMBI JlesKaHapa o6pasyloT OPTOrOHAJILHYIO CHCTeMY B
npocrpanctse Ly[0; 1] n onpenensiiores kak

P,(z) := % (= x)n)(’ﬂ)

IIepBoobpasznas mopsanka 0 < m < n onpefeseTcs Kak

1 n—m
Pv(L_m) — E ((l‘Q _ x)n)( )

Sajiaua 0 HaXOXK IeHUsI KOHCTAHT BJIOXKeHUs1 B iporcpancTBax CoboJsieBa Obl-
JIa paccMOTpeHa B HOJIBIIOM KojudecTBe paboT. V3 mociienux pe3yaibaToB B
pabore [1] 6bum oy UeHbI (POPMYJIBL JIJIsT KOHCTAHT Afho, Ai,l u A%Q, a Tak-
JKe YCTAHOBJIEHA CBsI3b MEXKJy KOHCTAHTAMH BJIOXKEHWSI ¥ MEPBOOOPA3HBIMU
nosmaOMOB Jlexkarapa. B paGore [2]| mosyueHsl JoKagbHBIE CBOMCTBa (DyHK-
1885071 Aik(x) U TPEIbABICHBI (POPMYJIBI JIJIs A%A u A%,G. B paGorax [3], [4]
ObLIN HAWJIEHBI KCTPEMAJIbHbIE (DYHKIMHA, Ha KOTOPBIX JOCTUTAETCS pPaBEH-
cTBO B HepaseHcTBax MaproBa-Ppuapuxca-Kosmmoroposa, 1oka3anbl pa3imd-
Hble cBoiictBa dyukuuit A, ;(a), B YacTHOCTH

JIemma 1. Jasa aobwx a € [0,1] umeemn mecmo pasencmeo

A2 (@) = A2y q(a) — (20— 1) (P (@)

n—1

Teopema 1. /laa ecex wemmnvix k mMouHoe 3HAYEHUE KOHCTNAHIDL GAONCEHU
umeem 6ud

2 _ g2 _ ((k — 1))
An,k - An,k(1/2) - 24”731“72((71 _ (k/2) _ 1)!)2(2n Y 1).

TlocnemoBaTeIbHO MOKA3BIBAIOTCS CAEIYIONE (PAKTHI.

Jlemma 2.

tn—F _k n,ﬁ+l
(k—n) - 27 2 T 2. _
P ®) (nfk)!QFl n—k+1 ~’ Al

2det =a® —a, o F1(t) — 2unepeeomempuueckan dynryua Taycca.
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Teopema 2. Jiasa mobvix 0 < j < m umMeem Mecmo paseHrcmasao

P @) = (a2~ 2) (P ),

Teopema 3. Qynxyuu A, ), Yy006.4€MEOPAIOM COOMHOULEHUIO
_42n—2k—1

(2n —2k—1)((n—k— 112

AL k() =

—k,n—k—%,Zn—k.

'BFQ[ n—k, 2n — 2k e

edet =a® —a, 3F — eunepeeomempumeckas @gynruus muna (3,2).

CanencrBue 1. 1) IIyemv n € N, k € NU{0}, k - wemno u n > k, moada

~k,n—k—1L12n—k }((kl)!!)2

~ 1 .
sty { n—Fk2n-2k 7| 2kn-—k)?
2

2) Hyemv n € N, k € N, k - nevemno un > k, mozda

—k,n—k—3.2n—k | _ (k1)?
3F2[ n—k, 2n — 2k ’1]_2k+1(nk)2k.1
=

2de (m); :=m(m+1)....m+1—1) — cumsoa Ioxzammepa.

Yreepxkaenne 1. Jlas a06020 nevemnozo k > 3 snavenue A2, ydosaemeo-
PAEM HEPAGEHCTNEAM

(k1) )
24n=3k—1((n — EEL)1)2(2n — 2k — 1) < An
)

A2 < ((k —2)11)?
wE S gan=3k=3((n — L _ 1))2(2n — 2k — 1)

Pabora Beimosinena npu nogepxkke POOU, rpant 19-01-00240.
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O CYIIECTBOBAHUN ITEPNOINYECKUX 11O BPEMEHN
PEIITEHNNM B TAS30BOU JINMHAMUKE

FOJIVBATHUKOB A.H.!, VKPAUHCKUI /1.B.2

Jlano moka3aTeIbCTBO IJI00AIBHON AHAJTUTUIHOCTH PEIIeHns] yPABHEHWIT O
HOMEDHOU Ta30BO¥ JMHAMUKH JIJIsi CJIOSI Ta3a, 3aK/IIOY€HHOTO MEXKIY JIBYMs
HOPIIHSAMHE, Ha OJJHOM 13 KOTOPBIX (m = () yCJIOBHUS 33JAI0TCsI IEPUOITIECKUM
o6paszom, a Ha BropoM (m = M) ¢ HeoBXOIMMOCThIO TIoAGHparoTcesi. B mpocreii-
nieif HOCTaHOBKE CUCTEMA yPAaBHEHUI I 3aKOHa JBUXKeHUs ra3a & (m, t) umeer
BUL

Ty +pm =0, pxy, = f(m).
PaccmarpuBaeTcs paroHasbHbIH 0Ka3aTe b ajuabarst v = k/l > 1, rue k u
| — mesble uncia. 3a cYeT BBeJEHMs HOBBIX HEM3BECTHBIX byHKImil p = ¢~ % n
r; = ku cucremMa ypaBHEHHUI MOXKeT OBITH 3allicaHa B KBAa3WJIHHENHHON (hopme

Um = F(m)q' " ar, g = "y, (1)
re F(m) = (1/7)fY7. KmodessM IpenMyecTBOM Januoii hopMbl ypaBe-
HUI 9BJAETCH TOT (DAKT, 9TO BEJUYUHA ¢ BXOJUT B IPABBIE YACTH CUCTEMbI
AHAJINTUIECKU DU MOJOKATENbHBIX k 1 [. CTOUT 3aMeTUTH, YTO UPU OTPUIIA-
TeNbHBIX k W | TAHHOEe CBOWCTBO CIIPABEIJIUEO [JIsl YDABHEHWH, PA3PENICHHBIX
OTHOCHUTEJIBHO Uy U Gy

up = g~ * D

Gmy qe = F 1 (m)g~ TV,

9TO MO3BOJISIET PACCMOTPETHh HAYAJIbHYIO 3ajady. Jj1a n3yvenuss KOHKPETHOM
3azaun K ypasHeHusM (1) 106aBisgiOTCS sl IPOCTOTHI YCJIOBHsI, MOJEJIUPY-
IOIU€ IIPOIECC MMEPUOAMIECKUX KOJeOAHMII MMOPINHA MPUA COXPAHEHUN HA HEM
TEePMOIMHAMAYECKUX [1apAMETPOB B IIPOIECCE IBUKEHUST

u(0,1) = ugT cos(t/T),  q(0,1) = go. (2)

IycTs Takxke crpaBelyiuBbl pasiioxkenus (3neck F, #e zasucar ot M)

o

F(m)=>_F,m", ®(m)=>_|Fm".
n=0 n=0
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Crpounrcst pemmenue 3anaau (1)—(2) B Buze crenensoro psiya. st gokasareisb-
CTBa €ro CXOJMMOCTH HCIIOJb3yeTcs: TeopeMa Kosasnesckoii [1, §7] u, B uacTHO-
cTH, MeToJ MazkopanT. Ho B omindne OT KJIacCUYeCKUX DPACCYKICHUMN, 1IEJIbI0
SBJISIETCS JIOKA3ATEIBCTBO CXOAUMOCTH HE B HEKOTOPOil OKPECTHOCTH HYJIsd, &
ua muoxecrse U = {m € [0, M],¢ € [0,27T]}. Januoro pesyabrara MOXKHO J0-
OUTHCs BEIOOPOM ITOCTOSHHOW N, OrPDAHMYHMBAIONIEN CBEPXY UJIEHBI PA3JIOKEHU S
B DsiJI IIPABBIX YacTell KBA3UIMHEHHON crcTeMbl (I10¢/1e 3aMEHbI HCKOMBIX (byHK-
Wi, TPUBOMAIIEH HAYAJbHBIE YCJIOBUS 3372491 K TOXKJIECTBEHHO HYJIEBBIM), B
BUJIE

N = max{1, [1 + ugexp(R/T) + ®(R)] D},

rje BenuunHa ug exp(R/T) — npejmonaraercsi IOCTOSIHHON NPU yMEHbIIEHUH
T (uro dhakTUIECKU TOBOPUT O HEOOXOJUMOCTU B YMEHBIICHUU AMILIUTYIbI KO-
JTeGAHMIT IOPIITHA MTPH MOBBINICHAH X YaCTOTHI), MEOKATeTb D = (R 4 qo)**!
mpu R+qy >1uD = (R+q) ' upu R+ ¢y < 1, a R — 4ucyio, HeMHO-
ro MeHblllee pajuyca cxomuMocTu psiia mias F(m). Ipu nansom N Hy>KHBIM
ymerbinerneM M u T (ITO ¢ MEXaHUIECKON TOUKY 3pEHMUsI SBJISAETCS BHIGOPOM
HE3ABUCUMBIX MaCHITabO0B) YIAeTCsl HOMECTUTh BCe MHOKeCTBO U BHYTDb Kpy-
ra CXOIUMOCTH PEIIeHHs MAasKOPAHTHOM 3aJa49d M TeM CAMBIM TapaHTHPOBATD
OTCYTCTBUE O0Pa30BaHHUA YJAAPHBLIX BOJH B IIPOIECCe IBUXKEHUA rasa. Ilepmo-
nuaeckue 1o spemenn yciaous u(0,t) u ¢(0,t) NPpUBOAAT K II€PUOAMIECKOMY
10 BPEMEHU PENIEHHIO, YTO MOXKHO YBHJIETDH C IOMOIIBIO METOJIA MaTEMATHIC-
CKOI MHAYKIMHU 110 KO3(hPUIMEHTAM PA3JIOKEeHUsT B CTEIEHHONH paj byHKIui
u(m,t) u g(m,t). IlpuBenennl HepaBEHCTBA, IS CPEJHUX 3AKOHA JBUKEHUS C
MOHOTOHHBIM BecoM X (m).

Crucok aureparypsbl
[1] Kypanm P. Ypasuenus c¢ gactupiMu npoussogabivu. M.: Mup, 1964.

I MocKOBCKHIT TOCYIapCTBEHHLIN yHIBepcuTeT, Poccns.
Email: golubiat@mail.ru

2MoOCKOBCKHiT rOCYJaPCTBEHHBIN yHUBEpCHTET, Poccus.
Email: d.v.ukrainskiy@gmail.com

CIIEKTPAJIBHBIE CBOMICTBA OJHOT'O OIIEPATOPA C
MNMHBOJIIOIINEN

I'PAHMNJIBIINKOBA f.A.

Pacemorpum nuddepentmanbabiii onepatop Lo, onpeiesieHHbI Ha (DYHK-
nusx u3 npocrpancrsa Cobomesa Wi ([—1;1]):

Lo(y) = a(z)y'(x) +y'(—x) (1)
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C KpaeBbIM yCJIOBUEM

Uo(y) = y(—1) = By(1) = 0 (2)

3aeck o) - BelecTBeHHO3HAUHAS (DYHKIUSA, TAKAs YTO
a(z) € C([-1:1)), o(x) € Loo([=1;1]), |a(z)] # 1 (3)
B ompenenenun Ly npucyrcrByer oneparop uusosnormu Jy(xr) = y(—x), un

nojpasymeBaercs, 4to y' (—x) = J%y(m).
Wzy4uuM KpaeByro 3aJady JJI BO3MYIICHHOI'O OIEPATOPa Ha TOM K€ IIPO-
CTpaHCTBe

L(y) = a(@)y'(z) + y'(—z) + g(2)y(2) + r(2)y(—2) = Ay(z) (4)
U C TeM Ke KPaeBbIM yCJOBHeM. [IpeIosioxkuM, 9TO CyIeCTBYIOT (DyHKIUH
g(x) u r(z) rakue, uro ypaHeHue (3) MMeeT pellleHHe BUJA

y(z) = T 4 ()N (%)
rie dyuknun y(x), ¢(z) 3aBUCAT TOJIBKO oT ().

Onpenenenune 1. Kpaesoe yciosue Buza (2) Ha30BeM PeryJsipHBIM, €CJIH JJIst
HET'O BBINOJHAIOTCA COOTHOIIEHMS:

B# (1)
B #c(1)

s Takoro ycoBus HaiigeMm cCOOCTBEHHBIE 3HAYEHUsI U COOCTBEHHBIE (DYHK-
Uy BO3MyIeHHOH 3aia4u (4),(2):

Ap = %(lnA+27rik),k€Z

)L | In A+27rik) —z l(lnA+27‘rik)
yo(@) = ev( )p( n C(:U)e’Y( )T

rje KomiiekcHele yncaia A = A(S, a(x)), T' = T'(a(z)).
Uccienyst 6asucuocTs 1m0 Puccy coOCTBeHHBIX (DYHKIUI I PA3IMIHBIX
a(z), noaydaeM CJIEIYIOIYI0 TEOPeMy:

Teopema 1. ITycmov das sewecmseennodnawnol gyrnkyuu () 6binosnersl
yeaosua (3), u aubo |ax)| > 1, aubo |a(z)| < 1 u a(z) = a(—x). Toada cy-
wecmsylom maxue gyrnkyuy g(x),r(x), wmo ypasnenue (4) umeem pewerue
suda (5). Ipu smom cobemeennve dyrnxuyuu 3adavwu (4),(2) ¢ napamempamu
a(x),g(x),r(x) u peeyrapHom KPAeBLM YCAOBUEM COCMABAAIOM. GE3YCAOEHBI
6asuc Pucca npocmpancmsa La([—1;1]).

Vcnonw3ys noaauueHHOCTh oniepaTopa L — Ly oniepatopy L, osyiaem 6osiee
00IINiT BBIBOJI;
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Teopema 2. Ilycmb daa sewecmeennosnaunols dynkuyuu a(x) 6vnoaHervl
yeaosusn (3), u aubo |a(z)| > 1, aubo |a(x)] < 1 u a(x) = a(—z). Tozda
cobecmsennwie dynrkyuu s3adawu (4),(2) ¢ NPoU3BOALHBIMU CYWELCMEEHHO 02DPa-
HuuenHomU Kospduyuernmamu g(x), 7(T) U pELYAAPHOIM KPALEHIM YCAOBUEM
cocmasasaom Gezycaosnul 6asuc Pucca npocmpancmea Lo([—1;1]).

Ipumep 1. Ecmm |a(z)| < 1 n a(r) nederna, To 6e3ycioBHasg GA3UCHOCTD IO
Puccy ne rapanrupyercsa. B ciayuae a(x) = kx, k € (—1;1) ee ne Gyzer.

Jlokutaj; ocHOBaH Ha coBMecTHOI pabore ¢ A.A.IIIkamKOBBIM
Pabora nognepxkana Poccuiickum dormoM GyHIaAMEHTATBHBIX HCCJIEI0BaA~
uuii (PODU), rpant No 19-01-00240.

Crucok aureparypsbl

[1] Baadwruna B.E., Ikaruxos A.A. Perynapubie obbikHOBeHHbIE nuddepeHn-
aJIbHbIE OIlepaTOophI ¢ HHBOIONMel. Maremarudeckue 3amerku, 2019, T. 6, BpII.
5, cTp. 643-659

[2] Tox6epe H.I]., Kpeiin M.I. Beenenue B T€OPHIO JUHEHHBIX HECAMOCOIPSZKEH-
HBIX OIIEpAaTOpPOB B ruiibbeproBoM mpocrpancrse. M., 1965

MockoBckuit rocymapcrBennbiit ynusepcutrer umenu M. B. Jlomomnocosa,
Poccusi. Email: yasya.granilshchikova@yandex.ru

ITEPNOINYECKOE PEINTEHNE YPABHEHUNA CIIMHOBOTI'O
TFOPEHU A

I'PEBEHEBA A. A.!, XABOBA 10.A.2

ypaBHeHI/IIO CIIMHOBOI'O pe2KMMa I'OpeHusI TOHKOCTEHHOI'O KPYTOBOI'O ITUJIMH-
Apa paJuyca 7 COOTBETCTBYET KpaeBad 3a/lada:

. I 3 A2 . B .
§+§—5[5<1—4f)+WA§+%m5,
§(t,x + 2mr) = &(t, ),

rue £(t,x) — xoopaunaTsl To9ek dbponTa ropenus, 0 < € << 1 — HHKpeMeHT
HEYCTONYIHUBOCTH MAJIBIX KOjiebanmit ppoHTa, A > 0 — KOppEJSIINOHHAS JJINHA
TEIJIOTPOBOJHOCTHON CBSI3U COCEHUX YIACTKOB MCKPUBJIEHHOTO (PPOHTA, TOU-
Ka o3Hadaer JauddepeHnupoBanne mo BpeMenn, A — OJHOMEPHBIN OIepaTop
Jlanaca.

Jua nocrpoenus pemienus 3amadn (1) npumengercsa meron Lajepkuna —

(1)

penienue 1nmpeacTaB/IdeTCd B BHIAE

€ =yo(t) + yi(t)cos(0) + V(t,0), 0 = %
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Haiineno mepuouueckoe perenne Tuna Geryieil BosHbl ypasaenus (1), mpo-
BeJIeH aHaJIu3 €ro yCTONYMBOCTH.

Crmcok aureparypbl

[1] Xasosa FO. A. Beryimue BosiHBI B napaboim4eckoii 3ajade ¢ npeobpa3soBaHueM
TOBOPOTA Ha OKPY2KHOCTH // KOMIIbIOTEPHBIE MCCIIEIOBAHNS W MOJIEIMPOBAHYE.
2017, T. 9, Ne 5, C. 705-716.

[2] Xasosa FO. A. Pemenue tuna «Geryiupe BOJIHBI» B NapabOIMIeCcKOil 3agaue ¢
npeobpaszoBanuem mosopora //Mssectnsa By3os. [Ipuknagnas menuHeiHasa -
namuka. 2017, T. 25, Ne 6, C. 57-69.

[3] Xasosa FO. A., Iusan O. B. Teopema 0 CyIIeCTBOBAHMM U YCTONYMBOCTU Pe-
IIeHusT OZHOTO napabommaeckoro ypasaenus // dnnammaeckue cucrembl. 2018,

T. 8, Ne 3, C. 275-280.

'Kpbivcknit dbegepanbublii yausepcurer uM. B. . Bepnajckoro, Poccns.
Email: agrebeneva2001@gmail.com
2KpoiMckuil denepanbblii yausepcurer uM. B.J. Beprasckoro, Poccus.
Email: hazova.yuliya@hotmail.com

OB O/THON 3AJTAYE JUPUXJIE JIJI11 YPABHEHUN
COCTABHOTI'O TUIIA C PA3PBIBHBIMU
KOY®OUIIMEHTAMU

I'PUTOPBEBA A.1.

PaccmarpuBatorcs mudpdepennnaababie ypaBHEHUS BUIA

Dy [(=1)PDP ey — h(x)um} + a(T) gy + c(z, t)u = f(z,1), (1)

(p > 1—miemnoe, DF = ngk, D, = %).

IMycrs x ectb Touka orpeska [—1,1] ocu Oz, t ectb Touka orpeska [0, 7],
0<T < oo, Q1, Q2 m Q ectb mumaapsr (—1,0) x (0,7), (0,1) x (0,7)
u (—1,1) x (0,T), coorBercrBenno, c(x,t) u f(r,t) — byHKnuM, oupeseseH-
mpie pu (2,t) € Q, h(x), a(z) —s3ananHble DYHKIUN, ONpeIeeHHbIe MPH
x € [-1,1],¢t € (0,T) n nmeromue pa3pbiB 1-ro poma mpu = = 0, o, f —
3a/laHHBIE JEHCTBUTE/IbHBIE YUC/IA.

KpaeBas 3aga4a: Haiitu QyHKIWMO u(X, ), SIBISIONLYIOCS B IMIMHADPaX (1
u Q2 pemenneM ypasuennsa (1) M TaKylo, 9TO JJIsl Hee BLIMOJHSIOTCS YCIOBUST

u(_lat) = U(l,t) = 07 te (O7T)v (2)
DFu(z,t)|=0 =0, k=0,...,p, x € (—1,0)U (0, 1), (3)
DFu(z,t)|=r =0, k=0,...,p, € (—1,0) U (0,1), (4)
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a TaK2Ke yCJIOBUA CONPIA2KEHU S

u(foat) = au(JrO,t), uz(+07t) = 6ur(*07t)7 te (OvT) (5)

Ilenbro paboOTHI SABJISIETCS JOKA3ATEIBCTBO CYIECTBOBAHUS U €JIMHCTBEHHO-
CTHU PEryJIdpHBIX pe]l[eHHfI.

PesynbraThl ObLIN TOIyY€HBI B PAMKAX BBIMOJHEHUS TOCYIAPCTBEHHOIO 3a-

nauust Munobpuayku Poccun (HIP Ne FSRG-2020-0006)

Cesepo-Bocrounsiit deepasibhbiii yausepcurer um. M.K. Ammocosa, Poccust.
Email: shadrina ai@mail.ru

TRANSMISSION EIGENVALUES /IJIsI CEMECTB
TOYEYHDBIX IIOTEHIINTAJIOB

I'PUHEBUY II.T".!, HOBUKOB P.TI".2

B Hacrositiiee BpeMmsi B JATepaType aKTUBHO ODOCYXKIAeTCsi 3ajada o
transmission eigenvalues — ypoBHSIX SHeprum B 3a9aX PACCESHHUS, JJIs KO-
TOPBIX MOXKHO HANUTH TAKyI0 KOMOMHAIIMIO MAJIAIONINX BOJIH, YTO PACCESHHAs
BOJIHA TakKasl ¥Ke, KaK eCJU Obl pacCceBaTesib OTCYTCBOBAJ. DTO CBOWUCTBO sB-
JisieTcs ocIabJIeHHOI BepcHell cBOMICTBa CBOMCTBA ITPO3PAYHOCTH IIPH JIAHHOMN
sHepruu. V3BecTHO, 9TO JJjIsI JJOCTATOYHO IVIAJIKUX IIOTEHIINAJIOB TAKWe YPOBHU
00pa3yio JIUCKPETHOE TTOAMHOYXKECTBO M KPATHOCTU BBIPOXKICHUS KOHEYbl. MbI
PaCCMOTPEHJIA POTUBOIIOJIOXKHBII CAYyYal0 — CHCTEMY TOYEUECIHBIX PACCEMBA-
teneit Tuna Bere-Tlaitepica-Bepesuna-Daneesa. Hamu mokazamo, 9To fs Ta-
KUX IIOTE€HIINAJIOB BCE IIOJIOZKUATEJIbHbIE YPOBHU SHEPIUH ABJIAIOTCS transmission
eigenvalues GeCKOHEYHOI KpaTHOCTH.

Pafora BblloJIHEHA [IPU TIOJJEPKKE COBMeCTHOrO npoekta PODPU/CNRS,
rpantT PODU 20-51-1500/PRC no. 2795 CNRS).

'Maremaruueckuit macruryT nm. B.A. Crexiosa PAH, UncrutyT
reoperunveckoii pusuku nm.J1./1. JTangay PAH, MI'Y um.
M.B.JIomonocoBa, Poccusi. Email: pgg@landau.ac.ru

2BrIcimas ToMuTeXHIYIecKas Ko, OpaHmus.

Email: novikov@cmap.polytechnique.fr
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PACIIINPEHUNE ITPOCTPAHCTB HEIIPEPBIBHBIX
®YHKIIUN 1 X IIPUMEHEHUE K 3AJAYE IUPUXJIE
JJIA QJIJINTIITTYECKOTI'O YPABHEHU A

IYIIUH A.K.

X0PpOITIo U3BECTHO, UTO HE JI000E KJIACCUIECKOE PEIIEHIE SBJIsieTCs 0000IIeH-
HbIM. OCHOBHBIM COJIEpYKAHMEM HACTOSIIErO JOKJIAJa SIBJISETCS PaCIIUpEHre
MHOYKECTBA TPAHWYHBIX (QYHKIMA U M3MEHEHUEe ONPENeJIeHUs] IPUHSITUAS TPa-
HUYIHOT'O YCJIOBHSI, KOTOPbIE BKJIIOUAIOT KJIACCUYIECKOE U ODODIIEHHOE PEIIeHNS.
Mpsr orpanumunMcst paccMoTpeHueM 3ajadu upuxiie st paBHOMEPHO 3JLINTI-
TUYECKOTO yPABHEHUS

0 Ou
Z Do <aij(x)(%> =0, z€Q, ulag=wuo € L,(0Q),p>1, (1)
i J

i,5=1

rme (Q — orpanmyenHast obJIACTh 7-MEPHOTO €BKJIMJOBa IpocTpaHcTBa R,
a (a;;(x)) — MaTpuIa ¢ U3MEPUMBIMU ¥ OIDAHUYCHHBIME 3jeMeHTamu. Ilox
pelieHueM 3aja49u HoHuMaerca (n — 1)-MepHO HelpepbiBHAs (QYHKIUs U3
WQI,IOC(Q), yaosiersopsiomast  (1). IIpocTpancTBo S-MEpHO HEIpPEPHIBHBIX

dyuxunit Cs ,(Q) 6bu10 BBeAEHO B padorax [1], [2]. O6osnatwnm cumsosom My,

0 < s < n, — MHOXKeCTBO DOPEJIEBCKUX HEOTPHUIATEIbHBIX Mep i, (@) =1, ¢

HOCHUTEJISIMU B (), YIOBIETBOPSIONIUX OIEHKE

IC>0Vr >0V eQ  pl({z:|z—2° <r}) < Orf; (2)
lells = inf C. Oynkmus v : @ — R mpunagmexkur Cs,(Q), ecan "O6au3KuM
MepaM u3 Mg coorBeTcTBYIOT OJiM3KMe 3HaveHus"; (pyHKIUU U3 3TOrO IIPO-
CTPAHCTBA, €CTECTBEHHO PACCMATPHBATH KaK OTOOpayKeHne

ts O p — v € Ly(p); nogpobree cum. [2]. Ha upocrpancrse Cs ,(Q) BBOIUTCSE
wopma |[v||” _ = sup m [ Jv[Pdu(z). IIpu ecTecTBEHHOM OTOXKIECTBIICHNH
C.(Q) M, z
Q
yHKIMIT BBEJIEHHOE IIPOCTPAHCTBO SABJIAETCH OAHAXOBBIM, MHOXKECTBO HEIIpe-
PBIBHBIX (DYHKIMI TI0THO B HeM. Jlanee MbI GyeM HpPeIoararb, 4TO HOP-
MaJlb K IPaHHIE PaccMaTpuBaeMoii 0BJIaCTH YIOBJIETBOPsieT YCIOBHIO JIMHIU.
Ot ko3 durnenToB ypaBHeHus OymeM TpebOBAThH HEPEPHIBHOCTD 110 JluHu Ha
rpaxure. OTKa3aThCs OT IOCJIETHErO YCIOBHS HEJIb35.
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Teopema 1. [3|. Jas mo6oti ug € L,(0Q) pewenue u(x) sadawu (1) usz npo-

ecmpanemea Cr_1 5(Q) cywecmsyem, ono eOUHCMEEHHO U OAA HE2O CNPABED-
AUBAL OUEHKG

[P _ Sconst/|u0(a?)|pd5.
Cnfl.p .
oQ

OrMernM, 9TO yTBEPKICHUE TEOPEMBI OCTAETCS CIIPABEJIUBLIM, €CJIH Pac-
[IUPUTH KJIAcC Mep: B oreHke (2) B3saTh Mepy Kapisecona. Drto pacmupenue
HEMEJ[JIEHHO JIaeT CBOMCTBO BHYTPEHHEN HENPEPBhIBHOCTH perrenus. Kak moxa-
3BIBAET CJIEIYIOIIEe YTBEPKICHNE DOJIbINE YBEJIMIUTh KJIACC MEP HEJIb34.

Teopema 2. [4]. Ouenxa [ |u(z)[Pdp(z) < const [ |ug(x)|PdS cnpasedausa
- o
o Q
oaa ecex ug € L,(0D) mozda u moavko mozda, k020a MePa [t ABAAEMCA MEPOT
Kapaecona.

st anamuTHYIeCcKoi B Kpyre (DYHKIINU C TPAHUIHBIM 3HAYCHUEM 1y Ta TEO-
pema 6bLta mokasana Kapiecornom. st rapMoHndecKux GyHKITH 9TOT PE3Y/Ib-
TaT OBLI YCTAHOBJIEH XEPMAH/IEPOM.

Maremarudeckuit nacturyt uMm. B.A.Crekiosa PAH.

Crucok aureparyphbl
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MaremaTtudeckuii nuctutyT uMm. B.A.Creknosa PAH, Poccust.
Email: akg@mi-ras.ru

OB OTHOM KPUTEPUU SKCIIOHEHIINAJIbLHON
AamxoromMmm AJjid INOePEPEHITNMAJIBHBIX YPABHEHNN
1 ETO ITPUJIO2KEHU AX

JEMUJEHKO T'.B.

Bynem paccmarpmBaTh KIacC CHCTEM HEIUHEHHBIX AuQdEpPEHITNATHHBIX
ypaBHEHUN

dy _ Ay + ft,y), —oo<t<oo, (1)

dt
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rje sseMeHThl Marpuil A(t) pasmepa n X n SIBJISIOTCsSI HenpepbIBHbIMEU T -
HeproAnIecKuMU (DYHKIUSIME, a HelpepbiBHasi BekTop-byHKIus f(t,y) Jjo-
KaJIbHO YJIOBJIETBOPsET ycjoBuio Jlnmmmura mo y

If(t,y") — Ft ) < Llly' — 2|

U CJIEJIYIONIUM YCJIOBUSIM

fE+Toy)=fty), IFEI < a+I[lyl)*

rime q¢ > 0, w > 0 — koHcTauThl. [Ipenmnosaraercst, 9To JuHeHAS CUCTEMA,

&y =A(t)y, —oo<t< oo, (2)
dt

9KCIOHEHITNAIBHO auxoTomuaHa [1]. CormacHo crekTpasbHOMy KPUTEPHIO STO
9KBUBAJIEHTHO TOMY, UTO CIEKTp Marpuiibl MoHoapomun Y (1) He mepeceka-
eTCsl C eJMHUIHON OKPY2KHOCTBIO. B pabore [2] ycraHOBieH HOBBIN Kpurepuii
9KCIIOHEHIHAIBHON JTMXOTOMUH, KOTOPBIH (OPMYINpPyeTcs B TEPMHUHAX pa3pe-
MIIMOCTH CIEUAaIbHON KpaeBoit 3amadan jiyist auddepeHuaaibHOr0 ypaBHeHsT
JLsmynoBa

%H + HA(t) + A*(t)H = — (Y1(t))" P*Q(t)PY 1 (t)

+Y ') - P)yQt)(I - P)Y (), 0<t<T,

rae Q(t) € C[0,T] spMuToBa MATPUIA, YIOBJIETBOPSIONIAs YCIOBHUIO

T
/Q(s)ds > 0,
0

Y (t) — marpunanr juHeiiHoii cucremsl (2),
P’=P PY(T)=Y(T)P.

Harmra 1iesib — Ha OCHOBE 9TOTO KPUTEPUS MOJYIUTH OIEHKN TapaMeTPOB JIXO-
TOMUH, JOKA3aTh TEOPEMY O BO3MYIIIEHUU JJIsl SKCIIOHEHIINAJILHOM JIMXOTOMUMU,
U3yYUTh YCJIOBHs CYIIECTBOBaHUS T-NEePUOAUYECKUX pelreHuil cucreMbr (1),
YCTAHOBUTH WX YCTOWYMBOCTH IPU MAJBIX BO3MYIIEHUAX KOI(MPUIMEHTOB U
HEJIMHEUHBIX 4JICHOB.

Pabora BoimosHena npu dbuHancoBoi momaepxKke Poccuiickoro dhonga dyn-
JAMEHTAJIbHBIX uccaenoBanuii (mpoekt Ne 18-29-10086).
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OBPATHAA 3ATAYA 1JI1d YPABHEHUSI
TEIIJIOITPOBOJHOCTU C HEM3BECTHBIM COCTABHBIM
NCTOYHUKOM
JIEHICOB A.M.
PaceMoTpuM HaUaIBHO-KPAEBYIo 3a1ady mis GyHkmmn u(z, y, t)
w = Au+ F(z,y)pi(t) + Gz, y)p2(t), (2,y) €D, t>0, (
u(z,0,t) =0, z€R, t>0, (2
uy(z,1,t) =0, z€R, t>0, (
u(z,y,0) =0, (z,y)€ D, (
rne D= {(z,y): ze€R, ye (0.0}

Cdopmynupyem obparnyio 3anady. [lycrs dyakuuu py (t) u po(t) 3amansr |
a byuknuu F(z,y) u G(z,y) weussectunl. Tpebyerca oupenenurs F(z,y) u
G(z,y) , eciu 3a1aHa JIOUOJHATEIbHAS NHMOPMaIWst O pertenny 3agadn  (1)-
(4)

uy(x,0,t) = h(z,t), z€R, t>0, (5)
rue h(z,t) - 3apannas GyHKIHs.

B cayuae, korga pi(t) = e M1t a po(t) = e 2! obparnas 3amaua umeer
€CTECTBEHHYIO (PU3UYECKYIO HHTEPIIPETAIUIO.

B okn1a/e NpuBOAATCA IPUMEPDI HeeIMHCTBEHHOCTHU PEITeHrst 0OpaTHOM 3a-
JIa9’, JTOKA3LIBAIOTCA TEOPEMbI €JIMHCTBEHHOCTH €€ PEINeHUs B CIENUAJIbHBIX
kiaccax Gyukuumit F'(z,y) u G(z,y), 06CyKuaercs 3aBUCUMOCTD €IUNHCTBEHHO-
CTH peleHus 0OpaTHON 3a/a49u OT 3a1aHHbIX GyHKIMA p1(t) u po(t) u ycra-
HaABJIMBAETCsI CBsA3b 0ODOOIEHNsT 00paTHON 3aJa4u ¢ Teopueil aHaJIUTUIHOCTH
PeIlleHnii 3/UINITHIECKUX yPAaBHEHUIT TPOM3BOJIBLHOIO TIOPSIIKA.

Mockosckuii rocymapcrsennsiit yausepcurer nmenu M.B.JIomonocosa,
Poccus. Email: den@cs.msu.ru
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O IIOBEJEHUU PEIIEHUN ITAPABOJINYECKHNX
YPABHEHUI I[IPU BOJIBIIINX 3HAYEHNSIX BPEMEHU

JEHNCOB B.H.

B nosrynpoctpanctse [t > 0] = [x € EN,t > 0] pacemorpum zaaay Komm
N
ou 0 ou
o 2 t —) =0, 1
DY D (“’“(x ) oe S

)

u(z,0) = ug(z),x € EN.

IpemonoxuM, aro Marpuna Kodhduuuentos ag(x,t) = aj(x,t) - cummer-
pUvecKas U BBIOJIHSETCS yCJIOBUE paBHOMepHOi mapabosmanoctu (1.3) u3 pa-
Gorer [1] (em. [1] , cTp. 13).

Xopomo wuzsecrno, uro G(z,y,t) dbyHIaMeHTAIbHAS MATPHUIQ DEHIeHU
ypasuenus (1), yIoBieTBOpsieT OleHKaM

2 2 )
Cot Cyt
¢ nocrostaEbME C; > 0,7 = 1, ..., 4, 3aBucanmumu oT N U MOCTOSTHHBIX U3 YCJIO-
BUsl PABHOMEDHOI napabosmanoctu ypasaenus (1).

MBI u3y9uM BOIIPOC O CYIIECTBOBAHUU TIPEAEIOB pH ¢ — +00 Moauduim-
poBaHHBIX cpeqaux Hezapo 1o t or u(x,t)

Ot Fexp (= =) <Glay,t) < ot Foxp -

[e3%

fim 1 / (1 - Z)QU(CC,tT)dT

t—+o00 « «
0

u cpeauux Abesst o t or u(x,t)

oo
lm [ e Tu(x, tr)dr.
t——+o0
0

Teopema 1. ITycmv ug(x) € C(EN) u ydosaemsopaem yeaosuro
lug(z)] < M(1+ |2|™), M > 0,m > 0,

u nyemov @ = a(t) - MOHOMOHKO 603PACMAIOWAA HYHKUUS, MAKAS, HINO
tm
lim — =1.
t—+o0 (t)
Tozda das pasnocmu
I(z,t) = u(x,t) = S(u, z,t, at))
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UMEEM MECMO OUEHKA

M
sup |I(z,t)| < —= — 0, (2)
% tm/2

pasromepro no T na xaxcoom xomnaxme K ¢ EN.

U3 nepasencrsa (2) ciemyer TeopeMa 0 PaBHOCTAOUIN3AIUY

li - =
Jim u(z,t) = S(u, 2.t a(t)) =0,
pu ¢ — 400, PABHOMEPHO 110 & Ha Kax<aoM Kommakre K B BV,

Crucok aureparypbl

[1] @pudman A. @. YpaBHEHHS C 9ACTHBIMYU IIPOU3BOJHBIMYA IAPAOOINIECKOTO TH-
ma. M.: Mup, 1968.

[2] Henucos B. H. O nosejenun penternii napaboandecKuxX ypaBHEHUN Ipy GOJIb-
X 3HAYEHUsIX BpemeHu. ycmexu Marem. Hayk, .60, Ne 4, ¢.145-212, 2005.

MockoBsckuit rocymapcTseHHbli yHIBepcuTeT nMenn M.B.JIomoHOCOBA,
Poccusi. Email: vdenisov2008@Qyandex.ru

I10JId PUBA N IIEPNOJINMYECKUE TPAEKTOPUN
AJEHNCOBA H.B.

BekTopHoe 1mosie v Ha TpexMepHOM MHOroobpasuu () ¢ dpopmoii oobema )

Ha3bIBaeTcs noasem Puba, eciin HaligeTcs
1-cbopma 1) Takast, 94T0

1) i,Q = d,

2) iyt = ¢¥(v) > 0.
B cummtekTuteckoit TOmoIornn u3BeCTHA CAEIyIONas rumore3a BeitHcreitHa:
BekTOpHOEe 1tosie Puba Ha J1000M TpEeXMEpHOM 3aMKHYTOM MHOTOOODA3nu BCe-
rJia IMeeT XOTsi Obl OJIHY IIEPUOJINIECKYIO TpaeKToputo (cM. obcyxkiaeHue B [1]).
Ipasza, moka TO JOKA3aHO JId Caydas Tpexmepubiii cdeps [2]. Ipumenum
9TOT pe3yabTar Xodepa K 3aade O MEPUOINIECKIX TPACKTOPHUIX (PUKCHPO-
BaHHOM dHepruu h B 3a7a9ax guHaAMuKN, Korna M — nBymepnas cdepa. Torma
npu h > max V smeprerudeckoe MHOrooOpasue () — pacCI0eHHOe TPOCTPAHCTBO
¢ Gazoit S? u cioem okpyxHocTh — Gyzer muddeomopdbro SO(3) (Tpexmep-
Hag cdepa ¢ OTOXKIECTBACHHBIMY AHTUIIOAJILHBIMU TOUKaMK ). Tak Kak nMeer-
cs1 Hepas3BeTBICHHOe JBYIHCTHOe HakphiTHe S3 — SO(3), To Hale BeKTOpHOE
nosie v (onpemesennoe nudepeHIMAIbLHBIME YPABHEHUSMEI ) MOXKHO IIOHATH
na S3. 1 ecsm v ecth BekTOpHOE mose Puba na SO(3), To TakoBbIM Gyser
u "mogusaToe"BekTopHOoe 10J1e. CIie0BATEILHO, €CIU BBIITOJHEHO HEPABEHCTBO
infy |9(v)| < p?, 1o ¥(v) > 0 — rupocKonUIecKHe CUJIBI He TaK BequKu. Torja
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JIMHAMUYECKas CUCTeMa Oy/IeT UMEeThb XOTsl Obl OJIHY HEPUOINYECKYIO TPAEKTO-
puto mpu (PUKCUPOBAHHOM 3HAYEHUU IOJIHBII sHEpruu h.

CTOHT OmYEepPKHYTH JBa MOMeHTa. Tak Kak S? omHOCBA3HA, TO JI00As 3a-
mkayTas 2-bopma I ma S? (dI' = 0) 6yzmer Touanoit. C 1pyroii CTOPOHBI, Hepa-
BEHCTBO, 3KBUBAJIEHTHOE YCJIOBUIO IOJIOXKUTEJILHON OILPEIeIeHHOCTH KBaJIpa-
tuanoit bopmbt 4LgLy — L? (Ly — xunernueckas sueprust, Lo = h — V, a L;
— 1-popma rEPOCKONMIECKUX CUJI), U9TO, B YACTHOCTHU, BJI€YET OrPAHMYCHHOCTD
cHu3y (PYHKIMOHAJIA YKOPOUEHHOI'O JIeCTBUsI

/(2\/L0L2 + Ly)dt.

DT0 06CTOATENBCTBO MO3BOJISIET JIOKA3ATH CYIECTBOBAHNE TIEPHOAMIECKOIT TPa-
eKTOPUN BAPUAIMOHHBIME METOJAMH, 9TO U OblI0 haKTUIeCKn ¢1esano Bupk-
rodom B [3] (OTHOCHTENHLHO COBPEMEHHOrO cocTosiHUs Bompoca cM. [4]). B [5]
CHUMILIEKTHYECKAs! TOIOJIOTHs IPUMEHSETCST JJIs JIOKA3aTEIbCTBA CyMIECTBOBA-
HUs TIEPUOJINYECKUX TPAeKTOpHil B cirydae, Korja M? — n1BymMepHbiil TOD.
Pa6ora Boinosinena 3a cuer cpeicrs rpaara PH® (upoekr Ne 21-71-30011).

Crucok aureparypsbl

[1] Xodep X., [oromopprovie Kpusve u QUHAMUKG 68 MPETMEPHOM NPOCTPAHCMEE,
B kn.: Jleknun o cumniexkTudeckoit reomerpun u tonosioruu. M.: za-so MII-
HMO, 2008, C. 39-104.

[2] Hofer H. Pseudoholomorphic curves in symplectizations with applications to the
Weinstein conjecture in dimension three, Invent. Math. 1993. V. 114. P. 515-563.

[3] Birkhoff G.D., Dynamical systems with two degrees of freedom, Trans. Amer.
Math. Soc. V. 18. 1917. P. 199-300.

[4] Taiimanos WM.A., 3Bamxnymoe sKcmpemast Ha O08YMEPHHT MHOL00OPASUAL,
VYMH. 1992. T. 47. Ne 2. C. 143-185.

[6] Koznos B.B., Bapuayuonhoe ucuucierue 6 UeaoM U KAGCCUMECKAA MELAHUKA,
YMH. 1985. T. 40. Bem. 2. C. 33-60.

MockoBsckuit rocymapcTBeHHbINH yHUBepcuTeT nMenn M.B.JIomonOCOBA,
Poccus. Apocnasckuit rocynapersennsiit yunsepcurer nmenn [1.T. [lemumosa,
Poccusg. Email: ndenis@mech.math.msu.su

OYHKIINN BECCEJISI 1 JIATPAHXKEBBI MHOTOOBPA3UA
ITOBPOXOTOB C.1O.!, MUHEHKOB /I.C.2, HABAUKUHCKUI B.E.3

C TIOMOTITHIO HEJTABHO TIOCTPOEHHBIX C.10. 1o6poxoToBbIM,
B.E.Hazaiikunckum u A.UW.ITadapesudem [1| HOBBIX HHTErpaJIbHBIX I[PEJ-
CTaBJIEHUH JIIsT  KaHOHUYECKOro oreparopa MacjaoBa — ycTaHaBIMBAETCS
coorBercrBue [2| dynkimit Beccesst J, ¢ HEKOMIAKTHBIMU JIAIPAHZKEBBIMU
MHOT000Pa3usiMU, aHAJIOTMIHBIME TOpaM JInyBUJLIst B T€OpUY MHTEIPUPYEMBIX
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CHUCTEM. DTO JAEeT, B YACTHOCTHU, BO3MOXKHOCTh IIOJIyYUTH Pa3jINYHbIe ‘TeoMeT-
pudeckue’ acumnToTuku uisi yHKImit Beccensi. B kaudecTBe mnpuiioxkeHwust
pPaccMaTPHUBAIOTCS 382491 O GECCeJIEBBIX BOJIHOBBIX Iydkax [3].

Pafora BbioHeHA 110 TeMe rocygapcrBeHnoro 3auanus (N rocperucrpaimn

AAAA-A20-120011690131-7).

Crucok aureparypbl

[1] ZAobpoxomos C. FO., Hasatikuncxud B. E., Ilagapesuw A. HU., Hoble unre-
rpaJibHbIE [IPEJCTABJIEHUs] KAHOHUYIECKOro oneparopa MacioBa B 0cobbIX Kap-
tax, U3s. PAH. Cep. marewm., 81:2 (2017), 53-96

[2] Hdobpoxomos C. FO., Munenxos /. C., Haszatixunckut B. E., Ilpencrasme-
aus yHkuuit Beccesst ¢ momorbio KaHoHn4YecKoro oneparopa Macioa, TM®,
208:2 (2021), 196-217

[3] Hobpoxomos C. FO., Maxpaxuc I., Hasalixurcrkud B. E., Kanonndeckuii ome-
parop MacioBa, ogHa dopmyna XepMmaHepa W JOKaJu3alus perreHust Bep-
pu-Banaxa B Teopun BOJHOBBIX my4ukoB, TM®, 180:2 (2014), 162-188

'NncruryT mpobaem mexannku uv. A0 Nmmmckoro PAH, Poccns.
Email: s.dobrokhotov@gmail.com

2WucruryT npobrem mexanuku M. A.JO.Mmmunackoro PAH, Poccnst.
Email: minenkov.ds@gmail.com

3UucturyT mpobiaem Mexanmku uM. A JO. Mmmackoro PAH, Poccusl.
Email: nazaikinskii@googlemail.com

O HEKOTOPBIX HECTAHJIAPTHBIX KPAEBBIX 3ATAYAX
3D-BEKTOPHBIX IIOJIEN

JOYBUHCKUI [O.A.

IIpemiaraerca mMeroauka (GOPMUPOBAHMUS LMKJIA, HECTAHIAPTHLIX KPaeBbIX
3a/a9 TEOPUH II0JId U UX HCCICIOBAHUSI.

B ocuoBe paspaboTKu HOBBIX KPAEBBIX 3aJa4 TEOPUU BEKTOPHBIX IOJIei
JIEKUAT PYHKIMOHAIHLHO-TEOMETPUYECKHI TIOIXO0, OIMUCAHUS SIeP OEPaTOPOB
IPAHUYHOrO ¢jena U gaep GyHKIMOHAIOB TPAHUYHOIO CJIea B IIPOCTPAHCTBAX
CobosieBa. ITH sijipa Pa3IUYHbI U ONPEIEJISAIOT TeM CAMBIM pas3ndHbIe 6a30-
Bbl€ IOJAIPOCTPAHCTBA MCKOMBIX pernenunii. [Ipu 3ToM sipa omepaTropos ciie-
Jla IPUBOMASAT K KPAEBbIM 33Ja9aM C JIOKAJIbHBIMU(TOYEUHBIMEI) IPAHUIHBIMU
YCJIOBHSMH, a A1apa (PYHKIUOHAJIOB CIela K KPAeBBIM 3aJa9aM ¢ HeJOKAIbHbI-
MU (MHTErpaJIbHBIME) MDAHUYHBIMA yCAOBUAME. OCHOBHBIME OCOGEHHOCTSIMU
M3yYaeMBbIX KPAeBbIX 38104 SABJISIIOTCS:

1) HEJIOKAJIBLHOCTH KPAEBLIX YCJIOBHIA,
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2) HaJIMUNe B TPAHUIHBIX YCJIOBHSIX OCHOBHBIX OIIEPATOPOB TEOPHH IIOJIsI [IEP-
BOI'O HOPsIJIKA, T.€. TPaUEeHTa, JUBEPreHIIUN U POTOPA.

ITpumepamu Takux 3a7a9 SBJISIIOTCS CJIEIYIONINE 3aIa9N JIJIsi CACTEMBI yPaB-
nenwnit [lyaccona:

—Au(z) = h(z),z € G C R3, (1)
(u’ n)r =0, [n[%’ nHF =0
—Au(z) = h(z),r € G C R, (2)

ou
‘/F(uan)d’y = Oa%h‘ =« n(’y)7’7 el

Bnech u(r) n a € R! — uckoMble BeJIMIUHBL.

HeJstokasbHOCTh KPAEBBIX yCJIOBHIT 00YCJIOBIEHA TeM (DAKTOM, UTO OIIEPATO-
DBI ciiesa KaxK 10 pukcupoBanHO# byHKIMu n3 npocrpanctsa CobosieBa ompe-
JIEJIAIOT JIUHEHHbIe HelPePhIBHBIE (PYHKIIMOHAIBI HAJT TPAHMIHBIME ITPOCTPAH-
cTBaMU ApOOHOTO TopsiaKa. fapa 3Tux GyHKIMOHAIOB CYTh MOIIPOCTPAHCTBA
KOPa3MEPHOCTHU €JIUHUIIA, U KOTOPbIE 33/IaI0TCsl MHTETPAJIHHBIMU COOTHOIEHN-
sIMU, TIPUBOJANIAMA K HEJIOKAJIbHOCTU KPAEBOT'O YCJIOBHUSI.

IIpu nocraHoBKe 3aJ@4 CYIIECTBEHHO Pa3JMYaTh KJacCHYecKue (peryssap-
HbIE) OLIEPATOPDI CJIEJIA, IPUBOJILIIME K PEry/IaPHBIM (DYHKIIMOHAIAM HAJL JIPO6-
HBIMU TPDAHUYHBIMY IPOCTPAHCTBAME, U CHHI'YJISIPHBIE OIIEPATOPDI CIIEJIA, sIBJIs-
IOIIEroCsl CHHTY/ISIPHON 006001eHHON (DYHKIMEH HaJ| MIPOCTPAHCTBOM CJIEJIOB B
CMBICJIE TEOPHH COOOIEBCKUX ITPOCTPAHCTB.

[IpuMepoM CHHIYJIIDHOTO OIlepaTOpa CJeja SBJSeTCsS OlePaTop, COIOCTaB-
asrommedi kaxknoit pynknuu u(x) u3 npocrpancrsa CobosieBa IEPBOTO MOPSAIKA
rpaHNYIHOE 3HAYEHNE JUHEHHON KOMOWHAINN

o [rotu, n] — divu - n.

on

VkazanHas JuHeHHasT KOMOUHAIINS UMeeT cjiel], Kak (PYHKITHOHAJ HAJ ITPO-
CTPAHCTBOM APOOHOro mopsaaka 1/2, u g riagakux QyHKIuil aBagercs oObrd-
HBIM IPDAHUYHBIM CJIEJIOM YKa3aHHOU KoMOuHammu. VIMeHHO siipa CHHTYJISIpHBIX
OIIEPATOPOB CJIE/Ia W sIApa CUHTYASPHBIX (DYHKIIMOHAJIOB CJIEIa IIPUBOIAT K
KpaeBbIM 3a/a49aM, COAEPXKAIIUM B KPAEBBIX YCJIOBHUAX OIEPALUNA TEOPUN II0JIsSk
[IEPBOI'O HOPSIIKA.

Heobxomumo oTMeTHTh, 9TO sijipa (pyHKIIMOHAJIOB CJlejia UMEIOT, KAK U3BECT-
HO, OJJTHOMEPHOE KOSIAPO, B TO BpEMsI KaK sIApa OMEpaTOPOB CJea MPUBOJAT K
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pasJioxkenusiM ipocrpancTs CoboJieBa ¢ 6eCKOHEYHOMEPHBIM KOsIpoM. 1ToaTo-
MY METOJIMKHU JIOKA3ATEJIbCTB KOPPEKTHOCTU COOTBETCTBYIOIIUX 33J1a9 BEChMa,
pasnuaabl. B mepBoM ciydae yCTAHOBJIEHHE PA3PENIMMOCTH 3aJa4d Ha s/Ipe
JIOTIOJTHSETCS KJIACCHIECKUM PE3YJIBTATOM O IIPOIOPIINOHAIBHOCTH (DyHKITHOHA~
JIOB, UMEIOIIUX OJMHAKOBOE S/IPO, B TO BpeMs KaK BO BTOPOM CiIy4ae Tpedyercs
PEIINTH BOIIPOC O IIPOJOJIKEHUH HANIEHHOIO pellleHus Ha OeCKOHEYHO-MEPHOe
KOSIJIPO IIyTeM JIOIOJIHUTEIbHOTO TPeOOBaHUSI Ha [IPABYI0 YaCTh CUCTEMBI yPaB-
HEHUM.

ITonmygenmpie pe3yIbTATHI OIYOJIMKOBAHBI B CTATHIX:

PaGora Bbionuena nupu nojyuepxkke Munobpuayku Poccun (npoekr FSWF-
2020-0022).

Crucok aureparypbl

[1] Dubinskii Y. A. On the tangential Problem of Field Theory. Journal of
Mathematical Sciences, 2021, V.259, N.2. P.51-57.

[2] Aybunckui FO. A. O6 onHolt TaHreHIMAIBHOMN 3aaa4e Teopun noust. [IpoGiemsr
Maremaruueckoro Anammsa. 2021, T.112, C.51-57.

[3] Dubinskii Y. A. Kernels of Trace Functionals and Field-Theory Boundary Value
Problems on the plane. Proceedings of the Steklov Institute of Mathematics,
2021, 312(1), P. 150-161.

[4] Aybunckut 0. A. O anpax HyHKINOHAIOB CJIela U TPAHUYHBIX 3a0a9aX TEO-
pun mouist Ha mwirockoctu. Tpyast MUAH um. B.A.Crekiosa. 2021, 1.312, C.
158-169.

Hanumonanbusriit uccinenosarensekuit yausepcurer "MIOU Poccus.
Email: julii dubinskii@mail.ru

OB OTHOM HAYAJIbHO-KPAEBOM 3AJIAYN C
NHTEI'PAJIBHBIM CMEIITEHWUEM /1JI4d YPABHEHUU
TUITEPBOJINMYECKOI'O TUITA

IIOYKEBA A.B.

B pa6oTe npeacTaBIeHbl Pe3yIbTaThl PA3PEIIIMOCTU B KJIACCE PETy/ISPHBIX
pellleHnii HaYaIbHO-KPaeBbIX 3a/ad JJId TUIepOOJINIeCKIX ypaBHeHNUA.

IIycts ) ecrs orpanumuenHas objacTh w3 mpocTpaHcTBa R™ ¢ riagkoit
(6eckoneuno—nuddepennupyemoii) rpanuneit I', @ ecrs mumaap Q x (0,7
koneuHoit Beicorsl 1, S = I' X (0,7) ectb GokoBas rpanuia Q. dasee, mycrsb
c(z,t), f(z,t) mw N(x,t) ectb 3amammbie DYyHKINHN, ONpeIeIeHHbe Ipa © € €2,
yeQ, tel0,T].

Uercs dyukims u(x,t), aBiasonyocd B nuanbape () pelieHueM ypaBHe-
HUST

uye — Au+ c(x, t)u = f(x,t) (1)
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1 TaKylO, 9TO JIJIsI He€ BBIIOJIHAIOTCA yCJIOBUA

W - /S)N(m7y)u(y7t)dy‘(r,t)es =0, (2)
u(xv 0) =0, zec, (3)
’U,t(CL‘,O):Q x €. (4)

B uzyuaembix 3ajiauax ycaoBue (2) sBJsieTcs HEJOKAJIbHBIM aHAJIONOM I'Da-
HAYHOTO YCJIOBHS BTOPOH HAYAJIHLHO-KPAEBOH 3aJa4u I TUIePOOTHIECKUX
ypaBHenuil. IMeHHO 3TO ycjioBHE U OIpeJesisieT HHTErPAJIbHBIN OIepaTop
Dpe/roabpMa, UCIOIb30BaHHBIN B paboTre [1]

Teopema 1. IIycmo 6bnoanAoOmces Ycrosus

c(z,t) € C(Q);
N(z,y) € C3(Q x Q).
Tozda dan awboli dynryuy f(x,t) maxod, wmo
f(z,t) € La(Q),  fi(w,t) € La(Q),
neaokanvras 3adaua I umeem pewenue u(x,t) maxoe, wmo
u(z,t) € Loo(0,T;W2(Q)),  u(z,t) € Loo(0,T; WH(Q)),
gt (2,1) € Loo(0,T; La(2)).

Mertoz, ncoib3yeMblit B paboTe, MO3BOJINI OTKA3aThCsI OT OOPATUMOCTH Pa-
Hee UCIoJIb3yeMoro omneparopa ®peroabma, TOPOKIEHHOTO HHTErPATHHBIMA
IPAHUYHBIMU YCJIOBUSIMU, & TAK¥Ke OT YCJIOBUI MAJIOCTH.

Pabora Beimosiaena npu dhuHaHCOBOI Mo epkKe Munoopaayku P® B pam-
Kax rocygapcreernoro 3amaaus Ne 0778-2020-0005

Crmcok aureparypbl

[1] Kootcarnos A. H., Hyavkuna JI. C. O paspemmMocTH KPaeBBIX 3a4ad C HEJIO-
KaJIbHBIM TI'DAHUYHBIM YCJIOBUEM HWHTEIPAJIbHOTO BHUAA [JIsI MHOTOMEPHBIX I'U-
nepbosimdeckux ypasuenuit. duddepenrmanbabie ypasaenus. 2006. T9, Ned2,
c.1166-1179.

CamI'TV, Poccust. Email: aduzheva@rambler.ru
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OB OIIEHKAX ITEPBOT'O COBCTBEHHOI'O SBHAYEHUN A
SAJAYN HITYPMA-JINYBNJIJIA C THTETPAJIBHBIMN
YCJIOBUAMUN HA TIOTEHIINAJI

EXKAK C.C.!, TEJIbHOBA M.}O.2

JlarHasi paboTa sIBJISETCS MPOJOIKEHNEeM U3ydeHUsl OIEHOK IepPBOro cob-
CTBEHHOro 3HadeHust 3a1a4 [ITtypma — JInyBuuIst ¢ HHTErpAJIBHBIM yCJIOBAEM
Ha IIOTEHIINAJI, Ha9aJji0 KOToporo 6n110 mosoxkeno HO.B. Eroposoim n B.A. Kon-
ZIparbeBbiM B [1].

Paccemorpum 3amaay Hlrypma — Jlnysusis

' +Q@)y+Ay=0, ze(0,1), (1)
y(0) = y(1) =0, (2)
riae Q HpI/IHa,H.He}KI/IT MHO}KGCTBy Ta,,@,"/ ILGI';‘ICTBI/ITQJIBHBIX HeOTpI/IHaTeJIbHI)IX JIO-

KaJyibHO unaTerpupyeMbix Ha (0, 1) dyHKImi, yA0BIeTBOPAIONIUX HHTErPAILHBIM
YCJIOBUAM

1
/xa(lfx)ﬁQV(x)dle, a, B,y R, v#0, (3)
0

1
/ (1 — 2)Q(x)dx < occ. (4)
0
W3y4aroTcs: OLeHKH BeJIMInH

Moy = _inf XN(Q) m Myg,= sup \i(Q).
QeTa 8,y QeTu 8,y

Hokazano (cm. [2], [3]), uro

1,2 1 2
. Yy de — |7 Q(x)y*dx
M(Q) = inf R[Q,y] = : 1 fo :
yeHL(0,1\{0} yeHA(0,1)\{0} Jo v2dx

Teopema 1. Ecau v > 1, a, 8 < 2y — 1, mo cywecmsyrom maxue pyHxyuu
Q« € Tap~r uu € HY0,1), u > 0 na (0,1), wmo map~, = R[Qx,ul. Kpome
moeo, u YydosAemEopAem YPaBHEHUIO
u’ +mu = —wﬁ(l—x)%u% (5)
U UHME2PANDHOMY YCAOBUIO
1

o 8 2
/xﬁ(lfx)ﬁuﬁ dr =1. (6)
0

Teopema 2. 1) BEcruy=1, a, <0, momgpy = 2.

2) Ecruy=1,<0<a<lumwa<0<f<1, momag, = 0.
3) Ecauy=1,0<a,8<1, momgg, =0.
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4) Ecruy > 1, o, f <y, momag=0.

5) Ecauy =1, a >y uau B>, momap~ <0.

6) Ecauy <0, a,8>2y—1uwu 0 <y <1, —00 <a,f < oo, mo
Mq,By = —OC.

Teopema 3. 1) Ecauy>1,—co<a,f<o0um0<vy<1,a<<2y—1,
—0<f<oo (BL2y—1, —0 <a<00), moMypg~=m
2) Ecauy <0 uw0<vy<1,a,8>2y—1, mo Myp, < n* Ecau
v < -1, a,8 > 2y—1, mo cywecmeyrom marxue pynxuuu Q« € Ty g,
uw € H(0,1), u > 0 na (0,1), wmo Ma g~ = R[Qx,ul. Kpome mozo,
Pynryua u ydosaemeopsem ypasHenuro (5) U UHMEZPAALHOMY YCAO-
suto (6).

Crucok aureparypsbl

[1] Yu. V. Egorov, V. A. Kondratiev, On spectral theory of elliptic operators. — in
Operator theory: Advances and Applications. Birkhouser (1996), 1 — 325.

[2] S. Ezhak, M. Telnova, On conditions on the potential in a Sturm-Liouville
problem and an upper estimate of its first eigenvalue. — Springer Proceedings
in Mathematics and Statistics, 333, (2020), 481 — 496.

[38] S. Ezhak, M. Telnova, On some estimates for the first eigenvalue of a Sturm-
Liouville problem. — International Workshop QUALITDE - 2021, (2021),
Thilisi, Georgia, 66 — 69.

'Poccuitcknit skoHOMIIecKuii yausepcureT uM. 1.B.Ilrexanosa, Poccnus.
Email: Ezhak.SS@rea.ru

2Poccniickuii sxoHoMuuecKuit yuusepcurer uM. I.B.Ilnexanosa, Poccusl.
Email: mytelnova@yandex.ru

CUHIYVJ/IAPHO BOSMVYIIIEHHAS4 3AJJAYA KOIIIN 1ITPA
HAJINYUU "CJIABOM"TOYKN ITIOBOPOTA IIEPBOT'O
ITIOPAAKA V¥V IIPEJEJIBI'O OITEPATOPA C KPATHBIM

CIIEKTPOM

EJIUCEEB A.T'.!, KHPUYEHKO II.B.2

Paccvorpum 3amaay Ko
et = A(t)u + h(t), .
u(0,e) = u?, (1)
IJle BBITOTHEHBI CICAYIONHE yYCAOBHS
1) h(t) € C([0,T], R");
2) A(t) € C*([0,T], L(R"™, R™));
3) Jyisi COOCTBEHHBIX 3HAUEHNH 1IpeeabHOro oneparopa A(t) :
a) Vt € (0,T]  Ai(t) # A2(t);
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b) yciaosue caaboit TOUKM TOBOPOTA IIEPBOro HopsiaKa npu t = 0:

Na(t) = Ai(t) = talt),  a(t) # 0;

C) TeOMEeTpUYIEeCKast KPATHOCTh COOCTBEHHLIX 3HAMEHUT paBHa anrebpamde-
ckoit s Beex t € [0, T7;

4) Re\;(t) <0, i=1,2, gma t€][0,T];

5) A(t) = M () Pr(t) + A2(t) Po(t), dim ImP; (t) = m, dim Im P, (t) = n,

m+k=n,
ziech dim ImP;(t),7 = 1,2, — pasmepHOCTb 06pPa30B MIPOEKTUPYIOMIUX Ollepa-
TOPOB Ha COOCTBEHHBIE HOAIPOCTPAHCTBA.

B paccmarpusaemoii 3agate (1) xapakTep 0COGEHHOCTH CBOIUTCS K HAJIMIAIO
«caaboit» Toukn moBoporta (ycsosue 3), CyIECTBEHHO 0COObIE CHHIYJISIPHOCTH
B 3TOM CJIy4ae MOYKHO HaiiTh U3 pelieHus cjeiylomeil sagaan Komm:

i) - (MO(“ Af(t)) Tte ((1) é) % @

Pemus (2) METOIOM TI0C/IEJ0BATEILHBIX IIPUOIUKEHU, MBI IPUXOIUM K Psl-
nam jgis J(t), dieHaMu KOTOPbIX ABJsioTcs "k-MomeHTHBIE MHTErpAJIbL:

S1 Sk—1

t
UM:ew(t)/s/em(sn/s/efAsp(sa/s.__ / VAR /2 g1 s,
0 0

k mHTerpasion
S1 Sk—1

t
02,k :6“02(t)/5/e_A“0(51)/5/eA‘P(SQ)/E... / ("D A (si) /e dsy...dsy.
0 0

[}

k wHTErpasios
(3)
VIMeHHO 3TH MHTErpaJibl MPEICTABISIOT 000t MHOTOOOpa3ue MyHKIIN He0b-
xozmmoe Jtsi peryasipusanun 3agaqau (1). Bmecro nckomoro pemenust u(t, €)
zagaun (1) Gyuem uzydars BekTOp-QyHKIUIo 2(t, 0, €) TAKylo, 9TO ee CyKeHue
COBITAJIAET C MCKOMBIM pEIIeHNEM

2(t,0,8)|o=0, 1 (te) = ult,e), s=1,2, k=0,00

C yuerom (1),(3), ucmomssyst dopmyny ciaoxkuoro maudbepeHImpoBaHusi,
MOXKHO 3aIMCcaTh 3aJa9dy JJIs pacimupennoit pyukunn z(t, o, €):
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()\sgs.k - 503—5,1@'—1) 3z =¢ez— h(t)a
0 i 07k (4)

18

Az - 3 3

s=1

2(0,0,¢) =

Q?v-
2

Basaua (4) sBistercst peryispHoit 1o €. Ilostromy permerne (4) 6yaem onpe-
JICJIATD B BHJIE PETYISPHOTO psijia TI0 CTENEHSM €, TO €CTh

A:§ﬁ4¢w032%mm><>ﬂmm
k=0 s=1p= (5)
rie z§7p(t),wk(t) e C*|0, T].

Toncrasus psix (5) B 3amady (4) , MOSYIUM CEPUIO UTEPATIMOHHBIX 3a71a4,13

penreHnd KOTOPBIX OIIPeJIeJIAI0TCA CaraeMble pgia.
InaBHbBI WiIeH acUMITOTUKHI perrenund 1rmocJje CyzKeHns 3allnunieTcd B BUJIe

2
uww=zmmwmm%&%ﬁﬁmm

Z Z Us(t,0)Pu(0)2¢ ,(0)0s p(t,€) — A7H(t)(t).

s=1p=

(6)

Teopema 1. O6 oreHke ocTaTKa (aCHMMTOTHYECKasl CXOAMMOCTD).
ITIyemo dana sadava Kowu (1) u swnoanenw yeaosus 1) + 5). Tozda eepha
oueHKa

n 2 r n
utt,e) = X e 30 % 20,00 p(te) ++ X ety () < Ceen
q=0 s=1p=0

=0 clo, 1]

ede C > 0 — wonemanma, ne sasucawan om €, a 24 (), wy(t) noayueno us
pewerus umepauuorHur 3adayw npu 0 < ¢ < n,0 < p < r.

Teopema 2. O npenesibHOM mepexone. ITycmo dana 3adaua (1) u 6vi-
noanens yeaosus 1) + 5). Toeda:

a) ecau Re; < —6 <0, mo

lim u(t,e) = —A~ (t)h(t), t€ [0, T], & >0— croav yeodno mano;

e—0
b) ecau ReX; <0, moVo(t) € C[0,T]

T
lim (u(t,e) + A~ (t)h(1))p(t)dt = 0.

0
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OBb OJIHOM METOJE ITOJIVHEHUA TEOPEM CPABHEHUA
AJId HEABHBIX JITNOPEPEHIIMAJIBHBIX YPABHEHNN

KYKOBCKUN E.C.

B joknajie mpuBOIsiTCS YTBEPXKJIEHUsI O CYIIECTBOBAHUM U OIEHKAX perle-
HUIl ONEPATOPHBIX YPABHEHUI B YACTUYHO YHOPSIOUYEHHBIX MPOCTPAHCTBAX U
00CY2K/IaeTCsl UX IPUMEHEHNE K UCCIIEJOBAHUIO HESBHBIX (T.€. He Pa3pelIeHHbIX
OTHOCHUTEJIBHO [IPOM3BOIHON MCKOMON (yHKIuN) nuddepeHnuaibHbIX ypaBHe-
HUI, K IIOJIyYEeHUIO JUIS TaKUX yPaBHEHUH TeopeM CpaBHEHUA.

IIycrs (X, =) —uacTuvHO ymopsiJiodueHHOE MHOXKecTBO, ¥ # ), y € Y,
F: X x X — Y. PaccmorpuMm ypaBHeHnue

F(z,x) =y, (1)

pelreHne KOTOPOro 0yJIeM UCKATh B HEKOTOPOM 33 JaHHOM HEILyCTOM MHOYKECTBE
X C X. Onpegnenum coBokynuocts Z(X, F,y) ueneit S C X takux, 4To

VueS IxeX x=u, Flz,u)=y.
Teopema 1. ITycmv 6uinoanenss caedyouue Yearosus:

o cywecmsytom ug € X, xg € X makue, wmo xo = ug u F(xg,up) = y;
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o dan aoboxr u € X, x € X makux, wmo © < u u F(x,u) =y, natdymecs
anemenmo, v € X, w € X, das komopur w 3 v < u u F(w,v) =y;

o dasi npoussoavhot beckoneunol yenu S € Z(X, F,y) cywecmasyiom saemer-
mot U € X, w € X, ydosaemeopauue COOMHOULEHUAM

YueS w=v=u, F(wo)=y.
Toz0a cyuwecmeyem pewenue x € X ypasnenus (1) maxoe, wmo x < uyg.

Teopema 1 ucnosib3yercst B J0Ka3aTeILCTBE TEOPEMbI CDABHEHNUS JIJIsI CUCTe-
MbI i depeHnnaabHbIX YPaBHEHHT

fz(t,x,.f,l‘z):O, te[ovl}y Zzlan (2)

Baecy dyukmuu f; : [0,1] X R x R x R — R yIoBierBopsiior cieiyio-
muM yeiosusam: npu n.e. t € [0,1], wobwz z,v € R™ u y; € R dynryus
filx,v,9:) 1 [0,1] = R usmepuma, dyrxyus fi(t, -, -, y;) : R” x R" = R y6wu-
6AE U HENPEPBIBHA CNPABA NO KANCOOMY APLZYMEHINY L1, ... Ty U V1, .-, Up,
dynxyus fi(t,z,v,-) : R = R nenpepuisna.

Jnst cucrempr (2) mostyaeHa TeopeMa O JIBYXCTOPOHHEM HEPABEHCTBE, yTBEP-
JKJIAIOMIAs, YTO ECAU OAf HEKOMOPHLT AOCONOMHO HENPEPBIGHLIL PYHKUU v,
BHINOAHENDL HEPAGEHCTNEA.:

v(0) = n(0), v =1,
fi(tay(t)a D(t)a Vz(t)) > 07 fi(t’n(t)vﬁ(t)ﬂ?i(t)) < 0’ te [O’ 1]’ L= 1,7?,,

mo cywecmeyem peuwienue 3adavu Kowu das cucmemv, (2) ¢ HaUaibH oM YCAo0-
suem x(0) = a, 1n(0) < a < v(0), ydosaemsoparowee ouerre

n<z<p.

IIpesncraBiiennble B JIOK/IaJle YTBEPXKIEHUS PA3BUBAIOT PE3Y/IbTAThl paboT
[1, 2] 0 HAKPBIBAIOIIUX OTOOPAYKEHUIX YACTUIHO YIIOPSANOYEHHBIX IIPOCTPAHCTB,
a TaKKe [I0JIyYeHHbIe B [3] Teopembl cpaBHeHUsI 111 HesIBHBIX JuddepeHnuaib-
HBIX yPaBHEHU.

Pabora Boeimosnena npu nojnepxkke PH®, rpant 20-11-20131.
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T. 52. Ne 12. C. 1610-1627.
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Tamb6oBckuit rocyapcrsennbiit yuusepcuteT umenu [.P. lepxkasuna, Poccus.
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PEIITEHUE 3AJAYU KOIIIN OJIAd TNMITEPBOJIMYECKOTI'O
ANO®PEPEHIINMAJIBHO-PASHOCTHOT'O YPABHEHNZ C
HEJIOKAJIBHBIM ITOTEHITNAJIOM

3AMIIEBA H.B.

UccremoBana cemytomas 3anada: Hafitn GyHKmo u(x,t), yI0BIeTBOPSIIO-

HIYIO YCJIOBUSAM

u(z,t) € C*(D) N C?*(D),
2 2
Tl 2 P80 e —hty =0, @neD,
u(x,0) = up(x), wu(z,0)=0, z€R,

rme a > 0, b > 0, h # 0 — 3ajannble BemecTBenuble ducta, ug(x) € Li(R)
uup(z) € C(R), D = {(z,t)|]z € R,0 < t < T} — 061acTb KOOPAUHATHOI
mitockoctu Ozt, D = {(z,t)|z € R, 0 <t < T}.

JIJ1g IOCTPOGHUS PEIEHUS 31891 OBLIM MCIOIL30BAHBI KJIACCHIECKAS OIle-
palMoHHasl CXeMa U HeKoropble wien pabor [1, 2]. B pabore [3] mokasa-
HO, YTO HEOOXOIMMBIM YCJIOBHEM CYIIECTBOBAHWS DENICHUS SIBJIACTCA TPebo-
BaHUe TOJIOYKUTEIHHOCTH BEIIECTBEHHON dYacTh CHMBOJa auddepeHnuaIbHo-
PA3HOCTHOrO OIEpaTOpa B yPABHEHUH, KOTOPOE IapaHTUPYETCsS BBIIOJIHEHUEM
yenosuit 0 < b < 2a?/h? wa koacbdunuentst a, b u capur h.

Crucok aureparypsbl
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OB ACUMIITOTUKE PEIIIEHUN NHTEI'PO-
JIN®OEPEHIIMAJIBHBIX OIIEPATOPHBLIX YPABHEHUN

3AKOPA JI.A.

Paccemorpum B rumbbepToBoM mpocrpanctee H 3amady Ko

t
d2 d n )
WZ - 7Ad7? — Bu+ / eI Cu(s)ds + g(t) + > e fi(t),
o k=0

u(0) =u’,  /(0) = u',

(1)

e A, B — caMOCOnpsi?KeHHbBIE TIOJIOYKUTEIHLHO OlIpejieSIeHHbIe onepaTopbl, C' —
CaMOCOIIPsI?)KEeHHBIN HEOTPUIATE/IbHBIN omepaTop, b > 0, u

D(A) = D(B) ¢ D(C). 2)

U3 (2) u mepasencrsa aiiama (cm. [1, i I, §7, Teopema7.1]) caenyer, B
gacrioctn, uro D(AY?) = D(BY?) c D(C'/?). Takum 06pa3oM, onepaTopbi
Q1 := BY2A712 u Qy := C'/2A~1/2 orpanmueHsr.

Bynem canrars, uTo cymecTByeT KoHcTaHTa Yy > () Takas, 9TO
YAYul? < | B2l —b~H|CV2ul? Vue D(AY?) =D(BY?).  (3)

Omnpenenenne 1. Oynxmusa u € C2(Ry; H), tme R, := [0, +00), HasbIBaeTCs
pemtenueM 3aga4qu Komm (1), eciu
1) u(t) € D(B), u/(t) € D(A) mna moboro t € Ry u Bu, Au' € C(Ry; H);

2) B (1) BBIMONIHEHO ypaBHEHUE NPH BeexX ¢ € Ry U HAUATLHBIC YCJIOBHSL.

Teopema 1. ITycmo 6 3adaue (1) svnoanenv, yeaosus (2) u (3). IIpednoao-
orcum, wmo u’, ut € D(A), fr € CL(Ry; H) (k=0,n), Pynxuyusa g aokarvro
eeavdeposa, g =0, 0 £ o € R (k=1,n). Tozda umerom mecmo caedyrousue
ymeepotcoeru.

1) Badaua Koww (1) umeem eduncmeennoe pewerue.

2) Ecau t_lz+moc llg@®)|l =0, t_l)iinoo I /@) =0 (k=0,n), mo pewerue 3ada-

wu (1) ydosaemeopaem coomuoweruto

HA”Q(W) — ATV2(Q1Q1 —bIQ3Q) ATV fo(t)+

2
+

n e*io'kt
A71/2L71 . A71/2 ¢
e (i) A7 (1))

2

+ =o(l), t— +oo, (4)

u/(t) _ ZefiaktAfl/ZLfl(Z-o_k)Afl/ka(t)

k=1
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2de L(X) — onepamophuiti nyuok, onpedessemvili no Gopmyae
o1, 1, b,
LA :=1-)A - < (Q1Q1 -7 Q2Q2) + — @Q2Q2.
A b b— A\
3) Ecau g(t) =0, fi(t) =0 (k=0,n), mo cxodumocmv x nyao 6 (4) oxc-
NOHEHYUANOHAA.
B [2] anasornvHast TeopeMa JI0Ka3aHa Jisl HEOJHOTO MHTErpo-auddeper-
[UAJILHOTO YPABHEHUST BTOPOI'O MOPSIIKA.
Crucok Jaureparypbl
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OB O/THOM HAYAJIbHO-KPAEBOWM 3AJTAYE
HEJINMHEVMHO-BA3KOU CPEIDBI

3BAT'H A.B.

B orpannuennoii obiaactu 2 C R™, n = 2, 3, ¢ 10CTATOYHO IVIa KON IPaHUIIEeH
0% ma orpeske spemenn [0, 7], T > 0, paccMaTpUBaeTCst CJIeLYIONIAs HATATBHO—
KpaeBasl 3aa4a;

% + 2 viaa—;i —Div [2p0(12(v))E(v)] —
ad} i t -« :t.x)) ds =
TP [t e ) st Vo= ()
z(rst,x) = —|—/ v(s,z(s;t,a:)) ds, t,7€[0,T], ze€Q, (2)
divo(t,z) =0, te€l[0,T], ze€Q, (3)

v]¢=0 = vo, vljo,1)x00 = 0. (4)
31ech, v — BEKTOP—(QYHKIHST CKOPOCTHU JIBUYKEHUS YACTHUILI CPEJIbI, P — (DYHK-
st 1aBiieHus, [ — OYHKIW IJI0THOCTH BHEIMHUX cuJl, 2(T; ¢, ) — TpaeKTopus
YaCTUIbI CPEJIbI, YKA3bIBAIOIIAsi B MOMEHT BPEMEHM T PACIIOJIOXKEHUE JaCTUIIBI
CpeJibl, HAaXOJsIIelics B MOMEHT BpeMeHH t B Touke x, u; > 0,0 < a < 1
— HEKOTOpble KOHCTaHTbl. 3nech I'(f) — ramma-dynkius iisepa, oupe-
JleisieMasi depe3 abCOIIOTHO cxofsiiuiicss uHTerpan o) = fooo tote=t dt.
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ox;
¢t rer30p ckopocreil gedopmanuu. Tenzop I (v) onpeessieTcss paBeHCTBOM:
IBw)=E&W): EW) = szzl [Sij(v)}2 . Baskoctb cpegipl fig(s) onpejesiena npu
s > 0 menpepbiBHO nuddepeHIupyeMoil CKaIsipHO (hyHKIHEil, [jisi KOTOpPOit
BBIIIOJTHEHB! HepaseHeTBa (M. [1]):
a) 0<Cp < p(s) <0y < oo

b) —sp'(s) < p(s) mpu p'(s) < 0;
) |sp'(s)] < C3 < 0.

Yepes £ = (&(v)), &ij(v) = %(g;] + %), i,j = 1,n, obosnauaer-

PaspemunmocTs HadalbHO-KpaeBblx 3a1ad (1)—(4) ¢ mOCTOSHHOI BA3KOCTBHIO
paccMaTpuBaiack B padorax [2]-[4].

Omnpenenenne 1. Ilycrs f € Lo(0,T;V"1), vg € V0. Oynxkuua v € Wy
={v € Ly(0,T;V') N Loo(0,T;V?), ' € Lyy3(0,T;V 1)} maswisaercs cia-
ObIM permenneM HauaIbHO—Kpaesoit sagaun (1)—(4), ecim mis Beex ¢ € V! npu
nourn Beex t € (0,7) oHa yIOBIETBOPSIET PABEHCTBY

W, ) _/S Z V;0; gij dx + 2/9@(5(@))5(1}) :E(p) da+

1,0=1

7 ! Y _ B
* ria)( / (t = 5) " EW) (5, 2(0)(551,2)) ds, £(9) ) = (£,0),

u HavasbHOMY yesosuio (4). 3xech z(v) — peryssipHblii JarpaHzKeBblii IIOTOK,
HOPOXKJIECHHBIA V.

Teopema 1. Ilycmv f € Ly(0,T;V 1), vy € V0. Tozda nauarvro—xpaesas
sadava (1)—(4) umeem xoma 6w 0dHo caaboe pewenue v € Wi.

VccnenoBanne BBIIOJIHEHO 3a cuer rpaHTa Poccuitckoro Hay4aHoro donia No
21-71-00038, https://rscf.ru/project,/21-71-00038/
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O CBONCTBAX PEIIEHUM IIPSIMO CUCTEMBI
KOJIMOT'OPOBA U OILIEHKAX J1JISI COOTBETCTBYIOIIINX
MAPKOBCKUX IIEIIEN C HEIIPEPHBIBHBIM BPEMEHEM

3ENOMAH A.U.

PaccmarpuBaercs: (KOHeUHas! WM CYeTHas1) TIpsiMast cucrema KoumMoroposa,
OIUCBIBAIONIAs TOBEJIEHNE BEPOSTHOCTE COCTOSHUI JIJIsT HEOJIHOPOJHONU Map-
KOBCKOI1 IIETTN C HEIIPEPBIBHBIM BPEMEHEM. DTO — JINHEHAsT CHCTeMa,, TMEIOITAst
BU/,

D _ awp. 1)
rue marpuna A(t) ¢ jgokanbHo maTerpupyeMbivMu Ha [0, 00) Ko dunuenTamu
CYIIECTBEHHO HEOTPUIATEIbHA, a CyMMa 3JIEMEHTOB MO KasKJIOMY CTOJIOILY paB-
Ha HyJIO, B CJIy9ae CICTHONH CUCTEMBI JOOABJIAETCS €MIe YCJIOBUE OIPAHMYEHHO-
ctu: sup, |a;(t)] < oo mouru npum Beex t > 0, rapaHTHPYIOIIee BO3MOKHOCTD
OPUMEHEHUs] Pe3yJIbTaToB u3 [3].

HanGosree n3y9eHHBIM SIBJIAETCS CIIy9ail MPOIEeCCOB POKIECHUS W THOEIH, JJIs
KOTOpbIX Marpuna A(t) — rpexauaronasibaas. COOTBETCTBYIOIIUE OTHOPOHbIE
MPOIECCHI (TO eCTh CUTYAITHsl, KOTia A He 3aBUCAT OT BPEMEHN ) BOSHUKJIN BIIED-
BbI€ IIPY ONUCAHUN OMOJIOIMIECKUX 33149, a 3aTeM 33184, CBA3aHHBIX C TEOpUei
MacCoBOro 00CiIy KUBaHUs, cM. [8, 1], a wmccienoBaHns HEABTOHOMHON CHCTe-
Mbl (1) g KOHKpeTHBIX Mogeseil nadaauch B 1970-x rogax, cM., HalpuMep,
[2, 6, 7], u akTHBHO POFOJIZKAIOTCH U ceitdac, cM. [4, 5].

JIjig MOCTPOEHMS M OIECHUBAHUSA HPEACIBHBIX XapaKTEPUCTUK OMUCHIBAC-
MBIX MOJIeJIell OCHOBHOI HHTEPEC TIPEJICTABJIAIOT OEHKH CKOPOCTH CXOAMOCTH,
YCTOMYMBOCTH, ITOTPENTHOCTH, MOJIYyYaeMOM IIPU AIIIPOKCUMAIMAX C HOMOMIHIO
yceuenuil (cucreMamMu MEHbBINEH PA3MEPHOCTH ).

IIpumensieMblii TOX0/] OCHOBAH Ha HECKOJBKUX CHENUAIbLHBIX TPeodpasoBa-
HusX cucteMbl (1), a 3aTeM MCCIETOBAHWM TTPEOOPA3OBAHHON CHCTEMBI B CO-
OTBETCTBYIOIIUM 00pa30M I10100paHHbBIX "BeCOBBIX " IPOCTPAHCTBAX IIOCJIEI0BA~
TEJIbHOCTEH.

B nmokmazne 6ynyT chopMynmpoBaHbl OCHOBHBIE IIOHATUS U PE3YJIBTATHI, OIH-
paroruecst Ha pesyabrathl [10, 11, 12], a Tak:Ke pacCMOTPEHBI HEKOTODBIE WX
pacimpeHus Ha cirydail 6osiee o0Iero mpocTpaHCTBa COCTOsTHUI, ¢M.[9].
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PEIIIEHUE IIOJIVITPAHUYHOM 3AJAYN OJIs1
JECKPUIITOPHOI'O YPABHEHUA B YACTHHBIX
IMPOMU3BOJHBIX

3VBOBA C.IL.', MOXAMA/I A.X.2, PAEIIKAS E.B.3

PaCCl\lanI/IBaeTCH YpaBHeHnue

ou ou

A— =B— t,x), 1
5 = Bap T /(2) 1)
rne A : By — FE,, By, F; — 0aHaxoBbl IPOCTpaHCTBa; A — JIMHEHHBIH
3aMKHYTBII (DPEArojbMOB OIEpPaTOp C HyJAeBbIM uHAeKcoM, domA = FEfy;

B € L(Ey, — Ep), AB™Y (t,x) € Tx X, T = [0,tx], X = [0,zx]; f(t,2)
— 3aJlaHHadg JOCTATOYHO TIJIAJIKas BEKTOP-(DYHKIMA €O 3HavYeHUAMU B Fa;
u = u(t, ) ucKkoMas BeKTOP-(DYHKIIHS.

IMox pemenunem ypasaenusi (1) mommmaercs BekTop-yukuusa u = u(t,x)
€ dom A, menpepsiBuo guddepennupyemMas 110 ¢t u x, yaoBiaersopsiomas (1)
upu Beex (t,z) € T x X.

Nercs pertenue ypasuenus (1) ¢ ycioBusMu

u(0,2) = p(x), ze€X; wu(t0)=19(t), teT, (2)

rue ¢(x), Y(z) — 3agaHHbIe IOCTATOYHO [VIAJKUE BEKTOP-(DYHKIUKN CO 3HAYE-
HugMmu B Fs.

PaccMaTpuBaeTrcst pery/IsipHblii ciydaii, To ecTh mydok A — A\B obparum npn
A € U(0)NC. Ussectro [1], uto Ay = (A — AB)~'A: dom A — E; umeer unc-
J10 0 HOpMAJILHBIM COOCTBEHHBIM YHCJIOM, TO €CTh UMEET MECTO pasJioxkenue Fi
B IPAMYIO CyMMY

Ey=M®N, (3)

rie M MHBApUAHTHO OTHOCHTEJbHO A, n Takoe, uro cyxkeHme A, omeparo-
pa Ay ma M obparumo; N — KopHeBoe nojpocrpancTso g Ay, N = lin
{v1,v9, ...vp}, tme {v;} — B—rkopganoBa LEMOYKA IPHCOCAUHEHHDLIX IJIEMEH-
TOB 1y A, OTBeYamas HyJJeBOMY COOCTBEHHOMY 9HCJIY, P — IOPSIOK MOJIIOCA
omneparopa (A — AB) B okpecTHOCTH TOYKH A = (.

VYpasuenue (1) paciemsiercss Ha ypaBHeHUs! B onpoctpancrsax M u N.
B M »ro muddepennuaibioe ypaBHEHHE O BBIJIEJIEHHON mepemMenHoi ¢, B
N sr1o jnuddepenimaibHOe ypaBHEHNE 110 BBIIEJIeHHON mepemenHoit x. W ox-
HO asjrebpandeckoe coornorrenne u(t, ) = Qu(t,z) + Pu(t,z), tme Q@ u P —
upoekTopsl Ha M u N. B arom cmbicie ypasuenue (1) — muddepennuanbho-
arebpanmvIecKoe.

Hnst pemennst 3amaun (1), (2) Tpebyercs BBIIOJHEHNE HEKOTOPOTO YCIOBHUSI
coryacoBanus Juist () n P(t).
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Teopema 1. IIpu anasumuseckol eexmop-gpyrkyuu p(z), dudpdepenyupye-
MOU p pa3 sexmop-Pynruuu P(t) U GBINOAHEHUU YCAOBUA CORAACOBAHUSA 0N
o(x) uP(t) pewenue u(t,x) sadavu (1), (2) cywecmeyem u eduncmeerho.

TMosyuensr dbopmysl Jyisi noctpoernst u(t, x).
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2BopoHesKCKHil TOCYIAPCTBEHHBI YHIBEpCHTET, Poccnst.
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CTPATETU A ITETPOBCKOTIO - JIAH/IVICA
NJIBAIIEHKO 10.C.

Crparerus Ilerpoeckoro - Jlanauca mMoxkeT OBITH B IPUHIUIE IIPUMEHEHa,
K JIFOOBIM KOMILJIEKCHBIM IIOJIMHOMUAJbHBIM JUHAMUYIECKUM cucTeMaMm. Eciu
CTEIeHN MHOTOYWIEHOB, 3aJIAI0NNX CUCTEMY, He TPEBOCXOAAT d, TPOCTPAHCTBO
k03 durmenToB koneanomepro. CTpareruss TPUCIOCOOIEHA, JJIsi TOTO, ITOOBI
JIOKa3bIBATh, YTO HEKOTOPOE CBOWCTBO HE MOYKET OBITH JIOKAJTHLHO THUIHIHBIM
B npocTpancTse kKodddurmentos. [Ipeamonoxum, 9To “HeKemaTe-H0e” CBOM-
CTBO BBINIOJTHSIETCSI B HEKOTOPOI 06JIaCTH ITPOCTPAHCTBA, KO3 MUIINEHTOB.

[Tar 1. Teopema o coxpanenuu. Eciu “HexesarebHoe” CBOWCTBO BBITOJ-
HSI€TCS B HEKOTOPOiIl 00JIaCTH MPOCTPAHCTBA KOI(MDMUIIMEHTOB, TO €ro MOXKHO
“aHAJUTUIECKH MTPOJIOIKUTEL B JIOOYIO 00/1aCTh 9TOrO MPOCTPAHCTBA.

IITar 2. BoigennTh B TpocTpaHCTBE KOI(DDUIIMEHTOB 00/1aCTh, COCTOSIIIIYIO
U3 JIETKO UCCJIEIYyEeMbIX CHUCTEM, JIjisi KOTOPBIX “HeXKeJaTebHOe  CBOHCTBO 3a-
BEJIOMO He BBITIOJIHSIETCS.
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IIporuBopeune mexy marom 1 u marom 2 JIOKa3bIBAaeT, YTO “HEXKeJIaTe b-
HOE” CBOICTBO HE MOYKET BBIMTOJHSATHCS JJIsi BCEX YPABHEHUIl U3 Kakoil ObI TO
HU OBLIO, CKOJIb YTOJIHO MAJIOH, 06JIACTH MPOCTPAHCTBA KOIDMUIUEHTOB. ITY
CTPATEruio YIAJIOCH OCYIIECTBUTH I [IOJTMHOMHUAIBHBIX ABTOMOP(MU3MOB KOM-
rekcHoit mrockoern. Jlokazano [1], uTo mouTn Bce Takme aBTOMOPMU3MBI HE
MMEeIOT TOMOKJIMHIUYECKNX KACAHUl ¥ II03TOMY y/IOBJIETBOPSIOT TeopeMme Kynku
- Cwmeiina.

Crparerus ITerposckoro - Jlanguca BocxoauT K paboram 50-X TOI0OB, TJIe aB-
TOPBI MBITAJIUCH permuTh 16 mpobiremy ['miibbepra 11 mpeeabHbIX TUKIOB. K
9TOI paboTe BOCXOAUT HE PEIIeHHAs /10 CUX IIOP IPO0JIeMa COXPAHEHUS: MOXKHO
JIN aHAJIUTUYECKU IPOJIOJIKUTH KOMILIEKCHBIH IIPEIeJIbHBIA UKJI ITOJTMHOMHU-
AJILHOI'O BEKTOPHOT'O TI0JIsI CTEIIEHH i Ha, IJIOCKOCTU Ha BCE IIPOCTPAHCTBO TAKUX
moJiei? Jra XKryde WHTEpeCHas MpobjeMa J0 CUX IMOP KJIET CBOErO PEIeHMUs.
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PEIIIEHUE CMEIIIAHHOW 3AJTAYU AJ1s1 BOJITHOBOT'O
YPABHEHN{A HA TPA®E METOAJ0M JAJIAMBEPA

KAWMBIPBEK »K.A.

IIycts m-dukcupoBamtnoe HATYpaIbHOE IUCI0. PACCMOTPUM CMEITaHHYTO 3a-
Jladqy JUIsl CHCTEMBI BOJTHOBBIX YpaBHEHUN

82Un1+1 (Im+17 t) _ 82Un1+1 (Im+17 t)
ot? ox2
Pup (wmyt)  OPum(Tm,t)

ot? 0x2,

=0,0 < Tyt1 < bypy1,t >0,

=0,0 <z < by, t >0,

82 5t 82 ’t
ulnt) T g0 <a <bit>o0,
1
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¢ ycosusaMHu Buga (a)
Umt1(1,1) = u1(0,t) = un(0,1)

2
3um+1(1,t) _ aul(()?t) + + M)t >0 ( )

OT i1 0xy Oxm,
u ycaoBusamu Buga (b)
Um41(0,8) = 0,u1(1,t) =0, ..., upm(1,¢) = 0,t > 0, (3)
a TaKKe HAYATbHBIMHA YCIOBIMU

um+l($m+1, 0) = @m+l(zm+1), 0 < Tyt < bmyr,

0
Eum+1<xm+la0> = wm+1($m+1); 0< Tm+1 < berla

Um(l'm,O) = @m(xm)vo <xTm < bm7

0
aum(xmyo) = QOWL(xm); 0< Ty < bnu

CoryacHo pesynbraram paborsr [1] 3amaga (1), (2), (3), (4) moxer GBITH HH-
TepIPEeTUPOBaHA, KaK CMeIIaHHAs 33J1a49a JIJIsT BOJTHOBOTO ypaBHEHUs Ha Tpade-
3BE3JIE.

B noknajne dopmyaa Jasambepa ajantuposana Jisi cMemanHoi 3amaan  (1)-
(4). TIpuBeeHbI UILTIOCTPATUBHBIE IPUMEDBI PACIPOCTPAHEHUSI BOJIH € MAJIBIME
HOCHTEJISIMU BJIOJTH rpada-3Be37Ibl.

Pabora Bommosmena copmectno ¢ B.E. Kanryxunbiv u mpu puHAHCOBOI 1101~
nepxkke Komurera mayku MOH PK rpant NeAP 08855402 "Kpaesbie 3aaun
Jist cucteM nuddepeHIaibHbIX ypaBHEHU Ha TeoMeTprIecKuX rpadax u ux
MpPUMEHEHUsI TP PacueTaxX COeIMHEHUI YIPYIUX TOHKUX CTepyKHeil .
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KPUTEPUI MUHUMAJIBHOCTU OIIEPATOPA JIAILJIACA
KAJIbBMEHOB T.II1.!, KAXAPMAH H.?2

IIycte 2 C R™ koHeuHas 00JiacTh ¢ Iyiajkoil rpanuteit 0. Yepes Ag—
obo3naunm 3aMbikanue B Lo(Q2) oneparopa Jlammaca

Au= f(z), ze. (1)
Ha nogMuONKecTBe bynkiun u € C?TY(Q), u’zeag = % veon = 0, oae a%l—

HOpMaJIbHAsl IPOU3BOJIHAsL, a depe3 Aj— conpsizkeHHbIH B Lo({2) oneparop K
Ag.

Omneparop A¢— Ha30BeM MHHHMAJLHBIM omeparopoM Jlammaca A, a Aj—
MaKCHMAaJIbHBIM orneparopa A.

B pabore Haiinena Heobxomumoe u JocTarodHoe yciaoBus Ha f € Lo(Q), ms
KOTOPBIX

Aou = f(z), (2)

CYIIECTBYET PEIIEHHE, T.€. JACTCS KPUTEPH 0OPATUMOCTH MIHUMAJIBHOTO OIIe-
patopa Ag B L2(£2). U3 atoro kputepus B ciydae R? ompesensercsa TIpO3BoO-
Jstmast GYHKIMSL JJIsT BYMEPHBIX TAPMOHUYECKUAX (PYHKITUH.

Pa6ora Bemosinena npu noguepxkke MOH PK, rpartr AP09260126.

'Nucruryr MaTtemaruku 1 MaremaTmaeckoro MomeampoBanns, AIMaTEL,
Kaszaxcran. Email: kalmenov.t@mail.ru

2UNucturyt MaTtemaruku u Maremarmaeckoro MomeanpoBannst, AlMaTsl,
Kazaxcran. Email: n.kakharman@Qmath.kz

OB OBPATHBIX 3AJAYAX OIIPEAEJIEHN
KO®PUIINEHTA IIOTJIOINEHMA B BBIPO2XKJIAIOIIINXCHA
ITAPABOJIMYECKUX YPABHEHUNAX ITP YCJIOBAN
NMHTEI'PAJIBHOT'O HABJIFOJIEHN A

KAMBIHUH B.JI.

W3ygaercsa OIHOZHAUHAS PA3PENIMMOCTh OOPATHON 3aJa49d B IIPSMOYTOJIb-
Huke Q = [0, 7] x [0,1] st mapaBoanIecKoro ypaBHeHHst

p(t, x)us — Uge + b(t, 2)up + c(t, x)u + y(x)u = f(t, ), (1)
C Kpa€BbIMHU yCJIOBHAMM
u(0,2) = uo(x), u(t,0)=pi(t), ult,l)= pa(t), (2)

1 JTOIIOJTHUTEJBbHBIM YCJIOBUEM HMHTErPaJIbHOT'O H3,6.HIO,D;GHI/IH
T

/ ult, 2)x(t) dt = o(x), 3)

0
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a TaKKe OJIHO3HATHAs Pa3pennMOCTh O0PATHON 3a/a4u Jjist TapaboInIeCKOTO
YpaBHEHHUS

up — a(T)Uge + b(x)uy + c(t, 2)u + y(x)u = f(t,x), (4)

¢ ycnosusivu (2),(3). B paccMarpuBaeMbIX 33/ a9aX HEN3BECTHOMN SIBJISIETCS Ma-

pa {u(t,z),v(x)}, dbyaknus v(x) — HeoTpUIATEbHA W OTPAHUYEHA.
VYpasuenust (1) u (4) IpeaIosararoTCst BHIPOXKAAIOIIIMUACS:

B ypasHenun (1) npejanosiaraercs, 4To

0<p(t,z) <p1, 1/p€ Ly(Q),q> 1, (5)
a B ypasHeHu# (4) mpejonaraeTcs, 4ro
0<a(z) <a, 1/a1 € Ly((0,1),qg > 1. (6)

st 06enx 3aJa4 yCTAHOBJIEHBI JOCTATOYHbIE YCJIOBUS, OGECIEYNBAIOIINE CY-
MIECTBOBAHNE U €JIMHCTBEHHOCTH pereHus. [IpruBeeHbl IPUMEpHI, JJIs KOTOPBIX
OPUMEHHUMBI JOKA3aHHbIE TeOPeMbI.

Panee B paborax [1,2] Gbuia ycTaHOBJIEHA OJHOZHATHASI PA3PENTMMOCTD 00-
PATHBIX 337189 onpeeaeHusa K03 UIMeHTa IOrJIOMEHA B CUILHO BLIPOK/Ia-
foIuxcs napaboIMIeCKUX yPaBHEHUSX IIPU JIONOJHUTEJILHOM YCIOBUH HHTE-
IpaJIbHOrO HaOIIONCHAS BUJA

l
/u(t,x)w(m) dx = o(t),
0

a B paborax [3,4] upu ycioBun unrerpasbaoro Habsonenus (3) GbLia uccieno-
BaHa OJIHO3ZHAMHAS PA3PEIMINMOCTE OOPATHBIX 33149 OIPeIEIeHUsT HEM3BECTHOM
PaBO# YaCTU B MapabOJIMYECKUX YPABHEHUSIX C YCJIOBUSMHU CJIa6Or0 BBIPOXK-
nenust (5) u (6).

VceneoBanne BBIIOJIHEHO TIPU TOIEPKKe [[porpaMMBbl MOBBIIEHIS KOHKY-
perrroctocobnoctTn HUAY MUDU, npoekt Ne 02.203.21.0005 ot 27.08.2013.
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O CIIEKTPE JIEJIbBTAOBPA3HBLIX BO3MVYIIIEHUN
OITEPATOPA JIAIIJIACA

KAHI'Y>KVH B.E.

B ruisbeproBom mpocrpancrBe H co CKaJasgpHBIM [pou3BejeHueM (.,.) u
HOpMOIi || - ||o paccMoTpuM 3aMKHYTBIA JiuHEiHbIE onepaTop B ¢ obaacrbio
oupenenenus D(B) wiorustit B H. CuanraeM, 910

KerB # 0, Ran(B) = H,dimKerB = m <x .

Ha obmacru onpegenenns D(B) 3a1aauM JONOJHATEIbHYI0 HOpMY || - |1 1
sambikanue D(B) o s1oit HopMe ob6ozHaunMm uepe3 W. Cuuraem, 4To J010J-
HUTEeNbHAS HOpMa || - ||1 cusibHee nexomHO# HOPMBEL || - ||g, TO €CTh BBINOJHSIETCST
uepaseHcTBo || z ||o< C || @ ||1. [Tonaruo, uro BoimonHeHo Bioxenue W C H.
B conpsizkerroMm mpoctparcTtBe W BbIbepeM cucrTeMy W3 M JIMHEHO He3a-
BucnMbIX (yHKImOHANOB Uy, ..., Uy,. Torna Haliiercs eInHCTBEHHAS] CHCTEMA
JIEMEHTOB {1, ..., Pm } U3 Ker B, NomYuHeHHAs YCIOBUIM

<Uta§07‘> = 6t2,t,2’ = 172,...,77’7/

rae (Uy; ¢r)- o3Havaer 3aadenue GyHKIHOHAIA Uy HA 9JIEMEHTE @y, U O~ CUM-
Bost Kponexkepa.

IIycts Ag-obparumoe cy:kenue omeparopa B. Omeparop A, onpemenum 1o
dopmysie Au = Bu Ha 06J1acTU OlIpeIeIeHusT

DA)={ueDB):u=A"f =Y ¢, UJA;'f),¥f € H}.
s=1
Teopema 1. Onepamop A- obpamumvili onepamop, npuiem

A=A =Y pu UG f),Yf € H. (1)

s=1

3amenvarue 1. Teopema 1 yTBepKaaeT, 9TO JJIst HOCTPOEHUSI OOPATUMOTO CyKe-
Husi A oneparopa B, KpoMe (DUKCUPOBAHHOI'O OOPATUMOIO CYKEHUs JOCTATOY-
HO 33J1aTh HAbGOD JIMHEHHO He3aBucHMbIX (yHKImonanos {Uy, ..., Uy} us W*.
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Teopema 2. Pezoaveenma (A — p) =1 onepamopa A umeem caedyrowee nped-
CMABACHUE

A=) f=0o—w ™ f =D AA =) o UM =)' ) (2)

Bamevwarnue 2. Teopema 2 yTBepKIaer, 9TOObI 3HATH 3HAUECHUE PE30JIHBEHTHI
(A — p)~! nma npoussosbHOM 37eMenTe f w3 H 0CTATOYHO HAWTH 3HaUEHHE

pesonbeenThl (A — 1) ™! Ha 3MeMeHTax Q1 ..., P

Teopema 3. Peszoaveerma (A—pl)~1 onepamopa A moosicem 6vimn svivucaena
no gopmyne

_ - < - detH (p; f)
A—p)7Hf= (Ao —pD)7Vf — s Us((Ag— p)7t B | | pu——an
(A—pD)7 f=(Ao—pD) 7 f =D 0o Usl(Ag — )71 f) + (—1) detD O

s=1

2de mampuyv, D(p) u H(u; f) 3adatomes no cneyuaivroim Gopmyaam.

B noknasie 06cyKIar0Tcst TEOPEMBI O CIIeKTpe oreparopa A B cirydae cHHTY-
JISIDHBIX BO3MYIIleHmii oreparopa Jlamiaca.

Pabora Beimosnena npu dunancoBoit nogmepxkke Komwurera mayku MOH
PK rpanr NeAP 08855402 "Kpaesbie 3agauu jjis cucreM nuddepeHInaabHbIX
YPaBHEHUII Ha reOMeTPUYECKNX rpadax W UX MPUMEHEHUs! IIPU pacderax Co-
€JIMHEHUI YyIIPYIrUX TOHKUX CcTep:kHeil ".

Kazaxckuit HanmoHaIbHbBIN yHUBEpcuTeT nMenu ajab—Papadbu, Uucturyt
MaTEMATUKHA U MaTEeMaTUIeCKOro MoJieinpoBanus, Kazaxcram.
Email: kanguzhinb3@gmail.com

O EAVMHCTBEHHOCTN BOCCTAHOBJIEHNA OBJIACTIA
OIIPEAEJIEHN S BOSMYIIEHHOI'O OITEPATOPA
JIATIIJTIACA

KAHTY?KWH B.E.!, AKAHBAU E.H.2, KALIPBEK K.3

B pabore mano koppekTHOe onpeesienne ¢hopMagIbHOrO oneparopa Jlamiaca
¢ menbTaoOpa3HbIM Bo3MyTieHneM. J7ist 3amamnst 001acTh OpeIeIeHUsT yKa3aH-
HOT'O OIIEPATOPa UCIOJIL30BAHBI [IPEIEJIbHbIE 3HAYEHHS [TOTEHIINAJIOB ITPOCTHIX
U JIBOWHOTO cjioeB. Jloka3aHo, 94TO 110 HAOOPY CIEKTPOB HEKOTOPBIX ITAJOHHBIX
OIIepaTOPOB MOXKHO OJIHO3HAYHO BOCCTAHOBUTH I'DAHUYHBIE IIJIOTHOCTH IIOTEH-
[IMAJI0B MIPOCTBIX U ABOWHOIO CJIOEB.

1. ITocranoBka 3amaun. Ilycrs ) — d-MepHbIil eguHEYHBI map. Toraa
uzsecren [1, 2| sun dbyakuun [puna 3amaun Jdupuxie B § s omepartopa
Jannaca. g 2° € Q seegem BY — map pajmyca ¢ ¢ nenrpom B V. Jomy-
cruMbivu pyuknugvu h(z) cauraem dbyukimu, obragaomue csoiicrBaMu: 1.

226



h(z) € W2(Q\ BY), Ve > 0. 2. hlspqg = 0. 8. CymecTByioT KOHEUHBIE TIpe-
nessl vs(h), s = 0,...,d. Hanee, nust dyukin h(z) BBegeM QyHKIMOHAIbI
B BUJIE MPEJIEJbHBIX 3HAYEHUN MOTEHIIMAJIOB MIPOCTHIX U JIBOWHOTO CJIOEB MpU

s=1,...,d:

. oh . (ts - xO)
to(h) == lim [ 50 dS, vs(h) =dliny |2 —gr
dBY oB?

h(t)dSt,

rjie V4 — BHeIHsAst HopMaJsb B Touke t K OBY.

Mycrs W3 (Q\ {z°}) knacc monycrumbix dynkmun h(z) ¢ HeKOTODBIM
JlonoJIHITE bHBIM - cBOMcTBOM. [lasee paccmorpum omneparop L : W3 (Q\
{2°}) — La(Q), rne Lu=Au(x) pu z € Q\ {2°}, u nycrs obaacts ormpe-
JeneHus omeparopa L ecTb

{uGWQ,Y(Q\{:CO} /BS dSt, 3:0,1,...,d},

rue fBs(t) — durcupoBanublii Habop OYHKIWIT OLPEIEJIEHHBIX HA OKPYKHOCTH
9.

2. OcHoBHas 4acTtb. B pabore [1] gokazaHo, uro onepaTop L oGparmM.
Hamu 66110 HallIeHO perieHne oneparopHoro ypasuenus Lu = f u joka3ana

Teopema 1. Obaacms onpedeaenusn onepamopa L mooicno 3anucams 6 sude
D(L) = {ue W5 (Q\{z°}): Vi(u) =0, s=0,1,...,d}
¢ nexomopum 1abopom zapmonuneckur 6 0 dynruyud {Ks(§),s=0,1,...,d}.

ObparHasi 3ajada 3aKJIOYAETCsi B BOCCTAHOBJIEHUU TI'DAHUYHBIX (QYHK-
wn {K(§), s = 0,1,...,d} 1o Hekoropomy HaGOpPY CHEKTPOB OIEpPaTO-
pa L W IONOJHATENBLHBIX, TaK HA3BIBAEMbBIX 3TAJOHHBIX ONEpATOpOB. s
m € {0,1,...,d} BBemem srtanommbiit omeparop L, : Wi (€ \ {z°})
— Ly(Q), Lpu = Au(x) mpu x € Q\ {2} ¢ obnactpio onpenesnenus
D(Lm)Z{UEny(Q\{xo}) Ve(u) = 0, s = 0,1,...,m, 75(u) = 0,
s=m+1,...,d}. OnepaTop tuna L,, ¢ TeM Ke JeficTBueM, HO C JIPYTHME
PAHUIHBIMI (byHKLU/IHMI/I {K,(&), s=0,1,...,d} oGosnadum uepes Ly,

Teopema 2. ITycmv namypasvroe wucao m € {0,1,...,d}. IIpednoaoorcum,
wmo cnexkmpuvt onepamopos Ly, 1 u L., ne nepecexaromca. Iycmov cnexmpot
onepamopos L, u L, cosnadaiom.
Tozda, ecau K (€)=K4(€), s=0,1,....,m —1 6 Ly(Q), mo Kn(&)=Kn(£) 6
Ly (Q).
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OBIIHNE PEIIEHNS BOJIHOBHIX YPABHEHUN C
ITEPEMEHHBIMHN KO®PUITNEHTAMMN

KAIILIOB O.B.

ITonygensr obmume pereHus Jjisi HEKOTOPBIX KJIACCOB JIMHEHHBIX BOJIHOBBIX
ypaBHEHU ¢ nepeMeHHbIMEI Kodhdurmentamu. Takue ypaBHEHUsT OMUCHIBAIOT
KoJIeOaHUsl CTepXKHEH, aKyCTUIeCKUe BOJIHBI, 8 TAKXKe K HUM CBOJISITCS HEKOTO-
pble MOJIeJTH Ta30BOi JUHAMUKY. JlJIsT TTOCTpOEHMsT OOIUX PEIeHUl NCIOIb3Y-
FOTCsI CIleluaJibHbIe THUIIBI IIpeobpa3oBanuii Jitiepa-/lapby — npeobpasoBanust
tuna JleBu. DT mpeobpazoBaHUs MPEACTABISIOT co0oit JuddepeHmaabHbe
MIOJICTAHOBKU MEPBOr0 TOpsijKa. J[Jisi mOCTpoeHns KaxKJI0ro mpeodpa3oBaHmst
HEe00XOIMMO PEIATh ABA JINHENHBIX OOBIKHOBEHHBIX MM (EPEHITNATBHBIX YPaB-
HEHHsSI BTOPOTO HOpsijiKa. Pelennsi ofHOr0 W3 9TUX ypaBHEHWI HAXOJSTCA W3
pelleHuil APYroro ¢ MOMOINbI0 audepeHIaaIbHON HOJCTAHOBKU U (DOPMYJIBI
Jluyeuss. B obmem cirydyae pemarh 3TU OOBIKHOBEHHBIE g depeHIaIbHbe
ypaBHeHus He mpocTo. OTHAKO MOXKHO YKa3aTh HEKOTOPYIO (DOPMYJLY CYIIE€PIIO-
3uruu mpeodpaszoBanuii Tuna Jlesu.

CrapTysi ¢ KJIACCHIECKOT'O BOJIHOBOT'O YPaBHEHUsI C MOCTOSHHBIMU KO3hdu-
[HEHTAMHU U HCIIOJIb3Ysl HalJIeHHBIE [TPEe0OPA30BAHUSI, MOKHO CTPOUTH HECKO-
HEYHBbIE CEpUM YPaBHEHUI, 001 IaI0IIX ABHBIME 00mmME perreHuMu. C momo-
b0 Meroga MarBeeBa Moy deHbl npeebHble (POPMBI NTEPUPOBAHHBIX ITPE0D-
pasosanuii. [IpuBosSITCS PsiJT KOHKPETHBIX TPUMEPOB YPABHEHUH 0018 JAIOIITIX
OOIMMMU PEITeHUSIMU.

Pabora momgepkana KpacHosspcKUM MaTeMaTUIeCKAM TIEHTPOM, (pUHAHCH-
pyembiM Munobpaayku P® B paMKax MEpOIPUSITUIL 110 CO3AHUI0 U PA3BUTUIO
peruonaynbabix HOMIT (Cornamenue 075-02-2020-1631).
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O 3BAJIAYE CTE®AHA JJId
MATHUTOTUAPOANHAMMUYECKOM CPEJBI C
PEOJIOTMYECKUM 3AKOHOM
O.A. JIAJBIXKEHCKOI

KHNCATOB M.A.

Pabora mocssamena Teopeme CyIecTBOBAHMS €INHCTBEHHOTO KJIACCUTIECKOTO
pemenus 3agadn CredaHa, BOSHUKAOMEH IPU U3YYEHUU MATrHUTOIUIPOIUHA-
MHY€ECKOI0 TIOIPAHUYHOIO CJIOsl B BSI3KOI Cpejle ¢ MH'beKIIneil MOIu(pUInpoBaH-
HOIT cpeanl ¢ peosorndeckuM 3akoHoMm O. A. JlaabrkeHCKOIA.

Pabora Bemosinena npu nogmaepxke PH®, rpant 20-11-20272.
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QJVINIITNYECKHNE U ITAPABOJIMYECKUE YPABHEHUA C
MHBOJIFOIIVEN

KOXKAHOB A.1.

OrnpejiesieHHas Ha HEKOTOPOM YHCJIOBOM MHOXKecTBe E dbynkiust ¢(r) Ha-
3BIBAETCS MHBOJIOIMEH Ha 9TOM MHOXECTBe, ecju Ipu « € F BbIosHsercs
o(p(x)) = x. duddepennmanbubie ypaBHeHUsl ¢ HHBOJIIONMEH B HEU3BECTHOM
pellleHnu aKTUBHO U3y4daloTcsl B IIOC/IeiHee BpeMs, HO IIPU 9TOM HCHOJIb3YeTCs
B OCHOBHOM METOJI, pa3/IeIeHNs TePeMEeHHBIX, I PACCMATPHBAIOTCH YPABHEHHS C
mpocTeiiiedt uHeitnoit nnposronueit. B nacrosmeM gokaae OyaIyT U3IaraThb-
csl pe3yIbTAThl O PA3PENIMMOCTH €CTECTBEHHBIX KPAeBLIX 33Jad JJis HEKOTO-
PBIX KJIACCOB /UIMITHYECKUX U TapaboJud9ecKuX ypaBHEHUIl BTOPOTO MOPSIKA
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C mepeMeHHbIMU KO3(ddurnmentamMu U UHBOJIOUEH obmuro Buma. Kpome To-
ro, OyAyT u3ydeHbl HEKOTOPBIE CJIydYad YPaBHEHUU C BBIPOXKJEHHWEM U OOIIei
WHBOJIIOIINECH.

VTo4uHAM, UTO HAIIEH IEIbI0 SIBJISETCS JIOKA3ATEeJIHCTBO CYIECTBOBAHUS U
€/IMHCTBEHHOCTHU PETYJISPHBIX PEIeHuil — penrennii, UMeIonx Bce 00O0OIIeH-
uble 10 C.JI. CoboJieBy IpoM3BOIHBIE, BXO/SIIUE B COOTBETCTBYIOIIEE ypPaBHe-
HHE.

PesynbraTel, nmpeicraBieHnble B JIOKJIAJE, MOTYYEHBI B COTPY/IHIYECTBE C
0.11. BxeymuxoBoii.

MNucruryr maremaruku um. C.JI. CobosieBa CO PAH, Poccus.
Email: kozhanov@math.nsc.ru

CBOWICTBA PEIIEHUN HEJIMHENHBIX
SJIJINMINITUYECKNX YPABHEHUN C L,-IAHHBIMU B
HEOTPAHUYEHHBIX OBJIACTAX

KO>KEBHMKOBA JI.M.!, KAIITHUKOBA A.Il.2

B neorpannuennoii obsactu 2 C R” = {x = (x1,...,2,)}, n > 2, paccmar-
puBaerca 3agaqa Jupuxiie

—diva(x, Vu) + M'(x,u) + b(x,u) = p, pe L1(Q), x € Q, (1)

=0. 2

U0 (2)

Baecy dyuruum a(x,s) = (a1(x,8),...,a,(x,8)) : @ x R — R, b(x,sp) :
Q2 x R — R, umeror pocr, onpejensiembrii o6obmennon N-dynximeit M (x, z),
KOTOpasl He 00si3aHa YIOBJIETBOPATE Ag-yCIIOBUIO.

I. Chlebicka B pabore[l] qyist ypaBHeHUs

—diva(x,Vu) = pu, x€Q, (3)

IpU HEKOTOPBIX YCJOBUSX peryiaspHoctu Ha dyarmmio Mysunaka-Opimaa
M(x,z) B ciydae obmieil Mepbl f JIOKa3aJa CYyIIeCTBOBaHUE, a B cJydae aud-
dy3HOI MEPHI {4 U €IMHCTBEHHOCTh PEHOPMAIN30BAHHOrO perteHus 3a1a4uu u-
puxie (3), (2).

Ecim dyuknus Mysunaka-Opanya M He yioBiierBopsieT As-yCJIOBHIO, TO
cooTBeTcTBYIOIIee npocrpancTBo Mysuika-Opiinia He saBisieTcss pedJIeKcuB-
HBIM U paccMaTpuBaeMas 3aJada 3HAYUTENbHO ycioxkusiercs. OObIaHO, ecin
orpanudeHuit Ha poct 0606mennoit N-dyukuuu M (X, z) He Tpebyercs, TO Hpei-
[IOJIATAETCs, YTO OHA IOIIMHSAETCS YCJIOBUIO lOog-TesIbIepOBCKOI HEIPEPHIBHO-
CTH 110 IEepeMeHHON X € (), 4TO IPUBOAUT K XOPOIIUM AaIPOKCAMAIIMOHHBIM
cBoiicTBaM npoctpancTBa Mysunaka-Opimaa.
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B pabore [2] noka3aHo CyIecTBOBAaHNE PEHOPMAJIM30BAHHOTO PEIeHNs] 38,18~
qau (3), (2) ¢ u € L1(R) u HeonHOPOIHON aHM30TpONHON dyHKImenl Mysuiaka-
Opuinga. B pabore [3] ycranoBiieHbl cylecTBOBaHUE W €UHCTBEHHOCTD SHTPO-
OUIAHOTO U PEHOPMAJIN30BaHHOrO perenuii 3axaqn (3), (2) ¢ p € L1(), moka-
3aHA WX SKBUBAJEHTHOCTH B pocTpancTBax Mysuiaka-Opinua.

Bce nmponmuTupoBaHHbIE BBIINIE PE3YJIbTATHI IOJYyYEHbl B OIPDAHUYEHHBIX 00-
sactax. s SJUIMITHIECKUX YPABHEHU ¢ HECTAHJAPTHBIMU YCJIOBUIMU POCTa
U JQHHBIME B Buje Mepbl (mau Li-JIaHHBIMEU) PE3yJbTAThl CYNIECTBOBAHUSI U
€IMHCTBEHHOCTH SHTPONMHHBIX U PEHOPMAJU30BAHHBIX PEIICHUI B TIPOU3BOJIb-
HBIX HEOTPAHUIEHHBIX 00JIACTSIX yCTAHOBJIEHBI B padorax [4] — [6] u ap. Omrako,
JIUIsl YPABHEHUI ¢ HEJIMHEHHOCTSIMU, onpejessieMbiMu dbyHKIusiMu Mysuiaka-
OpJinda, TaKuX PE3yJILTATOB HET.

TpyauocTh 0600IIEHNsT HA HEOIPAHUYEHHYIO 00JIACTH COCTOUT B TOM, YTO B
Heit e paboraer anasior HepaseHcTBa [lyankape-CobosieBa u TeopeMa O KOM-
MAKTHOCTU BJIOYXKeHusT mpocTpancTBa Mysmiraka-Opimaa-CoGostesa. Permutn
npobJieMy aBTOpaM yIAJI0ch Oiaromapst nobasneHnio B ypasHenue (1) coara-
emoro M’ (x,u) n JIONOJHATENLHOMY TPEGOBAHUIO MHTErPUPYEMOCTH (DYHKIUH
M(-,z) no .

Apropamnm HacTosmeil paboTs! B mpocTpancTeax Mysminaka-Opinda okasa-
HO CyIIECTBOBAHUE SHTPONUNAHOTO PEIeHns U yCTAHOBJIEHO, ITO OHO SBJISIETCS
PEHOPMAaJIN30BAHHBIM pernenneM 3a1a4n (1), (2) B npon3BosbHOl (B TOM 4uC-
Jle U HeOrPAaHWIeHHOH ) 061acTh ), yIOBIETBOPSIIONIEH CErMEHTHOMY CBONCTBY.
Kpome Toro, mojry4eHsl HEKOTOPbIE CBOHCTBA U JIOKA3aHA €UMHCTBEHHOCTD JH-
TPOIMIAHBIX U PEHOPMAJIN30BAHHBIX perenuit 3agaquu Jupuxie (1), (2), a Takke
YCTAHOBJIEHA SKBUBAJEHTHOCTH TAKAX PENeHui.
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YNCJIEHHOE NCCJIEJOBAHUE OJHOMN MOIEJIN
MATHNTOI'NMAPOINHAMMWKN

KOHJOKOB A.O.

Cucrema
1 1
(1—%A)vt:uAv—(v-V)v—;Vp—QQxv—|—p7L(V><b) X b,

Vu=0, Vb=0, (1)
by = AL+ V x (v xDb),

MOJIEJIUPYET TEeUEeHNE HEeCXKUMAEMOHW BA3KOYyNIpyroit Kujakoctu KegbBuHa—
Doitrra HyaeBoro nopsiika [1] B MarHuTHOM ToJie 3eMJId. 37eCh BEKTOP—
byHKIMM v ¥ b ONPEeIessIoT CKOPOCTb KUJIKOCTUH W WHIYKIIAIO MATHUTHOTO
TIOJIsT COOTBETCTBEHHO, P — TUAPOJUHAMUTIECKOE TABJCHUE, ¢ — KOIPOUIIMEHT

YIPYTOCTH KUIKOCTH, {) = §V X U — yIJIOBas CKOPOCTb BPaIeHUA KUJIKOCTH,

V — oneparop ['aMuyibToHa, § — MArHUTHAS BA3KOCTH XKUJIKOCTH, [t — MAIHUTHASI
IIPOHUIIAEMOCTD KUJIKOCTH, p — INIOTHOCTH YKHUJIKOCTU.
PaccMoTpuM HAYAJIBHO — KPAEBYIO 3aja4y jijid cucreMbl (1)

v(x,0) = vo(z), b(x,0)=bo(x), =€ D, @)
v(z,t) =0, b(x,t) =0, (x,t)€ID x R,.

e D € R3 — munmuHapuyeckas obacTb ¢ rpanunein 0D kiacca C™.

Panee HauasbHO-KpaeBas 3aa4a (1)-(2) npu » = 0 6p1a u3ydena 8 [2]. Ilpu
2 # 0 HAYAJIBHO-KPAEBBIE 33/[a9l PA3IMIHBIX HOPSKOB ObLIH HCCJICIOBAHBI B
paborax [3, 4, 5|. B pamkax Teopuu IOJyJIUHEHHBIX YPABHEHU COBOJIEBCKOTO
Tura [6] 6blIH JOKA3AHBI TEOPEMBI CYIECTBOBAHNUS U €IMHCTBEHHOCTU pPelleHnit
YKa3aHHBIX 33/1a4.

B pabore [7] onucan BHIYUCIATEIBHbIH 9KCIEPUMEHT JIJIsi HAUaIbHO-KPaeBOoil
sagaun (1)-(2). dust ero ocyuiecrsienus OblLia IIPOU3BEIEHA IUCKPETU3AIUS
(1)-(2) xomeuno—pasHOocHBIM MeTojioM [8]. B pesynbrare muckpermsanuu wmc-
XO7IHASI HAUAJIbHO—KpaeBast 3a/1a4ua peobpasyercs K 3a1ade Kormn s cucrem
OOBIKHOBEHHBIX HEJIMHEHHBIX ypaBHeHnii. Jlajee JyIsi MOJIyYeHUs] YUCIEHHOTO
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pemtenus 3aadu Ko ucnoib30BaHbl aJrOPUTMbI, OCHOBAHHBIE HA STBHBIX OJ1-
HOIIATOBBIX cxeMax Tuna PyHre—KyTTsl [9] cesbMOro nopsijika TOYHOCTH C BbI-
6opom 1rara mHTerpupoBaHus. OIEeHKa KOHTPOJIS TOYHOCTU BBIYHUCJIEHUN Ha

KazKJI0M BPEMEHHOM IIMare OCyImeCTBJIAETCA IO CXeMe€ BOCBMOI'O ITOPAIKa TOYI-
HOCTH.

1

2]

3l

(4]

]

(6]

(7]

(8]
9]
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O JIOKAJIN3AIINN HAYAJIBHOTI'O YCJIOBUA PEINTEHN A
3AJAYN KON AJId YPABHEHUM A
TEIIJIOITPOBOJHOCTHA

KOHEHKOB A.H.

Paccmarpusaercs 3agaqa Kot

ug—Au = 0, t>0, (1)
ulim=o = ¥ €S (R™),

rae S'(R™) — npocrpancTBo 0600mIeHHbIX (DYHKIMA MeIjIeHHOro pocTta B R™.

B paborax [1, 2| npeobpasoBanue, siIpoM KOTOPOTO SABJsieTcst (DyHIAMEH-
TaJbHOE DEIIEHUE YPABHEHUS TEIJIOIPOBOIHOCTY, BIEPBbIE MCIIOJb30BAIOCH
JLUISL XapaKTepHU3auu runep@yHKIuii. 3areM 9TOT METO, IPUMEHSLIICS /IS OIIU-
CaHUs Pa3IMYHbIX KiaccoB GyHKIwmA. B yactHOCTH, B [3, 4] MOJIyYeHa HEKOTO-
pas XapaKTepu3alusl paclipeleseHnil ¢, IMeIOMUX KOMIIAKTHBIH HOCUTEIb, B
rTepMuHax pemienus 3agadn Koru (1).

Iycrs K — BBIIyKJIOE KOMIAKTHOE MHOXKeCTBO B R"™, di(x) — paccrosinue
or Toukn x € R" 10 K u Z(x,t) = (4rt)=1/2e~121*/4t _ Hynnamenranbhoe
pelleHre yPaBHEHUS TEILJIOIPOBOIHOCTH.

IMony4ena omeHKa, KOTOpas SBJIAETCA HEKOTOPBIM YTOYHEHHEM YTBEDPIKJIE-
Hust 13 [3].

Teopema 1. Ecausupp ¥ C K, mo cyuwecmsyrom noisodHcumesvHvle KOHCmar-
mu N, C maxue, wmo daa Pynrkyuu u(x,t) = (Z(x — -,t),v) cnpasedausa
ouenKa

2
lu(z,t)| < C(1 + |m|)N(1+t_N)eXp{—dlz(tx)}, x €R™ t>0.

Tak>ke MbI yCTaHaBJIMBaeM o6paTHoe B OIIpEIeJIECHHOM CMBICJIE YTBEPXKICHUE.

Teopema 2. Ecau dynxyus u asasemes pewenuem sadawu (1), ydosaemeo-
DAOULUM HEPLBEHCNEY

(AN,C > 0) |u(z, )| < CA+ |2V A +tN), z € R, t >0,

u dasa nekomopozo T > 0 cnpasedausa ouenka

2
e 7| < O+ fa Y exp { K s e e

mo suppy C K.

Paccvorpum 3aaay Kot 11 ypaBHeHUsT TEILIONPOBOIHOCTH ¢ 0OPATHBIM
HalpaBJIeHHEM BpPEeMeHU

v + Av 0,
{ - ©)

'U|t:0 =
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Ciremymolee yTBep:KI€HUE, BBIBOJUMOE M3 TEOPEMbI 2, ITOKa3bIBAET, UTO
HEOOXOUMBIM YCJIOBUEM DPa3pelimMOCTH 3ajJa4u (2) B KJacce OrpaHuveH-
HbIx GyHKIUi gBisierca TpeboBanue (3a UCKJIIOYEHUEM TPUBUAJIBHOIO CJIydast
¥ = 0), 9T06bl Haua bHAsA DYHKIHS HE CIUIIKOM ObICTPO yObIBAJIA [P T — 0O.

Teopema 3. Ilycmwv daa nexomopozo T > 0 dynxyua v sAeaaemcsa 6 caoe

D =R" x[0,T] nenpepuisrvim u ozpanuiermvm peweruem sadavu (2) u cnpa-
68e0AUBA OUEHKA,

Toeda v=06D.

B sTom HEpaBEHCTBE KOHCTaHTa B 9KCIIOHEHTE fABJIACTCHA TOYHON.
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OB ACUMIITOTUKE PEIIEHUN JU®PEPEHIINAJIBHBIX
YPABHEHUNN YETBEPTOI'O ITOPA/JIKA

KOHEYHAA H.H.

B nepsoii wactu mokJaga pedb MoiigeT o nocTpoenuu Marpuil tana [nna—
Bertna Fop (eMm. [1, Pazmenl, c.8]), Takux, 1uro kBasuauddepeHImIbHbEe BHIPa-
JKEHUSI, TIOPOXKJEHHBIE MU, COBIAIAIOT ¢ MU DEPEHITTATBHBIM BBIPAKEHAEM

lag(y) := (py")" — (¢y") +rPy,

rae « € {0;1}, B € {0;1;2}, u npousBoIHBIE TOHUMAIOTCSI B CMBICJIE TEOPUH
pacupeneseHunii.
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Cayuait log siBasiercss kmaccuaeckum (em. [1, Ipwr. A]), a cayuait 112 no-
crpoeH B padore [2]. CooTBeTcTByIOIINE MATPHUIBI UMEIOT BUJI:

01 0 0 0 1 0 0
o 0 0 p—l 0 o _,,,.p—l qp—l p—l 0
710 ¢ 0 1| TR [gpt 2r—gpt —gpt 1
-r 0 0 0 r2p~1 —grpt —rp~t 0
IIpusenem Bug MaTpul Fyg B OCTAJLHBIX CJIyYasX:
0 1 0 0 0 1 0 0
o o pt o | =rp? 0 p~t 0
Foo= | _, g 0 1 » Foz2 = 0 2r +q 0 1|
0 r 0 0 r2p_1 0 —rp_l 0
0 1 0 0 0 1 0 0
[0 gt pto0 o et pt o0
fo=lo —gpt gt 1| T @ St

- 0 0 0 0 T 0 0

Kak n3BecTHO, ycIoBHe NIPHHA/IE?KHOCTH BCEX 3JIEMEHTOB F,g IPOCTPAHCTBY
L}, [1,+00) obecneunsaeT BO3MOKHOCTH KOPPEKTHOTO OINpEJIe/IeHUs KBa3u-
T DEPEHITNATBLHOTO BhIPAYKEHNS, TOPOXKICHHOIO 9TOH Marpureil. 1o KBa-
suanddepeHImaibHOe BEIPAXKEHNE COBIAIAET ¢ IuddepeHITnaIbHBIM BbIPa-
xenweM lo5(y) ¢ koaddunuentamu - pacupeneaenusamu (eM. |1, Pazgen I, ¢.8]
u [2] ms cayaast 11s).

Bo BTOpOIT wacTu g0k A peds moiiger 00 aCUMIITOTHKE PeIleHnul ypaBHe-
HUN BUJA

lap(y) = Ny (1)

npu x — 400, TIe A — (PUKCUPOBaHHBIN MapaMerp.
CdopmynupyeM pe3yabTaThl, MOJYIeHHBIE HAMA JJIs ciiydas o = 3 = 1.

Teopema 1. ITycmo p = (1+p1)~", 2de py € L'[1,+00), u nycmeo
7]+ lal(1 + la[) (1 + |p1]) € L1, +00).

Tozda 6 caywae « = =1 u X # 0 ypasuenue (1) npu z — +oo umeem
PyHOaMEHMANLHYI cucmemy peweHut

2ede zj — PasAUNHBLE KOPHU “emEEPMOll CIeneny us A.
Teopema 2. ITycmv p = (1+p;)~L, 2de p1 € L1, +00), u nycmo

lal(1 + z|a)(1 + [p1]) + 2®|r| € L1, +00).
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Tozda 6 caywae o = f =1 u X = 0 ypasrernue (1) npu x — +0o umeem
PYHOGMEHMANDHYIO CUCTEMY PEWEHUT
(@) = (1 + o)) 4
yi(x) = ——(1+0(1)), j5=123,4.
! (7 — 1)

OTMeTuM, 9TO JUTST ABYUIEHHBIX TudHepeHnaabHbIX YPABHEHWH aHIOITd-
Hble Pe3yJIbTAThl ObLIK II0JIyYeHbI B padore [3].
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NAEHTUNONKAIINSA ®YHKIINM NCTOYHUNKA B
ABYMEPHOMU I1I0JIYBOJIIOIIMOHHON CUCTEME

KOIIBIJIOBA B.I'.!, COPOKUVH P.B.2, ®POJIEHKOB 11.B.3

B nmamnoit pabore paccmaTpuBaerca 3amada UAeHTHDUKAINNT (DYHKITHN 1C-
TOYHMKA JBYMEPHOI CHCTEMBI YPABHEHHI NapaboIMIecKOro TUIIA, OJHO U3 KO-
TOPBIX COJIEPKUT MaJIblil IapaMeTp IPH IPOU3BOAHOM 1o BpeMeHn. 11omo6HbIe
38712491 BO3HUKAIOT [IPH AIIIPOKCUMAIIAU CUCTEM CMEIIAHHOI'O U COCTABHOIO TH-
1a, apaboIMIECKIMU CHCTEMAMH C MAJIBIM IIaPAMETPOM.

Amnasiornynas 3a7a4a B OJHOMEPHOM CJlydae paccMarpusajuch B [1]. B [2]
HCCIIEI0BaHa Pa3PEIIMOCTD 3a1a49 KOy 1 epBoil KpaeBoil 3a1a49u s KBa-
BUJIMHENHOi cucTeMbl HapaboJIMIecKUX yPaBHEHUII ¢ MaJILIM IIapaMeTPOM.

B monoce G = {(t,2) | 0 <t < T, x € Ey} paccMoTpuM 3aj1ady  onpe-
JIeJICHUsT JTeHCTBUTEIbHO3HAYHBIX (DYHKITHIT (a(t, x), ’LE}(t, x), gsy(t)), VJIOBJIETBO-
pstIomuX Jutst Kaxkaoro dhukcnposarnoro € € (0, 1] cemyomumM cooTHOMEeHIsIM

Ut 4 a11 ()t 4 a12(6)0 = p11tg, 2, + fi12teyey + 9() f(E ), (1)
v + a21(t)’fb + a22(t)16) = /L21’L€}x1x1 + ,U225x2x2 + F(t,x),

5(0,33) = ug(x), 5(0,%) = vp(x), (2)
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u(t,2%) = o(t), z° = (29,29) — buxcuposannas Touxa. (3)

B npeamonoxKeHuw JOCTATOYHON TIAJKOCTH M OIPAHMYEHHOCTH BXOHBIX
JIAHHBIX JOKa3bIBaeTCs paspentumMocts 3a1aau Komu (1)-(3) npu xkax oM buk-
CHpOBAHHOM €. JI0Ka3aTeIbCTBO MPOU3BOIUTCH IIyTEM CBEJICHHS UCXOIHON 06-
PaTHOM 33Ja9U K IIPSIMOH, Pa3peruMOCTh IIPAMOI 33J]a41 JJOKA3BIBACTCS Me-
TOZOM CJIa0O0I AITPOKCUMAIIVIH.

Ilajtee P YCIOBUM MEPUOANYHOCTH II0 T W HEYETHOCTH BXOMHBLIX JAHHBIX
£+ F, ug, vg JOKA3BIBAETCS IIEPUOAMIHOCTD pentenus 3aga4au (1)-(3) u, ciemosa-
TeJIBHO, CYINECTBOBAHUE JOCTATOYHO TJIAJIKOrO PEIIEHUS 3aJIa9H OIPEe/ICHus

E € € -
(u,v,9) B Qp = [0,T] x [0,11] X [0,]2] 1pu 1EpBOM OIHOPOIHOM KPaeBoM yCJIo-
BUM.

Jasnee TOKa3BIBAIOTCA PABHOMEPHBIE TI0 € ONEHKU, TapaHTHPYIONHE CXO TH-
MocTh 1pu &€ — 0 Toc/Ie0BaTeILHOCTH (ﬁ(t,x),%(t,x),g(t)) pelennii Kpa-
eBoil zamaum s cucrembl (1) k pemenuto u(t,x),v(t,x), g(t) mapaboso-
SJUIAIITHYIECKON CHCTEMbI

ue + a1 (H)u + ar12(H)v = p1te, 2 + H12Uzyz, + 9(8) f(E, 2),
as1(t)u + a2 (t)v = 21z, 2, + H22Vaya, + F(t, ).

¢ HAYAJbHO-KPAEBLIMU YCJIOBUSIM
’LL(O,.T) = ’U,O(LL'), U(O,l’) = Uo(x), T € [07 ll] X [07 l2]7
u(t,0,22) = v(t,0,22) = u(t,ly,z2) = v(t, 11, 22) =0,

u(t,z1,0) = v(t, z1,0) = u(t, z1,l2) = v(t,x1,l2) =0

1 yCJIOBHEM IIepeollpeieJIeHN A

u(t, %) = ¢(t).

Pabora nojanep:kana KpacHospckuM MaTeMaTUIeCKUM [EHTPOM, (PUHAHCHU-
pyembiM Muno6pHaykn P® B paMKax MepONpUATHIl IO CO3AAHNIO U PA3BUTHUIO
peruonasnbabix HOMIT (Cornamenue 075-02-2021-1388).
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ACHUMIITOTUKHN PEIITEHUN 2 x 2 CUCTEMBI
OBBIKHOBEHHBIX /IN®PEPEHITMAJIBHBIX YPABHEHUNN
ITEPBOT'O IIOPAJKA

KOCAPEB A.II.

PaCCManI/IBaGTCH CIIEKTpaJibHad 3a/a4va

!/
(! P g\ (m g 0\ (m

() -G DG -6 56 e
yl(o) = Oa 92(1) = Oa (2)
rje A — CHeKTpaJbHbI mapamerp, g, h, p,q,r,s € L1[0, 1], obe dyuxiuu g u h

[TOJIOYKUTEJIbHBI, & PYHKIINA P, ¢, T’y S KOMIIJIEKCHO3HAYHBIE.
Harma 1estpb - moyYuTh aCHMIITOTHYECKUE IIPEICTABIEHNS PEIEHI I CHCTEMBI
(1), a 3aTeM HCHOJB30BATH UX JIsl HAXOXKJIEHUS ACHMITOTHKH COOCTBEHHBIX

suagenuii 3agaan (1), (2). Jus dbopMmyamposku TeopeM 06 aCUMITOTUIECKUX
[PEJICTABJIEHUSAX BBEIEeM 0D0O3HAYECHUS

G(w):/owgdt, H(x):/ow hdt, P(m):/owpdt, S(m):/ow sdt,

a(z) = g(z) + h(z), b(z)=el@=5)

eP(m) 0 e)xG(ac) 0
M(.’E) = ( 0 65(1)) ’ E(.’E,)\) = ( 0 eAH(m)) :

OrpeiesiuM orepaTopbl

(0@ = [ a0 W0 (L) - /;r(wb(t)f(t)dt, 3)

1 rb p—1
f'(x), Ji= E-Tlv Jo = 4

a(z)

Teopema 1. Ilycmo g, h > 0 u ece pynkyuu g, h, p, q, 7, S NPUHAOAEHCAT, TPO-
empancmsy L1]0,1]. Toeda npu mobom k € R cywecmesyem dyndamernmanvrasn
mampuya Y (x, \) ypasuenus (1), umerowasn npedcmasaerue

Y(z,\) = M(z)(I + R(z,\)E(z, N, (5)
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2de R(z,\) — 20n0mopdras mampuy-Ppynkyus 6 noayniockocmu
I, ={A€C| Re\ > &}
npu docmamouno Gosvwux |\, npunem
IR(; M) o, = o(1), 2de o(1) = 0 npu A — oo, € Il,.

Ecau pynryuu g, by p, q,r, s npunadaescam npocmpancmey W0, 1] npu nexo-
mopom n = 1, mo @yndamernmanvnyro mampuuy Y (x,\) moorcrno ewbpamo
maxot, wmo R(x,\) donyckaem npedcmasaenue

R! R
Rz, \) = % b +% +o(1)A",
2de o(l) — bGeckoneurno manasn Pynrxyus pasnwomepro no x € [0,1] npu

A — 00, A €ell.
Mampuy-gyrnruuu R* evruucastomes no gopmyaam

k k
RF — 11 Ti2
- k k )
21 T22

-1 -1
171717 1 7‘1b 17717 1771qb
7’11*1a77’12* 7a77'21*a77"22* 2 )
k+1 _ E+1  _k+1 _ k.1
rin = hry o, riy 0 = (D + J2) i,

k41 _ ko1 Rkl 7 k4l
T = (=D +J1)"ry, 195 = Iaryy .

ITocse mofcTaHOBKY MOy YEHHBIX ACUMIITOTHK B XaPAKTEPUCTHIECKU OIIpe-
JeJIATeJIb IIoJIydaeM CJeJIyIONIyI0 TeopeMy.

Teopema 2. ITycmov éce koapduyuermo, ypasrerus (1) abcoarommuo nenpepoi-
BHBIE U, KPOME MO20,
q(1) #0, r(0) #0.
Tozda cnexmpanvran 3adaua (1), (2) umeem dee cepuu cobemeerHbiT 3HAEHUT
{AE}), umerwuz acumnmomuxy
2mi 472
A=t p—2lnn—-In +o(1).
(@0 + H(D) a@m + Ay W
Jokar ocHoBan Ha coBMecTHON pabore ¢ A.A. ITIkaaukoBbIM.
Pabora mognepxkana rpaarom POOU No 19-01-00240.

Crucok aureparyphbl
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O HEKOTOPHIX HEJIMHEMHBIX OBPATHBIX 3AJJAYAX
JJIS YIIBTPAIIAPABOJIMYECKNX YPABHEHUN I[IPU
MOJEJIMPOBAHUN JUHAMMWKMNA IIOITYVJIAIINN

KOIIIEJIEBA 10.A.

O6paTHble 33841, KOTOPBIE IPEJICTABICHBI B JIAHHON paboTe CBA3aHbI C Ma-
TEMATUIECKUM MOJIEIMPOBAHUEM JTUHAMUKH MOMY/IAIUA ¢ yIETOM acTPOHOMHU-
YECKOr0 BpeMeHM ¢ , GHOJIOTMYECKOTO BPEMEHU ¢ U JONOJHUTEIHHOIO ydera
muddysun (nepemenupanue B mpornecce B3anmo/eiictsus ). Takue 3a1a4m cBo-
JISITCST K MCCJIEJIOBAHUIO HEJIOKAJIBHON KPaeBoil 3a1a4u JiJIst yiIbTpanapabomde-
CKHAX ypaBHEHUIA.

Ocobblif MHTEpPEC BHI3BIBAIOT HEJIUHEHHBIE 0OPATHBIE 3aJaMN JJIsl YIbTPAIIa-
pabomuecKnx ypaBHEHUi, paHee OHM He M3yJaJuch (JMHelHble o0paTHbIe 3a-
JIaun Jisl JAHHOTO THUIIA yPAaBHEHWI paHee U3ydasnch aBTopoM B [1,2,3]).

IMycts  ecTh orpanudeHHasi objgacTh npocrpanctBa R"™ ¢ rinaakoit (mis
IpoCTOThI - GeckonedHo puddepennupyemoii) rpanureii I, ¢ ecrb quciio u3 un-
repBasia (0,7), 0 < T < 400, a ecrb yncio uz uarepsaia (0, A), 0 < A < 400,
Q ecrs mumuap Q x (0,T) x (0, A). Hazee, nycrs f(x,t,a), N(z,t,a), uo(z,a),
vo(z,t), ¥(x,t,a) cyrs samammse ipu z € Q, t € [0,T], a € [0, A] dynkmum.

O6parnas 3aga4a I: Haiitu byukuun u(z, ¢, a), ¢(t), cBa3anuble B UIMHIDE
() ypaBHEHIEM

Ut +Ua _Au+q(t)u: f(mvta a) (]')
0pu BbIIOIHeHNH Jist GyHKIMA w2, t, a) ycaoBuii
w(z,0,a) =ug(z,a), x€€, ac(0,A), (2)
u(z,t,0) =vo(z,t), =€, te(0,7), 3)
u(z,t,@)|(z,t,0)eTx (0,T)x (0,4) = Y(z,t,a), (4)
a TaKzKe yCJIOBUHA
A
//N(:z:,t, a)u(z,t,a)dxda = p(t), = €Q, ac(0,A). (5)
0 Q

O6parnas 3agada II: Haiiru dyakunu u(z,t, a), ¢(t), cBa3anuble B HUIAH-
npe @ ypaprenuem (1) npu BeimosHennn st Gyukiwn u(x, t,a) yeaosuit (2),
(3) u (5), a TakKe ycI0OBUS

ou(z,t,a)
T’kx,t,a)erx(o,ﬂx(o,m =Y(z,t,a),
n
(%|(I,t@)epx(o’q~)x(oﬂ) = E Uy, (z,t,a)v;, T V; - KOMIIOHEHTBI BEKTODA

=1
BHYTpeHHel nopMmayu K ' B TekyIueil Touke ).
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B obparsbix 3agadax I u I ycmosust (2)-(4) cyTs ycioBust 06bIMHOM mepBoit
MJIM COOTBETCTBEHHO BTOPOW HAYAJILHO-KPAEBBIX 3a/ad JIs yJIbTpanapabosm-
YEeCKUX ypaBHeHuil, yciosue xe (5) ycoBue HHTErPAJILHOTO HEPEOIPEIC/ICHUS.

st u3yvqaeMbIxX 33J1a4 JIOKA3bIBAIOTCSI TEOPEMBbI CYIIECTBOBAHUS M €JIUH-
CTBEHHOCTHU DPEryJIsSiPHBIX PelleHnil (peryisipHbIMU PelIeHIsIMI HA3bIBAIOTCS Pe-
menust, umerorue Bee 0606menusbie 1o C.JI. CobosieBy Ipou3BOIHBIE, BXOISIINE
B COOTBETCTBYIOIee ypasHeHue). Bo Bcex ciiydasix MMeeT MeCTO eMHCTBEeH-
HOCTBb PENIeHHs — KaK JJIS KPaeBbIX 3a7ad I «HAIDYKEHHBIX» YIbTpamapa-
0OJIMYeCKIX YPaBHEHNUH, TaK U JJIsi OOPATHBIX 3a/1ad.

MeTo/ipl ucciie/IoBaHUsT OCHOBAHbI Ha CBEJIEHUH MCXOHOM 33J1a4MU K IIPSIMOii
KpaeBoil 3ajiade JIsi HAI'PYKEHHOI'O YJIbTPAIlapadONIecKOro ypaBHEHUs, UC-
ITOJTb30BAHNN METOJIa PEryJIPU3aIiil U TEXHUKH, OCHOBAHHOM Ha allpUOPHBIX
OIICHKAX.

Crucok aureparypsbl
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2. C.77-98.

[2] Kowenesa FO. A. Yabrpanapaboiamdeckue ypaBHEHUsI C HEU3BECTHOH IPaBoii
gacteio // Mar. 3amerkn ATY. 2012. T.19, Bem. 2. C.73-93.

[3] Kowenesa FO. A. Jluneitnbie obpaTHBIE 337891 s yJIbTPAAPAGOITIECKAX
ypaBHEHUIi: cilydail HEeM3BECTHOIO KO3(hUIINEHTa IPOCTPAHCTBEHHOI'O THIIA.
Cubupckuil »KypHas YUCTON ¥ mpukagHoil maremaruku. 2016. T. 16, Ne 3.
C. 27-39.

CaxayuHCcKuil rocyapcTBeHHblil yaHuBepcuTer, Poccusi. Email: ynuta@mail.ru

O EAVMHCTBEHHOCTU BEPOATHOCTHOI'O PEIITEHMN A
SAJAYN KOIIIN OJIAd ITAPABOJIMYECKOTI'O YPABHEHU A
KOJIMOTI'OPOBA

KPACOBUIIKHWI T.U.

Paccemorpum 3amaay Komm jmyist mapabosmmaeckoro ypasaennst Koamoroposa:
Oup =03, (aVp) = 0z, V'), po=v, (1)

rie marpuna A = (') cuMMerputHa B IOIOKHUTENIBHO Onpesenena, b’ — Bek-
topuoe mosie Ha RY, a HauainbHOE yciioBHe U — 6GOpEIEBCKAs BEPOATHOCTHAS
mepa Ha R?. Pemtenust Buma p = g dt, Tie fi; — BEPOSTHOCTHBIE MepHI HA
R?, Ha3bIBaEM BEPOSITHOCTHBIMMI. BasKHOM TPOGIEMOil SIBIISIETCS] HCCITIe[OBAHME
€JIMHCTBEHHOCTU BEPOSITHOCTHOI'O PEIleHUs, B YACTHOCTHU, [IOCTPOEHUE IIPUMe-
POB HeeIMHCTBEHHOCTH.
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IIycts d > 2. Tlomoxum

b(z,y,2) = (B(z),C(y), D(2)), rne z,y € R, z € RT2, (2)
2 2
B(z) = —x —6e” /2, C(x) = —(1+y?)arctgy + ﬁ, D(z) = —=.

Ecin d = 2, To xomnonenTa D(z) orcyTcrByer.

Teopema 1. /Jlan scaxol seposmmuocmuols mepv v 3adava Kowu (1) ¢ xoap-
Puyuenmom cnoca b = (B, C, D) u HauaibHbiM Yeao8uem V umeem GecKoHewHo
MHO20 NUHETHO HE3ABUCUMBLL BEPOATNHOCTIHGIL PEUEHUT.

B pasmepnoctu d = 1 Takoro posa mpuMepbl HeBO3MOXKHBI. Kak moka3aHno B
pab6ore [2], 1yist a = 1 u JOKAJIBHO OrpaHUYEHHON Gopesesckoii dyHkuu b(x),
He 3aBUCAINEIl OT BpeMeHU t, BEpOSATHOCTHOE PEIeHNe ¢IMHCTBeHHO. B ciygae
HEIIOCTOSTHHOTO KO3 puImenTa a mpuMephbl HeeJUHCTBEHHOCTH MOYKHO TTOCTPO-
UTHb W B OJHOMEPHOM Ciydae. [locTpoeHne TakKnx MPUMEPOE C IIOMOIIBIO CIIe-
[UATHHON 3aMEHBI TIEPEMEHHBIX CBOJUTCS K MOCTPOEHUIO PEINEHUH HAYAJIBHO—
KpaeBbIX 3aJad JJIs BLIPOXKIAIOIMUXCs napaboJndecKux ypapHenuit. JlaHHbIA
METOJI, MOCTPOEHH IIPUMEPOB HEEJIMHCTBEHHOCTH IJIOJOTBOPHO IPUMEHSICH K
cranmonapuomy ypasaernio Kosmoroposa B patore [4].

Teopema 2. Ilycmv a — NOAOHCUMENLHAA NOKAADHO AUNWUYUESE PYHKUUS, D
— A0KAALHO O2paruveHHas bopesesckan Pynrxyus. Ipednoroorcum, wmo

/O 1 +oo 1
7dx=/ ——dz = +00. (3)
—oo /a(x) o Va(x)
Tozda ecau sepoammnocmuoe pewenue 3adauu Kowu (1) cywecmsyem, mo ono
eduncmeenno. Ecau xomsa v 0dun uz unmezpanos (3) cxodumes, mo cywe-
CMBYIM NOKAADHO 02PAHUYNEHHBLT KodPPuuyuenm croca b u HavasvHoe pac-
npedeaenue, Oas KOMOPUEL CUMNAEKC BEPOATVHOCIHOL pewenul 3adavu (1)
beckoneuHoMepeH.

OTMeTHM, ITO YCJIOBHsI TEOPEMBI COBIAJIAIOT € YCJIOBUSIMU €INHCTBEHHOCTH
BEPOSITHOCTHOTO DEIeHNsI OJJHOMEPHOTO CTAIMOHAPHOTO ypasHeHus: Konmoro-
posa (cM. [1]). TToapoGHOe n3M0XKeHNne ITUX Pe3YIBTATOB MOXKHO HAWTH B [2] 1
B [3].

Pabora nmommepxkana rpanrom PODOU 20-01-00432, MocKOBCKUM IIEHTPOM
dynmaMenTaIbHON M TPUKIIaAHON MaTeMaTuky u crunenueit Pouma «Bazmes.

Crucok aureparyphbl
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MockoBckuit rocymapcrsennsiit yauBepcuteT nuM. M.B. Jlomonocosa, Poccust.
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O HEOCIIMJIJIAIINU YPABHEHUIT YETBEPTOI'O
ITIOPAJKA HA CETN

KYJIAEB P.4Y.
M3yuaercsi ypaBHEHHE Y€TBEPTOrO MOPSIIKA
d? d*u
Lu= a2 <p(:c)dFQ> —h(x)u=0, zel, (1)

rae I' — reomerpuueckuii rpad [1, 2]. o dudepenyuanvrvim ypasnenuem ra
epaghe, MBI TOJpaA3yMeBaeM MHOXKECTBO ODOBIKHOBEHHBIX uddepeHIrnaaIbHbIX
ypaBHeHH Ha pebpax
(pi(@)uf)” —ri(x)u=0, x €, (2)
¢ koacdbdurmenrtamu p(z) € C?[I], r(z) € C[I, igf pi(x) >0, r(z) >0mal,
TEY:

JIOTIOJIHsIEMOE B Kakjioit BHyTpeHHeil Bepimue a € J(I') ycioBusimu coruaco-
BaHNA

ui(a) = u(a), Bla)ui(a) —V(a)uj,(a) =0, i€ I(a), 3)
B KOTOpPBIX Koaddunuments! 3(a), ¥(a) HEOTPUIIATEIBHBI U HE PABHBI OJJHOBPE-
MEHHO HYJIIO, U YCJIOBHEM C TPETHUMU MTPOU3BOJIHBIMU

Y wiuf)i(@) —r(@)u(@) =0, ae (D). (4)

i€l(a)

Onpenenenue 1. Pewenuem dugdeperyuanvrozo ypasnerus (1) Oynem na-
3BIBATH BCAKYIO QyHKIMIO (), yAOBIETBOPAIONLYIO HA KaxKiIoM pebpe rpada
COOTBETCTBYIOIEMY OOBIKHOBEHHOMY nuddepeHmaibHoMy ypaBHeHno (2), a
B KaxKJI0# BHyYTpeHHell BepiuHe — ycaousM (3), (4).

VYpasuenve (1) BOSHMKAET NP U3yUYeHWH CIEKTPa 3a7a49l O KOJIeOaHUsIX
IUTOCKO# CEeTKHU YUPYTO-IIIAPHUPHO COUJIEHEHHBIX cTepKHeil [1].
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Omnpegnenenne 2. Ilogarpad 'y C ' masosem S2-sonoti byukmuu u(z) us
C(T) N CHTY, ecm: 1) u(x) # 0 on Tg; 2) cymecrsyer noarpad I'y C I' raxoit,
gro I'g C Ty m u(x) =0 va Ol U IT'y; 3) v/ (x) = 0 Ha OTp N OT';.

Onpenesnenune 3. uddepennmanbaoe ypapaenune Lu = 0 © COOTBETCTBYIO-
mumit uddepennuanbapiii oneparop L, mOpoxKuaeMblil cooTHomenuaMu (2)—
(4), HazoBeM Heocyursupyrowumy Ha rpade I', ecin s0boe HeTpUBHAJIBLHOE
peIlleHre 3TOro ypaBHEeHHs He MOXKeT UMeTh S2-30HbI B 1.

SaMeTnM, YTO JAHHOE OIpejiesieHIe HeOCIMIIINPYIONero auddepenimaib-
HOI'O ypaBHeHHsI Ha Ipade sBJISeTCs aHAJIOIOM HEOCIUJLISIUA B OJHOMEPHOM
caygae. OrcyrcrBue S2-30H y pemenns ypasHenns Ha J C R o3Hawaer, 1To
pellieHre Ha MOXKET UMeTh OoJiee TpeX HyJel B 4.

Cuuras OI' # @, BejieM B pacCMOTpEHHE JJIsT KaXKJI0W IPAHUTIHON BEPITIHBI
a € I rpacda I' o sBe KpaeBble 33140

Lu=0, z€l, wu(a)=1, v(a)=0, ub)=u'(b) =0, b€ dl' \a, (5)
Lv=0,z€l, v(a)=0,v(a)=1, v(b)=2"(b)=0, b€ dl\a. (6)

Teopema 1. Caedyrouue c60lcmBa IKEUCAAEHTIHDL:
(a) xaorcdas uz s3adaw (5) umeem noaosicumenvroe na I pewerue;

(b) cywecmsyem pewenue w(x) ypasnenus (1) maxoe, wmo w'(a) = 0,
a € Il inf w(z) > 0;
zel’

(¢) cywecmeyem noaosicumensvroe na I pewenue ypasnenus (1), ydosae-
meopsiowee epanuiivm yeaosuam u'(a) = 0, a € I, u ne pagnoe nyao xo-
mabvl 6 0dnotl eepuune u3 Ol';

(d) ®xaorcdan us sadaw (6) umeem nososrcumenvroe na I' pewerue;

(e) pynryus I'puna xpaesol sadavu

Lu= f(x), v €T, wu)=u(b)=0, be T,

noaootcumenvra na I x T';
(f) ypasnernue (1) ne ocuyuaarupyem na T

Pabora BeimosHena mpu dunraHCOBON mOMIEepKKe MuHncrepcTBa Haykd u
Beiciero obpazosannst PO (Cornamenne 075-02-2021-1552).
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O BOZMO2KHOCTUN PEAJINBAIINN CHEHAPIA
JIAHJAY-XOII®A ITEPEXOJA K TYPBYJIEHTHOCTU B
HEKOTOPBIX 9BOJIIOIIMOHHBIX KPAEBBIX 3AJTAYAX

MATEMATUYECKOMN ®U3UKN

KVJINKOB A.H.!', KYJIUKOB /I.A.2

PaccmarpuBatorcss KpaeBble 3a7a4u, B KOTOPBIX MOXKET OBITH Pean30BaH
cleHapuii miepexojia K TypbysienTHOCTH, Upesjoxennsii JI.JI. Jlanmay u 9.
Xondowm [1,2]. B pabore [2] 61 Ipe/ioKeH IpuMep KpaeBoil 3aJ@aun, B KO-
TOPOI 3TOT creHapuili ObLT peaym3oBaH. B moksane OymyT npuBeieHbl WHBIE
[IpUMEePHI HEJIMHENHBIX KPAEBBIX 33124, TJIe TAKXKe YIAeTCs PeAJN30BATh TAKON
cuenapuii. [Tpu sT10oM ucnosszosan wian, npempioxkenusii @. Takencom (cM. it
3 u3 [3]). Budypkanuu MHBADUAHTHBIX TOPOB PACTYINEH PA3MEPHOCTH IIPOKC-
xosT G1aroaps Kackay oudypkanuii Auaponosa-Xorda.

Paccmorpum ypaBHeHME ¢ 9acTHBIMU TTPOU3BOTHBIMEI

U
Uy — EUp + U — EVUgy — O Ugy = —EU / ugudz, (1)
0

rie € € (0,e0),0 > 0,v,0 € R;. YpasHenue (1) MOXKHO JIONOJHATH OJHUM K3
JIByX BHJIOB CJICAYIONAX KPAEBBIX yCIOBHIt
u(t,0) = u(t,7) =0, (2)
Uy (t,0) = ug(t,7) = 0. (3)
Kpaessie 3anaan (1), (2); (1), (3) 61 npoananmsuposansl B paborax [4,5]. Or-
MeTHM, 910 ypasHenue (1) gBJIgeTCs OIHUM U3 BADUAHTOB OGOCIIEHHOIO ypaB-
nenus Ban nep Ilons ¢ pacupenenenubivMu napaMerpamu. K KpaeBbIM 3a1adaM
(1), (2); (1), (3) cBOAUTCS aHAIM3 OHO U3 OCHOBHBIX MAaTEMATHICCKUX MOJIE-
Jiell MAKPOIKOHOMUKH, KOTOpasd U3BECTHA IOJ, HA3BAHUEM "MyJILTUILIAKATOD-
axcesibpaTop".
Eciin BeIGpaTh j1s n3yueHns kpaesylo 3a1a4ay (1), (2), To Bompoc o cTpyk-
Type ee OKPECTHOCTU MOXKET ObITh CBEJEH K aHAJIU3Y CUETHON IMOC/IeI0BATE b
HOCTH HECBSA3aHHBIX OCIUJLIATOPOB

Yn = 10 Yn + (5/2)(1/71 - ‘yn|2)yn7 (4)

e 02 = 1+ 0’n% v, = 1 — vn? Anamus cucrembl audbepeRnaTbHbIX

ypasHeHnil (4) mokasas, 9TO NpM yMEHBIIEHHW U y Hee, a TJABHOE y Kpa-

epoii 3amaun (1), (2) peanmsyercss KackaJn Oudypkanuii HHBAPHMAHTHBIX TO-

pos Ti(e) — ... = Ti(e) = Try1(e) — ..., tme dimTy(e) = k. Ipm
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v € [1/(k + 1)%,1/k?) cymectyior Topbl Tp,(g),m < k, HO OTCyTCTBYIOT
Topbl pasmepHoctu 1 > k. Ilpm mepexojie BeMYWHBI Y U3 MOJyUHTEPBAJIA
(1/(k+1)2,1/k? B nomymurepsax (1/(k +2)?,1/(k + 1)?] npoucxomur poxe-
uue topa T41(g). Boiee Toro, kak ymaercst moka3aTh IPUTATMBAIOIIUAM OyeT
TOp HamOOJIbIEHl 13 BO3MOXKHBIX PA3MEePHOCTEIA.

Ananornunsrii oTBeT GbLI TIONyUeH uist Kpaesoit 3amaun (1), (3). Crenapunii
Jlarnay-Xomda Takxke MOXKET OBITh peain30BaH B JIBYX 3aJiadax U3 TEOPUU
yupyroii ycroiiuusocru (cm. paborsr [6,7]).

Pabora BbIToIHEHA B paMKax PeAU3aIii IPOrPAMMBI PA3BUTHUS PETMOHA b
HOI'0 HayYHO-00Pa30BaTeILHOrO MaTeMaTndeckoro nenrpa (SIpI'y) upu dunan-
COBOII mosiep:kKe MuHICTEpCTBA HAyKU U BBICIero obpasosanust P@ (Corua-
IIIEHNe O IIPeI0CTaBIeHNN U3 (pejiepasibHOro o pKera cybcuauu Ne 075-02-2021-
1397).
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O IIOJIOKUTEJILHOCTU ®VHKIINU 'PUHA
JBYXTOUYEYHOM KPAEBOW 3AJIAUYN

JIABOBCKUMA C.

PaccmaTpuBaioTcst yeaoBus MOIOKUTETHHOCTH (DYHKINN ['puHA IBYXTOUEU-
HOW KpaeBO# 3aJa4u

l
Lyu = (—1)Fu™ + )\/ u(s)dsr(z,8) = f(x), x € 0,1, B*(u) = a,
0
rae
B*(u) := (w(0),...,u™*=D(0),u(l), —u'(1),..., (=1)F=DyF=D(0)),

n > 3,0 < k < n. Oyuknus r(x, s) UpeanonaraeTcs HeyObIBAIOIIEH 110 BTOPO-
My aprymenty. IIycrs m + k nederno. O6o3nadum A™ (9TO BepXHUII UHIEKC,
He CTelleHb) — HAVMEHBIIee [OJIOXKUTEIBHOE 3HAUEHNe \, [IPU KOTOPOM 3aJ1a1a
Lyu =0, B™u = 0 umeer HeTpuBHaJibHOE perterne. Heobxomumoe U 10CTATOY-
HO€ yCJIOBUE IOJIOXKUTEJILHOCTU PEIIeHUl 3TOM KpaeBoil 3a1a4u, yAOBJIETBOPI-
omux ycaosusam f(x) > 0,

u(0) =+ = ul"*7D(0) =0, u(l) = = w2 (0) =0,

u(E=1(0) > 0, (=1)* 1w~ (1) > 0 3akmOUaeTCa B JOKPUTHIHOCTH Kpae-
BBIX 33,124 ¢ BeKTOp-dynKimonanamu B! u B*T1 A umenno, napa yciosuii
A < XL g\ < M+ peobxommma 1 JOCTATOUHA IS TIOIOKUTEILHOCTH PEIIie-
HUA 33J[04H.

IIycrs L(0,1) — mpocrpancTBo uHTerpupyembix Ha [0,1] mo JleGery dyHK-
muii. Oupegennm GyHKIIOHAILHO- b GEpeHInaIbHbI o1epaTop (CUMBOJ :=
O3HAYAET PAGHO NO ONPEJeAEHUI0) PABEHCTBOM

!
Lu(z) = (—1)*u™(2) + /u(s)dsr(x,s),
0

l
n > 3. IIycrs Qu(z) := [u(s)dsr(x,s), € [0,1], vae r(z,-) — HeyObBatowas
0

dykuus npu nourn Beex x € [0,1], r(z,0) = 0, r(-,I) € L([0,!]). ITosro-
My £ = Lo+ Q, tie Lou = (—1)*u(™ Q — nonoxurensubiii B 0oGBMHOM
eMmeiciie oneparop. Oneparop £ GymeM paccMaTrpuBaTh B mpocTpanctse AC™ !
dyukuumii, umeromux abcomoTHO HenpepbiBHyo Ha [0, [] mpousBoHyio w1,
C OOBITHOI HOPMOIA.

OCHOBHOII TIEJTBIO SIBJISIETCsT yecTaHOBJIeHHe TeopeMbl 1. C MOMOIIBIO OIeHKN
XapaKTEePUCTUIECKUX UYUCEJI OHA II03BOJIIET HAaXOAUTh 3 (HEKTUBHBIE YCIOBU
oTpunarebHocTH MyHKIMU [ 'puna.
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Ilycts E C AC™ ! — MHOXKecTBO (DyHKIMIL, yIOBIETBOPSIIONINX YCIOBUSM
w(0) = =u"F2(0) =0, u(l) =--- =u*2 () =0, (1)
Onpenenenue 1. Hasosem 3amaqay
Lu=f, Bfu=a (2)
E-nosoxkurepHo paspenumoit, ecim u3 f > 0, a > 0, u € E caemyer u > 0.
Onpenesnenune 2. Ypasaenne Lu = 0 siBiisiercss F-HEOCIUIISIIMOHHBIM B WH-

repsade [0,1], ecam moboe ero pererne n3 E umeer He Gosee n — 1 Hyseil B
unrepsaJe [0,[], caurasg KpaTHble HyJIU CTOJIBKO Pa3, KAKOBA UX KPATHOCTD.

Bamenvarue 1. Tak Kax penierne u € F yKe uMeeT n — 2 HyJseil, canTas KpaT-
HOCTH, OHO MOYKET UMEeTh TOJBKO oiuH npocroii uyiab B (0,1). B arom ciyuae,
cyMMa KpaTHocTeit Hyseit B Toukax 0 u [ paBaa n — 2.

Teopema 1. Ixsusasermuo, caedyrowue YymeeprHcoeHus.

(1) 3adaua (2) E-noaookcumesvHo paspeusuma, npuiem ecat
(f’a) 2 (070)’u 6 E’ U i 07

mo u(z) > ex" *(l — )% daa nexomopozo € > 0.
(2) Vpasuenue Lu =0 E-neocyunrayuonno na [0,1].
(3) AF=1 > 1w AR > 1.

Tperbe ycsioBue 3 HEKTUBHO TPOBEPSIETCs € OMOIIBIO TeopeM o mudde-
PEHITUAIHHBIX HEPABEHCTBAX 2, 3.

Teopema 2. [Tycmo 0 < m < n, U CYWECMEYEM HEOMPUUATMEALHOE PEULEHUE
nepasenems Lu = <0, B"u=«a >0, (¢, a) # (0,0). Toeda A™ < 1.

Teopema 3. ITycmv m = 0 uau m = n, u cywecmayem HeompuuamesbHoe
pewenue Hepasenems Lu =1 < 0, B"™u =« ># 0. Toeda \™ < 1.

Poccniicknit sxonommyecknit yausepcurer um. I.B. Ilnexanosa, Poccus.
Email: labovski@gmail.com

CUCTEMBI HIJIESNUHTEPA TOJIBKO C
TUITEPTEOMETPNYECKVMU PEIITEHNAMMN

JIEKCUH B.II.
Paccvorpum HabOp PYHKITMOHAMBHBIX KBAIPATHBIX KOMILIEKCHO-3HATHBIX
marpun, B;(z), ¢ = 1,2,...,n pa3Mepa p, OIUDPEJIEIEHHBIX B OKPECTHOCTH

U CCl =C"\ Ui<icj<n{(z1, 22, ..., 2n)| 2 — z; = 0} Hekoropoil TOUKH
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20 = (z?, zg, ey z,OL) € U komIiuiekcHoro JmHeiHoro mpocrpancTsa C™. Mbi

Oyaem uccieoBarh pemtenus cucrembr 1ltesunrepa

n
d(z; — z;)
dBi(z) =~ Y [Bi(2), Bj(z)]——, (1)

. 2 — %

Jj=1,j#i
C HeKOTOPBIMH HauaJbHbIMEH  ycjoBusmu — B;(20) = BY.  3necn
[Bi, Bjl = B;Bj — BjB; — 35T0 00bUHble KOMMYTaTOPLI MAaTpHI[, a
d(z;—z;) . .
Tz;’ 1 <4 < j £ n—wmepomopdusie nuddepentmanbabie 1-dpopmbr ma C™.

Cucrembr Hlnesunrepa (1) sBiistiorcsl HeJIMHERHBIME MATPUIHBIMUA CHCTEMAMHU
ypasrennit IIdbadda. Xopomo ussecrro [1,2,3], aro cucrema (1) siBistercs
BIIOJIHE HHTerpupyemoii cucremoii Ildadda B okpectnocrn U Toukm 2° u
moboe ee pemienue (Bi(z), Ba(z), ..., By(z)) Mepomopduo npomoszkaercs
Ha Bce yHEUBepcajbHOe HakpbiTue mornosiHerns CI'. Takxke XopoImio m3BeCTHO,
uyro npu p = 2 u n = 4 pemenue cucrema Ilnesunrepa [1] B Kiacce marpui ¢
HYJIEBBIM CJIEJIOM peJylupyercs K pemienuio ypasaerus [lensiese VI (koTopoe
B CBOIO O4Ye€pe/ib MOXKHO DPEAyIUPOBAHUTH IIPU IOAXOAANINX ITapaMeTpaxX K
aobomy u3 ypaprenuii Ilennese (I-V) u moroMy mpm 3aJjaHHBIX p = 2 U
n = 4, B obmeM ciydae, penienne ypasuenusi Illnesnnrepa BbIpakaercs
qepe3 TpancuenaenTuoie [lemeBe. Tpancuenmentanie IlensneBe Bxomar B
Gosee coXKHBIN Kiace (yHKImiA, ¢ Toukm 3peHumst Teopum lamya [4], wem
rurepreoMeTpudeckue (QyHKIUNA, pPalMOHAIbHbIE (DYHKIMU WU ITOJUHOMBI.
MbI ykazkeM HEKOTOpBIE YCJIOBHs Ha Kjacc marpun B;(z) i = 1,2,...,n, B
KOTOpOM Oyzem perrarh cucreMmbl [1lre3nnrepa u TUIl pelyKIUu STUX CUCTEM B
YKa3aHHOM KJiacce MaTpuil. Bymer onmcana pemykiuust cucrembr 1llme3unrepa
K CHCTEeMe, KOIJa IMOCJIEe/IHsIsI UMeeT PelleHus] He CJOXKHee, ¢ TOYKU 3PEHUsT
teopun [asya, 1em rumepreomerpudeckue (DYHKIINN, W AHAJIOTUYIHO, PAIlyi-
OHAaJIbHBbIE (DYHKIUU WM MHOIOYJIEHBI. Bce BBIIIe CKa3aHHOE CyMMUPYETCsl B
CJIEJIYIOIIEM YTBEPXK/ICHIH

Teopema 1. Paccemompum cucmemy Illresunzepa 6 xaacce eeprhe-
MPEY20ALHBIT MATNPUL,

Bi(z) = (0;°(2), b;*(2) =0, r>s,i=12,...,n

¢ NOCMOAHHMU Ua20HaIbHMU daemermamu bEE (2) = Nk TTyemv dan wasic-
0020 i Juazonanvrvie s2aemenmoe ¥ obpasyrom apugdmemuneckyro npoepeccuro
¢ 00noT u Mot orce pasnocmovio A das ecex i. Tozda 6 kaacce MaKuT Mampuy,
cucmema Illresunzepa (1)

1) pedyyupyemes x nabopy aunetinnx cucmem Igpadda

A = (A 0 () — () T
P 7 J
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2) pedyuyuposarnas cucmema (2) umeem 6asduc pewerud npedcmasaerHvill
2UNEP2eOMEMPUUECKUMY UHMELPAAAMU

& dt
TS J— ,TS y
b (z)—ﬁi/H(t—zk)Bl,t —i=1..,m (3)
_ —Z
s k=1
2de napamempo, B% umerom snauernus 1% = = ¢ = (s—r)A, a nemau
Vj € NAOCKOCTU KOMNAEKCHOT nepemennoti nepemennoti t, no xomopoti cedem-
CA UHMEZPUPOBAHUE GHIOUPAIOMCHA TMAKUM 00pA30M, YTNOObL OHU HE MPOTOIUNU
yepes mouwku zi, 1 = 1,..., n u 4mobv, noduHmezpasvbHoe Bvipartcerue 6vlAO0
00nosnaunvm (nanpumep, nemau Ioxeammepa).
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CUHTYJISPHO BO3MYVYIIIEHHBIE U HEPETVJISIPHO
BBIPO2K/IEHHBIE SJIJINITUYECKUE 3AJAYN. OBIIAN
MIOIXOT

JIOMOB H.C.
Ha mpuMepe IByX 3JUIMNTHYECKUX 32/1a4:
2Uyy + uyy — K (2)u = f(z,y), (2,y) € D,
uly=0 = uly=p =0,

Ule=—rr = @1 (y),  Ula=nr = q2(y)

y2uyy+umfa2(y)u:f(x,y), (‘T7y) EDa

Ulg=0 = U|p=1 = Uly=p =0, |u(z,0)] < o0
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[TOKA3aHO, YTO METOJ[ PErYJISPU3allui CUHIYJISIPHBIX BO3MYIIEHUI, pa3paboTaH-
uoiit C.A. JIomosbiM [1, 2] jyIst HOCTPOEHUsI PEryJIsSiPU30BAHHBIX ACHMITOTHYE-
CKUX PEIeHnl CHHTYISPHO BO3MYIIEHHBIX YPABHEHUT, MOXKET OBITH YCITEIITHO
[IPUMEHEH K ITOCTPOEHUIO PEIIeHN HEPETYISPHO BBIPOXKTAIOIIIXCS SJIIAITIIE-
CKUX 3aja4. B oboux ciydasx Jjisi OMUCAHUS OCOOEHHOCTEN PEITeHNsT NCIIO b=
3yeTCsi CIIEKTP IPEJIEIBHOIO OlEPATOPA.

B cityuae 3a/1aum ¢ MaJIbIM TapaMeTpOM IIPHU CTapIleil IPOU3BOIHOMN, perie-
HU€ BHOBb IIOJIy9YeHHON 3aJla9d UINETCS METOJOM KJIACCHYECKOU TEOpUHU BO3-
MYIIEHUI B CHEIAJbHOM IIPOCTPAHCTBE OE3PEe30HAHCHBIX pereHuii. B ciydae
BBIPOKJIEHHOTO JUIMIITHIECKOTO yPABHEHUS PEIaeTcsl PACIIupeHHast 3a/1a9a.
[IpuBossiTCs yTBEPKJIEHNST O CYIIECTBOBAHUN (DOPMAIILHOTO M KJIACCHIECKOTO
pelennit paccmarpuBaeMmoii 3agaun. [Tokazano, Kak 1 B KJIaCCUIECKOIT TeopemMe
Komm-KoBasesckoit, 9To pernreHne 9acTUIHO HACAEIYET AHAJUTUIECKIE CBOIi-
crBa KO3 DUIMEHTOB 1 MPaBoil YacTu AudepeHInaibHOr0 ypaBHEHUS.
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Ap-OIIEPATOP B IPOBHO-MEPHBIX OBJIACTAX "N
COBCTBEHHBIE ®YHKIIUUN Ap-OIIEPATOPA HA COEPE

JIAXOB JI.H.
Cumsosiom A p o6osnauaercs onepaTop (BeegeH B [1])

n
_ _ 92 Yi O .
Ap = Z:IB%,, B, = 922 + Ba; Bz; 0 Vi > —1
i=

(upu v > 03710 0G03HAueHUE obmenpunsaroe). [Ipeacrasienue A pg-oneparopa
B cdeprudeckoil cucreMe KOOPAMHAT IPUBOIUT K PABEHCTBY

1
Ap = Byqjy-1+ ﬁAB,Gh (1)

KOTOpOE TO3BOJISIET TPAKTUYECKN ITPOU3BOJIBHO MEHATH Pa3MEPHOCTH €BKJIH-
JoBa apryMmenrta (yHKIuM, Hampumep, u3 (1) B obmactu x > 0 ciemyer pa-

m
BEHCTBO %f(z):ZB%fﬂy\) upu y € Ry, |yl = z, |vi| = 0. Iomo6-
HYIO OILEDPAIHIO CCTECTBENHO HASLIBATD PaCIIIPEeHneM PA3MEPHOCTH €BKJIHIO-
Ba BEKTOPHOI'O MPOCTPAHCTBA IIyTEM BBEJIEHUS «CKPBITOH chepudeckoii cuM-
MeTpun» (TEePMHUH <«CKDBITasi CUMMETDPUsI» BBEJEH IIPU HCCJIEOBAHNH 32184
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dyunamenTanbHoli dbusuku, cM. BBejenue B Kuure [2]). Ilosromy cam omepa-
Top Ap GOPMATBLHO MOXKET PACCMATPUBATHLCS JEHCTBYIONIUM B JIPOOHO-MEPHOMN
obusiactu pasmeprocTu 1+ |y| > 0. MoKHO UCXOAUTD U3 OIPEIEJICHHOTIO IPABO-
croportero uuTerpana Pumana—/JIuysuans (I7 ¢)(z)|z=0 (cM. [3], dopmyaa
(2.18)), KOTODBIH NpPHU TIEJIBIX 3HAUEHUAX MOPSIIKA (v = N OKAXKETCsl MHTEerpa-
aoM no mapy B R,,. Takoit moaxon npumenen B [4]. Eme ormeuy pa6ory [5],
rie omeparop Beccesrsi qpobHOro mapamerpa Ha3BaH 00ODIIEHWEM OIEPATOPA
Jlamaca Bo pakTasbHON Cpefie.

Ompenenienne JpobHOI pas3MepHOCTH obsiacTu JieiicTBust omeparopa Ap
MOYXKHO JIaTh, IIPUMEHHUB OIpejiesieHne pa3MepHocTn Xayciaopda. Jlms storo
3aMeTUM, 9TO orrepaTop Ap OKa3bIBAETCS CAMOCOIPSZKEHHBIM IIPU UHTEIPUPO-
Bannn 1o Mepe dp) (x) =[], |z;|"*dz, ~; > —1. Ucnonb3osanue B onpezeite-
HUY pa3MEepHOCTH Xaycaopda dyy MapoBOro MOKPHITH OTPAHUTIEHHOTO MHOYKE-
crBa B R;, OKpeCTHOCTSIMU ¢ MEPOil MHTErPUPOBAaHUsI dfi;) IPUBEJET K POpMyIIe
dig =n+ |’y |

Takum obpazoM, 3a1a49u JJIsl YPABHEHUN C CUHTYJISIDHBIM JudOepeHIaib-
HbIM onepaTopoM Ap 1pu y; > —1 MOryT paccMaTpuBaThCsi, BOOOIIE rOBOPS,
B obstactu npobHO#T pazmeprocTu. VMenno takas 3amada Jlupuxiie mocraBiie-
Ha B [1] m pemanach MeTOmMOM pa3feNeHNs TEepeMEeHHBIX Ha DPAJMaIbHYIO W
cdepudeckue. Vcmomp3oBaInch 6ecoguie chepuneckue Gynryul, COKPAIIEHHO
B-zapmonuku, OJIyIeHHBIE CY’KEHHEM Ha €JIMHUYHYI0 cepy OIHOPOIHBIX B-

i
rapMOHUYECKUX MHOro4IeHoB P (x): PlTInl(’f') =Py (ﬁ) =Y (x), v >-L1

IIpuBenem BazkKHOE CBONCTBO ITUX (DYHKIIUI.
k/2 k/2
IIycTo D%:Bw/ , €CJTH HATYPAJbHOE kK — YeTHOe U D%:%B%/ , eciau k —

HeverHoe. Crpaseuuebl oneHku (cp. ¢ [6], c. 486)
[ [DEPA@)] diga) < Com™ V255
1

| DEPY () | < Cym@mr2lkltntini=2 1Yol st -
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O TOYHBIX JBYCTOPOHHIX OIIEHKAX YCTONYMBHIX
PEINIEHUI TU®PEPEHIINAJIBHBIX YPABHEHUI
3ATIA3IBIBAIOIIIETO TUIIA

MAJIBITMTHA B.B.

Ormpesiesierne SKCIIOHEHITUAILHON yCTONYMBOCTH JTHHEHHOTO T depeHtim-
AJIHOI'O YPaBHEHUs C IOCJeeiicTBIeM 0000IaeT KJIACCUYIECKOE OIIPE/Ie/IEHNe
9KCIIOHEHITNAIBHON YCTONINBOCTU OOBIKHOBEHHOTO /TN hEePEeHITNATILHOTO YPaB-
HEHHS U MOJAPa3yMeBaeT CYIIEeCTBOBaHUE TaKuX KOHCTAHT N,~ > 0, 4ro Jjs
0600 pertenns = : [ty, 00) — R crpaseymsa onenka |z(t)] < Ne~ ¢ty
TIe ¢ — OIpEeIessIoniasi PelleHrne HadajabHas QyHKIus. B onpemenreHnn sKc-
[TOHEHIINAJIBHON YCTONYIMBOCTH OT MOCTOSHHBIX N H Y Tpebyercsi TOIBKO Cy-
1IeCTBOBAaHUE, HO OIBIT HCIOJb30BaHUA ypaBHEHUH C IIOCjeleicTBUEM B TO-
OpEeTUYeCKNX IOCTPOEHUSX U MaTeMaTHYEeCKNX MOJEeJISX IPUBOJUT K BBIBOJY,
qro 0e3 ykazaHus ONEeHOK Ha N u 7y mwiau ajgropurMa ux 3(QEeKTUBHOIO BbI-
qucIeHns 3a7ada 00 SKCIIOHEHITMAJIBHON YCTONINBOCTU HE MOXKET CUUTATHCS
JI0 KOHIIa PElIeHHOl. 3aMeTHM, UTO JJId yPaBHEHMIA ¢ [TOC/IeIeiCTBIEM 321298,
OIIEHKH MOCTOAHHBIX N ¥ 7y HETPUBHAJIbHA YIKe IS CKAJISAPHBIX YPaBHEHUI.

J1J1sl 9KCIIOHEHITNAJILHO YCTONYINBOrO YpaBHEHUS

h

Z(t) + az(t) + /x(t —s)dr(s) = f(t), t>0, (1)
0

rmea € R, h >0, r: [0,h] = R — dynkus orpannuensoit sapuanuu, 7(0) = 0,
UHTerpaJ HOHHMaeTcs B cMblcie Pumana — CrTuirbeca, f — JIOKAJIBLHO CyM-
mupyemasi PyHKIUs, Opeaaraercs 3@ eKTUBHBI MeTOJ HOJIy9eHHs IBYCTO-
POHHUX OIIEHOK (PyH/IAMEHTAILHOTO PelleHusl, IO3B0IAIONNi ¢ IPOU3BOILHOM
TOYHOCTLIO HAHTH KaK MOKA3aTeNb, TaK U KOd(PDHUINEHT SKCIOHEHINATLHOM
OIEHKH. DTOT MeTOJI CyIeCTBEeHHO OMMPAETCs Ha aIpHOPHOe MPeNooXKeHne
0 TIOJIOXKUTEJILHOCT (PYHJAMEHTAILHOIO PElIeHHs U KadeCTBeHHOe ONUCAHIE
€ro TOBeJICHNsI, yCTaHOBJIeHHOE B pabore [1].
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DyHndamenmarvrvim peweruem ypasaernus (1) HazoeM DYHKIUIO X, sIBIIsI-
fonnytocst perterneM ypaprenusi (1) npu f(t) = 0 n 29 = 1. Kak ussecrso [2],
J060e pemienne ypasuenus (1) MOKeT ObITh BBIPAXKEHO 4epe3 (DyHIAMEHTAI b
HOE peIleHue.

h
O6osnauum F(A) = A +a+ [e*dr(s), A € R.
0

Teopema 1. ITycmov dymkyus r we yousaem na [0, h]. Ecau npu nexomopom

seuecmeentom w > 0 swnoanenv, yeaosus F(—w) = 0, F'(—w) > 0, mo
dyndamenmanvroe pewerue ypasnenus (1) umeem deycmoponniorn ouyenky
1
e ' <ao(t) < =——e
>~ 0( ) = F/(—UJ)

Teopema 2. ITycmwv gynryus r ne sozpacmaem na [0, h]. Ecau npu nexomo-
pom sewecmeentom w > 0 svnoaneno yeaosue F(—w) = 0, mo dyndamen-
maavroe pewenue ypashenus (1) umeem d6ycmoponioi ouenky

e(w—a)he—wt < m()(t) < G_Wt.

Pabora Boimonmena mpu momaep:xkke Mwunobpuayku Poccum, rocsamamnme

FSNM-2020-0028.
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TlepMckmit HAIMOHAIBHBIN WCCJIEIOBATEILCKAN TOTUTEXHIICCK Ut
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YCTOMYNBOCTD PEIIIEHUN OJHOTI'O KJIACCA
HEABTOHOMHBIX CUCTEM HEUTPAJIBHOT'O TUIIA C
ITEPEMEHHDBIM 3AITA3SABIBAHUEM

MATBEEBA 1.N.

Paccmarpupatorcst cucrembl nuddepeHmabHbIX YPABHEHU C TEPEMEHHBIM
3ara3/ibIBaHueM

y(t) = A()y(t) + B(t)y(t — (1)) + C(t)y(t — (1))

+E( (), y(t —7(1),9(t = 7(), >0, (1)
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rie A(t), B(t), C(t) — MaTpunpl pasmepa n X n ¢ HEIPEPHIBHBIMHA BEIECTBEH-
HO3HAYHBIMU 3yieMeHTaMu, T(t) — (DYHKIUs, ONpeNesonas 3anas3IbBanue,

7(t) € C*([0,00)),
O0<7m<7{t)<mt+m, 0<1 <1, >0 7)) <m<l,

F(t,uy,us,u3) — HenpepbiBHAS BEIIECTBEHHO3HAYHAs BeKTODP-byHKIwms. Mbl
upezonaraem, 9ro F(t,uy, ug, ug) Jummunesa 110 w; Ha JIOOOM KOMIIAKTE U
YJOBJIETBOPSAET HEPaBEHCTBY

3
||F<t,U/1,U2,’U,3)|| S ZQj||uj||1+Wja tZ Oa uj S Rn? q]7 w] Z 0.
j=1

Pabora mnpomomkaer HamM WCCIEIOBAHUS YCTONYIUBOCTH PEIEHUI He-
ABTOHOMHBIX UM depeHNNaIbHBIX YPABHEHUI C 3aI1a3/IbIBAIOIINM apryMEHTOM
(M., Hanpumep, [1]-[8]). Ucnonssyst dyukimonamns: Jlsmyrosa — Kpacosckoro
CIIEIMAJILHOTO BUJIA, YCTAHOBJICHBI OIIEHKHU pernenuit cucreM Buja (1) na mosy-
upsnmoii {t > 0}. IlosyyeHHbIe OLEHKY TIO3BOJISIOT CEJIATH BLIBOJ, 00 yCTONYM-
BoCTH perreHnii. B ciiydae acHMITOTHYECKOH YCTONYINBOCTH YKA3AHBI OIEHKU
Ha 00JIACTH NPUTSKEHUS U OIEHKHU, XapaKTePU3YIOIle CKOPOCTh CTabmin3a-
[N PelleHnii Ha GeCKOHEYHOCTH.

Pa6ora BeiosiHeHa 1Ipu (bUHAHCOBOI o IepKKe Poccuiickoro donma dyH-
JaMEHTAJIbHBIX uccaenoBanuii (mpoekt Ne 18-29-10086).

Crucok aureparypsbl

[1] Aemudenxo I. B., Mameeesa U. H. YcroiuupocTs pernenuii nuddepeHimalib-
HBIX YPaBHEHWII C 3al1a3/IbIBAIOIIAM apPIyMEHTOM M IIEPUOJUIECCKUMH KOIDDU-
IMEHTaMH B JIMHEeHHbIX wieHax // Cubupckuil Maremarndeckuii xkyprasu. 2007.
T. 48, Ne 5. C. 1025-1040.

[2] HAemudenxo I B., Mameeesa M. M. O6 ouenkax pemenuii cucrem guddeper-
UAJbHBIX yPABHEHUN HEHTPAIBLHOIO TUIA C IEPUOAMIECKUMEU KO3 duImeHTa-
mu // Cubupckuii maremarudeckuii xkypuai. 2014. T. 55, Ne 5. C. 1059-1077.

[3] Mameseesa M. M. O6 IKCHOHEHIMATIBHON YCTOWIMBOCTH DEILIeHHi IIepHoande-
CKHX CHUCTEM HEHTPabHOrO TUIIA C HECKOJIbKUMY 3anasnpiBanusayu // Tudde-
pennmasnbhabie ypasuenusi. 2017. T. 53, Ne 6. C. 730-740.

[4] Hemudenxo I'. B., Mameeesa HU. H., Cxsopyosa M. A. Ouenku pemteHuit qud-
depeHInaTbHBIX YPABHEHU! HERTPAJIHHOTO THUIIA C MEPUOTHIECCKUMU KOIDDU-
IMeHTaM¥ B JINHEHHBIX 4ieHax // Cubupckuii Maremarndeckuii xkypHasu. 2019.
T. 60, Ne 5. C. 1063-1079.

[5] Mameeesa M. M. OueHKN SKCIOHEHIMATIBHOIO yOBIBAHUS DEIIeHUl JIMHEHHBIX
CHCTEM HEHTpasIbHOIO THIA ¢ nepuopudeckuMu kosddurmentamu // Cubup-
CKUl XKypHaJ HHAycTpruagbHoit maremaruku. 2019. T. 22, Ne 3. C. 96-103.

256



[6] Matveeva I. I. Exponential stability of solutions to nonlinear time-varying
delay systems of neutral type equations with periodic coefficients // Electronic
Journal of Differential Equations. 2020. V. 2020, No. 20. P. 1-12.

[7] Mamseesa M. M. OneHKn SKCIHOHEHUMAJIBHOIO yOBIBAHUS DEIIEHUH OIHOIO
KJIacCa HeJIMHEHHBIX CHCTEM HeHTPAILHOIO TUIIA C IIEPHOANIECKIMY KOdddurru-
enramu // 2KypHaJl BBIYUCIUTEIBHOI MaTEMATHKY 1 MaTEMaTHIECKOI (DU3UKL.
2020. T. 60, Ne 4. C. 612-620.

[8] Mameeesa H. H. Ouenku pelennii Kjacca HEABTOHOMHBIX CHCTEM HefTpasbHO-
ro THIIA C HEOrPAHWYEHHBIM 3amnasipiBanneM // Cubupckuil MareMaTHYecKuii

xkypHast. 2021. T. 62, Ne 3. C. 583-598.

WNucruryr maremaruku uMm. C. JI. Cobosesa CO PAH, Poccus.
Email: matveeva@math.nsc.ru

®A30BOE IPOCTPAHCTBO OBOBIIEHHOMN
OJJHOPOTHOI MOAEJIN AMHAMUKHI YKMNJIKOCTHI
KEJIbBUHA-®ONT'TA BHLICOKOTO ITOPSIJIKA

MATBEEBA O.II.

Cucrema ypaBHeHUI

(1— Vv, = vV — (v V)ot

r Mm—1

Z Z A VW s — Vp, 0=V-v,

m=1 s=0
ow
ﬂzv—i—amwm,o, m=1,2, ..., r, (1)
ot
OWn, s
ot = SWm,s—1 + AmWm,s
s=1,2, ...,np—lLa,€R_, A,s€Ry,
MOJIeJIUpyeT JUHAMHKY HeCKUMaeMOil BA3KOYIPYTOi »KHUIKOCTH
Kesbsuna—®@oiirra Henysnesoro mopsizika [1]. @yskuus v = (v1, ..., Un) ,
v =vi(x,t), x€Q(QCR", n=2, 3, 4, — orpannyensas 00JIaCThb C Tpa-

uunedi 02 xkiacca C'™) umeer GpuanIecKuii CMbIC CKOPOCTH TeYeHUs, (DYHKIUs

p = p(x, t) orBedaer gasienuio xuakocru. [lapamerpel v € Ry u s € R xapak-

TEPU3YIOT BA3KKE U yIIPYTUE CBOWCTBA YKUJIKOCTH COOTBETCTBEHHO. [lapamerpsr

Ay, s OIPEIENSIIOT BpeMsl perapAaliuy (3aas3/(blBaHus) AaBaeHns [2].
Paccemorpena 3amaua Komu-lupuxiie st cucremsr (1)

v(x,0) = vo(z), wWpp(z,0)= wghp(x), vV € Q,
v(x,t) =0, wps(r,t)=0, ¥Y(z,t)€dxR (2)

m=1 2, ...,0r, s=0,1, ..., n,—1
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Teopema 1. ITycmo ug € B. Tozda das nexomopozo to = to(ug) cywecmsy-
em eduncmeennoe pewenue 3adawu (1), (2), Asaroweecs K6a3UCMAUUOHAPHOT
mpaexmopued,

U= (Uy, 0, Dy W10y +-vy Wroy Wily «-ey Wilyy «ovy Wrly «vey Wypl,)
raacca C((—to,t0); U) u makoe, wmo uw € B dan ecex t € (—tg,tg), 2de
B={ucU: A MIA' B(u,) = u,,
Ur =0 ,up €H2 | u; e H2 xH2 |, i=1,2, ..., K}—

dasosoe npocmpancmeo zadavu (1), (2).
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Hosropoackuit rocymapcrennsiit yausepcureT uM. fpociasa Mynporo,
Poccus. Email: oltan.72@mail.ru

3AJAYN CO CBOBOJHBIMU I'PAHUITAMMN 11 X
IMPMNJIO2KEHN A B MEXAHUNKE I'OPHBIX IIOPO/],

MEWUPMAHOB A.M.

B npenjiaraeMoM BBICTYIUICHUE OYIyT PACCMOTPEHBI MATEMATHIECKUE MO-
JieJid, OmuchIBaonue (hU3NIECKnue MPOIECChl B TOPHBIX MOPOJAX, B OOJACTSIX
C HeM3BeCTHBbIME (CBOOOSHBIMM) IDaHUNAMH. DTO MATEMATUIECKUE MOJIEJIH
HeTSHOIO pe3epByapa, MareMaTHudecKue MOJEN PYJHOIO Tejia HPU J00bIue
PEIKUX METAJJIOB METOJIOM IIOJ36MHOI'O BBIIIE/IAYNBAHUSI U MaTeMaTHIeCKue
MOJIEJIH, OMUCHIBAIONINE JUHAMUKA (Da3 MOPOBOHM KUJIKOCTU MPU BHEIIHUX KO-
JIeOAHUSIX TEMIIEPATYPBI.

Mur cnemyem merony, npemgoxenaomy R. Burridge n J. B. Keller [1] u E.
Sanchez-Palencia [2], 3akmouaromuiicss B ¢ CJIeIyoNei mocie10BaTeabHOCTH
aroB:

(a) paccmarpuBaeMblii bU3MIECKUI TPOLECC Ha MUKPOCKOIIMIECKOM yPOBHE
(cpenuuit MmacmTab onucaHus JeCATKA MUKPOH ) OIIUCHIBAETCS C IIOMOIIIBIO KJIac-
CHYECKUX YPABHEHUI MEXAHUKU CILIOUIHBIX cpejl (TOYHAasi MONEJIb),

(6) BBLIENSIETCST HAGOP MANBIX Ge3pasMepHBIX MTAPaMeTpOB,

(B) MaKpOCKOIMYECKHe MaTeMaTHuecKue Mojean (cpequuii  macirad
OIMCAHUST HECKOJLKO METPOB) €CTh CTPOrME ACHMITOTHYECKHE PEIE/Ibl
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(ycpenHeHUsI) TOYHBIX MaTeMATHYECKUX MOJieell Ha MHKPOCKOIMYIECKOM
YPOBHE TIPU CTPEMJICHUH BbIJIEJIEHHBIX MAJIbIX TAPAMETPOB K HYJIIO.

g mpemenbHOro Iepexona IpH CTPEMJICHAN MAJBIX IIapaMeTPOB K HyJIIO
UCIIOJIB3YIOTCS METOJ, AByX-Macirabuoil cxomumoctu Nguetseng G. [3] ais cory-
4yasg Cpel ¢ ONHOHM IOPHCTOCTHIO W METOJ, IMOBTOPHOro ycpeanenusa Allaire G.,
Briane M. [4] quist corygast cpes, ¢ IBOMHOM TIOPUCTOCTHIO.
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ANOPOEPEHIINAJIBHBIE OITEPATOPBI C IIOCTOAHHBIMUI
KO0PUIINEHTAMNM N1 SHAYEHN A A3ETA-OYHKIINN
PUMAHA B IHEJIBIX TOYKAX

MUP30OEB K.A.!, CAOOHOBA T.A.2

Cumposiom ((s), Kak 06BIIHO, 0003HAIMM Js3eTa-DyHKIMIO PuMana, a cum-
Bosiamu 3(s), A(s) u n(s) - poucrBennbie ¢ Heil DyHKIMH, OLpeegeMble Da-
BEHCTBAMHU

+oo — I = B
L N -
B(s) = ; 1) A(s) = k; (2k —1)*’ n(s) = 2 T

u cBsi3aHHble ¢ ((S) COOTHOIEHUSIMU

A(s) = (1=27°)¢(s), n(s) = (1—2"")(s).
Dyuknuio B(s) HassiBator 6eta-dyuxiumei Jupuxie, a qucia 5(2) u ((3) npu-
HSITO Ha3bIBATh MOCTOSHHBLIMKA Karajana m Amepn COOTBETCTBEHHO. XOPOIIO
U3BECTHBI (POPMYJIBI Ditepa

(~1)"@2m)m

C(2m) = 2(2m)! Bam, m=1,2,...
2m+1
(_1)m s
B(2m+1) = 2(2(77212!E2m’ m=20,1,...,
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rie Bo,, u Fs,, — uucia Bepuyium u Jityiepa coorsercrBeHHO. Oc060 0TMETHM,
9TO HUKAKUX HOJMOGHBIX dopmya miast ¢(2m + 1), 8(2m) e cymecrByer, u 06
apudMETUIeCKOl TPUPOJE ITUX YUCEJ MAJIO ITO U3BECTHO.

Hamu mpenjioyken MeTof, MO3BOJIAIONIAN CPEIACTBAMHU CIIEKTPAJIBLHON TeOo-
pun OOBIKHOBEHHBIX CAMOCOIPSI2KEHHBIX Au(MEpEeHIaIbHbIX OIEPATOPOB II0-
JIydaTb (bOpl\/Iy.HbI JJId CYMM HEKOTOPBIX CXOAANINXCA YUCJ/IOBBIX PAJIOB 1 HOBBIE
MHTerpaJjibHbIE IIPeJICTaBJIEHUs] JJIsi HEKOTOPBIX CHEIUAIbHBIX (DYHKIUHA. DTOT
METOJl, B YaCTHOCTH, IIO3BOJISIET YCTAHOBUTH CIIPABEJINBOCTD CJIEIYIOIIEH Teo-
DEMBI.

Teopema 1. ITycmov —1 < a < 1. Tozda cnpasedaruswv. pasercmsa
/2

+§ (—1)k1 1 sinaxd
= x
(2k—1)2 —a? 2acos 4 sinz
k=1 0
/2
f 1 1 cos ax — cos G- i
= x
= (2k —1)((2k = 1)> —a?)  2a%cos F cos T ’
= 0
w/2
X (~1)k 1k 1 sin ax 2d
k2 —a?  asinarm sin “
k=1 0
oo m/2
+Z 1 In2 1 /( : in2az) tg xd
——— =" — ———— [ (sinarm — sin 2az) tg zdz.
Pt k(k? —a?) a®> a’sinar &

0

IloobHbBIE TOXKIECTBA MUMEIOT 0cob0e 3HAYUEHME, MOCKOJbKY UX JIEBbIE Ua-
CTH, OYEBUJIHO, SIBJSIOTCS NPOM3BOJAIAMU (DYHKIMsAMU Juisi qucen [(2m),
A2m+1), n(2m —1) u {(2m + 1) mpu m € N.

W3 teopembr 1 MOXKHO M3BJI€Yb JOBOJIBLHO OOIMUPHYIO WH(MOPMAIUIO O IIPEI-
crasyieanu guces 3(2m), A(2m-+1), n(2m—1) u {(2m+1) B Buze oupesieeHHbIX
WHTErpaJjioB OT dJIeMEHTAPHBIX (DYHKIWIA; B BUJE OBICTPO CXOMANIUXCH HUUCIIO-
BBIX DSJIOB, cojepxkamux ((2n); B Buje JMHEHHBIX KOMOMHAIMH OGOOIIEHHBIX
TUIIEPTeOMeTPUIeCKUX PsijioB 3Fo 1 4 F3; B BUJle MPEIEJIOB HEKOTOPBIX UUCIIO-
BBIX TIOCJIEIOBATEIFHOCTEl; B BU/IE KPATHBIX UUCJIOBBIX PSIOB U JP., 9aCTh U3
KOTOPO# M3BECTHA, & YaCTD - ABJISAETCH HOBOH. JIOKJIa /1 IOCBAIIEH 9TOMY KPYTY
BOIIPOCOB.

Pabora Beimonena npu nojmepxkke PH®, mpoekt 20-11-20261.

'MockoBckwmit Tocyapersennblii yausepcuter umern M.B. Jlomonocosa,
Poccusi. Email: mirzoev.karahan@mail.ru

2Cenepnbrit (ApkTudeckuit) dbenepaabHbii yausepenteT nvenn M.B.
Jlomonocosa, Poccust. Email: t.Safonova@narfu.ru
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HEIIJIOCKVE ®POBEHMNYCOBBI MHOI'OOBPA3MA N
NHTETPUPYEMOCTD

MOXOB 0O.1.

BBomuTcst moHsTHE HEMIOCKMX HEACCOIUATUBHBIX (HDPOOEHMYCOBBIX MHOIO-
obpa3zuit, KOTopble O0OOIAIOT MOHSATHE ILTOCKUX MHOroobpasuit JLybpoBu-
na—PpobeHnyca, JOKAJIBLHO 33/IaBAEMbIX PEIICHUSIMH KJIACCUYECKUX IJIOCKUX
ypasuenuit Burrena—/leiikxpada—Bepaunne-Bepmuune (ypasuenuit B/IBB).
Hemnockue dpobennycoBbl MHOrooOpasusi JIOKAJbHO OIMCHIBAIOTCS HEILIOC-
kuMu ypasaenusmu Burrena—/leiikxpada—Bepiunne-Bepiaunie (nemiockumu
ypasuenusimu B/IBB), ecrecTBeHHO BO3HUKAIONMMYU B MHOIOMEPHOH CYIIEPCHM-
MeTpUYHON MexaHuke (cM. [1]) u B Teopuu moaMHOroo6pasuii ¢ MOTEHIMAIOM
HOpMaJIeil B IICEBIOEBKIIMIOBBIX IIPOCTPAHCTBAX, Pa3BUTOl aBTOpoM B [2]. Pa-
Hee aBTOPOM OBLIO JOKAa3aHO, 9TO Kjaaccuiyeckue ypasuenusi BJ/IBB smistor-
Cs €CTECTBEHHBIMU CIIEIUAJIbHBIMUA DPEAYKINIMA (DyHIAMEHTAJIbHBIX yDaBHEe-
HUU TEOPUHU MTOJMHOr0o00pasnii B MCEBOEBKINIOBBIX IPOCTPAHCTBAX U JII000E
mHoroobpasue Jlybposuna—Ppobennyca MOKET OBITH JOKAJIBLHO PEATU30BAHO
KaK HEKOTOPOE CIIEIUAJIBHOE TIIIOCKOE TIOJIMHOT00Opa3ne ¢ MIIOCKOH HOPMAaJIbHON
CBA3HOCTBIO B IICEBJOEBKJIMI0OBOM IIPOCTPAaHCTBe. B jokmaje OyjeT moka3aHo,
qaro Hertockue ypasHerus B/IBB rakike siBAAIOTCSH €CTECTBEHHBIMU CIIEIIHAIIb-
HBIMA PeAyKInusaMu (DyHIAMEHTAIbHBIX YPABHEHUI TEOPHUH IIOJMHOI000pa3uit
B TICEB/IOEBKJIMIOBBIX TPOCTPAHCTBAX U JI000€ HEIJTOCKOe (PpOOEHIYCOBO MHO-
roobpasue MOYKET ObITh JIOKAJILHO PEAJN30BAHO KAK HEKOTOPOE CIIEIUAIBLHOE
[I0/IMHOT000pa3ue ¢ IMOTEHIMAIOM HOpMaJIell B IICEB/IOEBKJINIOBOM IIPOCTPAH-
cTBe.

WcciteroBanme BBITTOTHEHO HA MEXAHIKO-MaTeMaTHIeCKOM dakyiabrere Moc-
KOBCKOI'O rocyapcTBeHHoro yuusepcurera uMm. M.B. Jlomonocosa 3a cuer rpan-
Ta Poccuiickoro nay4unoro donya Ne 20-11-20214.
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PEHOPMAJIN30OBAHHOE PEITEHWE /1JId YPABHEHUA C
CUHIVJIAPHBIM ITIOTEHIINMAJIOM HA KOMITAKTHOM
PUMAHOBOM MHOT'OOBPA3UNN

MYKMHMHOB @.X.!, BVJI'AKOBA I'.T.2

Jloka3bIBaeTCs CyIIECTBOBAHNE PEHOPMAJIM30BAHHOIO PEINEHUS SJLIAIITUIE-
CKOIi 3aJ1a4K Ha KOMIIAKTHOM PUMAHOBOM MHOroobpasuu M c¢ kpaem. Ciaboe
pelrerne moo0HOM 3a/1a9K C CHHIYJISPHBIM ITOTEHIINAJIOM B CIydae 0bJiacTu B
R™ paccmarpusasock B R™ [1]. Tam ke oTMe9asioch, 9T0 TaKue 3aa49H HPeJl-
CTaBJISIIOT OIIPEJIeJIEHHbIN (bu3mdeckuii uHTHpec. PaccmoTpum 3a1a1y

—divg(a(z,u,du)) + Au+ Ku=f, ulopm =0; f € Li(M). (1)

Jluneitnbrii oneparop Ku : H;(,)(M) — (H;(,)(M))* KOMIIAKTEH,

Au = —divy(FV4u), roe BekropHOe mOjle F'V, u B JOKAIBHON CHCTEME KO-
OP/IMHAT BBIMHCJIsIETCS 10 (POpMYyJIe Fik g9 uy;. OyEKIHI Fik (z) npunamiexar
L1 1oc(M), u ipu sirobom z € M sementsr FF(z) 3a1a10T HEOTPHTATETHHO
ompeiesieHHyo Marpuily. Mysapruimmkarop g € D'(M) Moxker ciayKuth npu-
MepoM oreparopa K, eciiu OH HOTYMHSAETCA OLEHKE

(e, ¥) = (1, 00) < Cll @llpyall Yllpey, Vo, € DM).

BekTopnoe nosie a npu r € R y0BIeTBOPSIET YCJIOBUAM OIPAHUYEHHOCTH C
q < p(x)

la(z,r, y)|§,(z) < C(G(z) + |r]7 + |y[P™)), monoTonnocTH 1ipU Y # 2

(a(z,r,y) — a(z,r, 2),y — z) > 0, KOIPIUTUBHOCTU

(a(z,m,y),y) > 200|y[P®) — G(z), tne G(z) € L1(M), y,z € T*M, x € M.

IIpocrpancrso By, (M) — monosmenue D(M) 1o nopme

lullpey,a = llullpey,n + v/ (Au, ).
Tonoxum Ty (r) = max(—k, min(r, k)).

Onpenenenune 1. M3mepumast GyHKIUS U HA3BIBAETCS PEHOPMAJIM30BAHHBIM
pemenuem 3anadn Jupuxiie (1), eciu oHa YIOBIETBOPsIET COOTHOIIEHUSIM: [IPU

Beex k > 0 Ty (u) € B,y (M);

k— o0
Mk<[u|<k+1

lim / (a(z, u, du), du)dv = 0;

upu Beex € € Lipy(R), v € D(M) BBIIOIHEHO PABEHCTBO

/(a(% u, du), d(v€(u)))dv + (Au+ Ku, v§(u)) = (f, v&(u)). (2)

M
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Ilycrs cymecTByior Takoe uncio A > 1, uro

(A + Ku, ) + 6 / Voulf@dy >0, ueByy(M), 3)
M

mpn [|ullpy,1 > A

Teopema 1. ITycmo evinoanenv ycaiosus na a, Fy K u (3). Tozda cyuwecmeyem
peropmasusosarnoe pewenue 3adawu (1).

Teopema 2. ITycmo svinoanenvt yeaosus wa a, F. ITycmo a = a(x,y), yeaosue
Kospuyumuerocmu evnoanero ¢ G =0 u ycaosue (3) ¢ A =0. Tozda pewenue
sadavwu Jqupuzae (1) eduncmeenno.

Crucok aureparypbl
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'MECTUTYT MaTeMATHKH C BBIMUCIATEILHBIM nenTpoM YDPUIT PAH,

Y dumckuit TocyIapCTBEHHBIN ABUAIIMOHHBIN TEXHUIECKUN YHUBEPCUTET,
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2y(bI/IMCKI/II7I rOCyJIapCTBEHHBII aBUAIMOHHBIN TeXHUYIECKAN yHUBEPCUTET,
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OB OJJHOBPEMEHHOI TPUAHTIVJISIPU3AIIUU MATPUIL 1
VCTOMYMUBOCTU CUCTEM
OYHKIIMOHAJIbHO-ITN®PEPEHIINAJIbHBIX YPABHEHUI

MVYJ/IFOKOB M.B.

Paccmorpum cemeiictBo cucrem muddepeHTnaIbHBIX YPABHEHUM

n
B(t) + Y Apz(t—ri(t) =0, t>0,
=1 (1)
z(§) = ¥(§), [~w;0],
B CJIe/lyIouX 00O3HAYEHMSX M IIPeJoJIoKeHuax: Ay — BelecTBeHHble 2 X 2-
marpunpl, GyHma 1 : [0;4+00) — [0;wy] u3MepuMbl, w = maxg wg, ¥ —
CyMMUpYyeMas BeKTOP-(YHKITHS.

B JaHHBIX TIpe/IIOJIOkKeHNsTX permenne saaadn Kormu s mo6oit cucremsr (1)
CYIIEeCTBYeT U eIMHCTBEHHO B IIPOCTPAHCTBE aOCOJIOTHO HelIPePLIBHBIX BEKTOP-
dyHKITHI.

Ilon pasromeproti sKCNOHEMUUAALHOT YCMOTIMUBOCTDIO CUCTEMBI  Oy-
JleM IIOHHMAaTh CJIeyIONIyI0 OIeHKY MATPHIBI KOIMM JaHHOH# CHCTeMbI:
M, 0 >0: ||C(t,s)|| < Me 7= npu t > s.
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ToBopsiT, 9TO MATPHIIBI 00HOBDEMEHHO MPUAHLYAADPUIYEMDL, €CITH CYTIECTBY-
€T HEeBBIPOXK/JIEHHOE TpeobpaszoBanue 6a3uca T', B KOTOPOM 06€ MaTPHUIILI TPUHI-
MAIOT BEPXHIOK Tpeyrosibayio dopmy. Mzsectro [1, 2], uro marpunst Ay, ... A,
OJTHOBPEMEHHO TPHAHTYJISIPU3YEMBI B TOM U TOJIHKO TOM CJIy4ae, €CJIH:

Vk,m=1,n: det(ArAm — A Ag) = 0. (2)
m

ITycre BeimosaeHo (2). O6o3HaunM yepes a,(C ) cOBCTBEHHOE IO MATPHIILT
T~ 1AT, pacrosioxKeHHOE B m-oif cTpoKe. Bce cOGCTBEHHBIE UMC/Ia HEOTPHIA-
TEJIbHBI U BEIIECTBEHHBI €CJIA U TOJBKO €CJIH

Vk = ].,7: detAk 2 0n SpAk 2 2\/ detAk. (3)

Paccmorpum ase 3amadu Ko (m = 1,2):

P (4)
ym(§) =1, &€ [-w;0],

O6o3naunM 4epe3 [, TOYKY [EPBOrO MUHUMYMA DPEIICHUs Y, (ciaydait
Iy = 00 He HCKITIOUAETCS).

Teopema 1. ITycmov swnosnenv. yeaosua (2) w (3). Jdas mozo wmobws kaoic-
das cucmema cemeticmea (1) 6viaa PpasHOMEPHO IKCNOHEHUUAALHO YCTNOTHU-
6011, neobxodumo u docmamouno, 4mobv, das a06020 m = 1,2 pewenue 3ada-
wu (4) ydosaemeoparo o0Homy us 08YT ycrosud:

e 5w/3 <l < o0,
o Iy <5w/3 U ym(lm) > —1.

HdokazaTesabcTBO. B ycioBusx Teopembl mocie mpeobpa3oBaHus Oasmca
BTOpOe ypaBHeHUe cucreMbl ceMmeiictsa (1) cosnagaer ¢ (4) npu m = 2. Heo6-
XOJUMOE U JIOCTATOYHOE YCJOBUE YCTONUUBOCTH CEMEHCTBA TAKUX CKAJISIPHBIX
ypasuenuii nosyueno B [3]. IlepBoe ypaBHeHUE CONEPKUT KAK X1, TaK U Tg.
OzHAaKO, eciiu IePeHeCTH To B IPABYIO Y4acTh, TO UCHOJIBL3Yys (opmyiy Korim
HETPY/HO MOKA3aTh, UTO U3 SKCIOHEHIUAIBHON OleHKN o u dbyaknun Kommn
JUIST TIEPBOTO CKAJISIPHOIO YPABHEHUST BBITEKAET SKCIIOHEHIMAIbHAS OICHKA X1 -
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KBASUNKJIACCNTYECKNUE ACUMIITOTUKN OJI<
HEJIOKAJIbHBIX YPABHEHUN

HA3ANKUHCKUN B.E.

B noknaze paccMaTpuBaioOTCd JBE CUTYAIUH:
1. PasHocTHBIE ypaBHEHUS HA MHOTOMEPHOU PEIeTKEe C MAaJIbIM IImaroM h.
IIpocreiimum TpuMepOM MOXKET CJIYKUTH yPaBHEHUE

es(82) -weas( 2tz =0, wcrzanz )

w € (0,1), Bozuukaroniee npu u3ydennu 3aaa4u Ko Jjisi BOJHOBOIO ypaBHe-
HUsl Ha GECKOHEYHOM OJ[HOPOZHOM JIEPEBE CO CIIEIUAJILHBIME YCJIOBUAME (THIIA
ycnosuit Kupxroda) B sepumnax [1, 2|, a Taxxe (npu w = 1/4/2) B 3amaue o
mamkax Definvana (3, 4].

2. uddepenimanpable ypaBHEHUSI ¢ MaJIBIM IIapaMETPOM IIPH IIPOU3BO/I-
HBIX ¢ KO3 UImenTamMmu, BKIOIAIOIUME JIeHCTBIE JUCKPETHO I'PYIIIBI CIBU-
roB. 3/1ech B KAUECTBE MOJIEIBHOTO MIPUMEPa MOXKHO PACCMOTPETH HEJIOKATHHOE
ypasuenue [IIpeaunrepa

2 52
S - LR v+ [ K dy.
rie sapo uMmeer crenuanbubiii Bug K(z,y) = a(d(r —y— 1)+ d(x —y+1)) c
BelecTBeHHbIM KoadbdurmenroM a = a(x).

B obonx cirydasix IperbsiBiaseTcss KOHCTPYKIUS KBA3UKIACCHIECKUX ACUMII-
TOTHUYECKUX DPEIeHnit, OCHOBaHHAsi Ha KAHOHWMYECKOM omeparope Macio-
Ba (cM. [5, 6, 7]), a B ciydae 2 —TakKe Ha WJESX U METOJaX TEOPUH HeJO-
KaJIbHBIX (nceBo)auddepeHmaibHbIX onepaTopos (cuM., Hanpumep, [8]).

Pesynbrarsr nosyuenst coBmectro ¢ B. JI. Uepnbimesbim u A. B. IlseTkoBoii
(n. 1) m A. FO. CaBunbM (1. 2).

Wccienopanust B. E. Hazaiikunckoro u A. FO. Casuna nojep:xanbsr PO,
rpaut 21-51-12006 HHIIO _a.
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OBPATHBIE 3ATAYN OJII HEKOTOPBIX YPABHEHUI
COBOJIEBCKOTI'O TUITA

HAMCAPAEBA T'.B.

Bynem nccienoBarh paspemmMoCcTh JUHEHHBIX OOPATHBIX 3389 JIs Tud-
depeHInaIbHbIX YPaBHEHHIT COO0JIEBCKOTO THIIA

Auy + Bu = f(x,t) + q(x)h(x, t), (1)

Auy + Bu = f(z,t) + q(x)h(z,t), (2)
rje oneparop B mmeer Bun Bv = a%i(bij(x)vmj) + bo(x)v, (3mech u gasee 1o
HOBTOPSIIONIMMCsI MHIEKCAM BeJIeTCsl CyMMHUPOBaHUe B IIpeJiesiax or 1 710 n).
OcoGEeHHOCTBIO N3y TaeMBbIX 33184 SIBJISIETCS TO, ITO UCKOMasT TIpaBast IacTh B
HUX OIPEJIESISTCS HEM3BECTHBIM MHOXKUTEJIEM, 3aBUCSIIIAM JIUIIb OT IPOCTPAH-
CTBEHHBIX TIePEMEHHBIX. [Ipu 3TOM yCJI0BHe TIepeonpeiesieHnsi, 00yCIOBIEHHOE
HaJIMIreM HEeM3BECTHOTO KO3 (DUIIMEHTa, UMEET BUI,

u(z, T) =0, x €. (3)
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Panee nosi06HbIe 3312490 711 yPaABHEHHUI COCTABHOIO THIIA M3YYAJHCH IS
HEKOTOPBIX YaCTHBIX CJydaeB. MeToj uccie/loBaHus B paboTe 3aKII0IACTCd B
mepexosie oT OOpaTHOI 3a/1a9M K HOBOI yKe MpsiMOil 3ajade st ypaBHEHUN
cocrashoro tuma (cM. [1]).

B nammnoit pabore 11 n3ydaeMbIX 33124 JTOKA3BIBAIOTCS TEOPEMBI CYIIECTBO-
BaHUS U €IUHCTBEHHOCTU PeryIsaApPHBIX DeIIeHu.

Crucok aureparyphbl
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Bocrouno-Cubupckuit TocyIapCTBEHHBI YHUBEPCUTET TEXHOJIOTUH 1
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0 “KBAHTOBAHUI” OJHOM N3 TAMUJIBTOHOBBIX
CUCTEM KNMVYPBI

ITABJIEHKO B.A.

B Hacrosiiiee Bpemsi coBepeMeHHBIE y4eHble MHTEPECYIOTCsl HeJIMHEHHBIMU
o6bikHOBeHHbIMEA JiuddepennuanbabivMu ypasaeausyu (OJLY), momyckaromue
IprMeHeHne MeToja u3oMoHoapoMuoil pedopmanuu (MIM). Ha cerogus us-
BECTEH KOHEYHBIN CIIUCOK COBMECTHBIX MAp TaMIIbTOHOBBIX cuctem OJIY

(@)s, = (Ho)p,»  (03)s, = —(Ha), (B=1,2) (j=1,2) (1)

¢ ramuabronnanamu Hy, (S1, S2,q1, @2, D1, D2), KAXKJI0€ M3 KOTOPBIX €CTh YCIOBUE
coBMecTHOCTH nBYX JuHeitabx cucrem OILY Buma

Vi, =LsV, (2)

vV, = AV, (3)
rjie KBaJpaTHele MaTpuIpl Ly, u A OIMHAKOBON Pa3sMEPHOCTH DPAIlHOHAJIBHBI
o nepemennoii 7. CoorBercrBytomue pererns OILY, sSBIAOMAXCS yCIOBAEM
COBMECTHOCTH TaKHUX I1ap, HA3BIBAIOTCS M30MOHOIpOMHBIMU. K dmeiay Takmx
M30MOHOJIDOMHBIX COBMECTHBIX PEIIeHUil TaMUIBTOHOBBIX CUCTEM C JIBYMSI CTe-
ITeHsIMU CBODOJIBI OTHOCSITCSI M PEIIeHUs] UEPAPXUH TaMUJIBTOHOBBIX BBIPOXK JIe-
Huil cucrembl ['apHbe, BeINMCaHHOl B u3BecTHOI crarbe X. Kumypsr [1].

Ipencrosmuit gokaa1 OyAET MOCBAIIEH MOCTPOEHUIO COBMECTHBIX PEIICH
JIBYX aHAJIOTOB BpeMeHHbIX ypaBuenuit [lIpenurrepa, omnpese/isieMbIX TaMuib-
romnanamu H3 1 2(s1, 52,41, q2,p1,p2)(k = 1,2) ravunsronosoit cucremsr H3 12
u3 cratbu [1]. Jarnble anamorn ypasHenuit I[[lpequHrepa IpeacTaBisiiorT co-
0oil JIMHETHbIe BOJIIOIMOHHBIE yPABHEHHUS ¢ BDEMEHAMH S1 U So, KayKJoe U3
KOTOPBIX 3aBUCUT OT JIBYX IIPOCTPAHCTBEHHBIX ITEPEMEHHBIX.
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IlocTpoenHble perieHnsI SABIAITCA sIBHBIMI B TEDMUHAX PEITeHUil JTUHEIHO
cucrembl O/1Y, koTopast Beinmcana B crarbe Hakamypsl, Kapakamu n Cakkast
[2].

Cienyer OTMETUTh, YTO HEKOTODPBIE PELIEHUsI COOTBETCBYIOIIUX AHAJIOIOB
BpeMeHnHbIX ypasHenuit Illpenunrepa, omnpenenseMbIXx APYTUMHA TaMUJILTOHM-
aHaMU yKe 1ToCTpoeHbl. Hekoropblie n3 Hux aBropoMm cosmecTHo ¢ CyJreiimano-
BoiM B.1.
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CUHTYJIAPHOCTU KBA3UJIMHENHBIX OJY BTOPOT'O
TMIOPSITIKA

ITABJIOBA H.T'.!, PEMU30B A.O.2
Paccemorpum nddpepeniuaibHOe ypaBHEHE BTOPOIO HOPSIIKa

d,
Alw,y) 2L = M(z,y,p), p=dy/dr, (1)

rue A(z,y), M(z,y,p) — rnagkue dbyskuuu, npudeM M — aHajuTHYecKas
no p. OcobbIMU TOYKAMH ITOTO yPaBHEHWsI HA3BIBAIOTCS TaKWe TOYKHU (I, y)-
ILUIOCKOCTH, B KOTOPBIX A obpalaercs B HyJb, B CJlydae OOIIEro IOJIOXKEHUsI
onn 06pa3yioT kKpuByo [’ Ha mIockocTu. PaccMOTpuM HAYAIBHYIO 331849y JIJIst
ypasuenus (1) ¢ ycioBuem y(xg) = yo.

Eciu Touka qo = (x0,yo) Heocobasi, TO I KaxKJOI0 Py ITa 3aJa4a MMeeT
€JIMHCTBEHHOE PEIeHNe, YIOBIETBOPSIIOIIEe yCIOBUIO p(Zg) = P, KOTOPOE OIpe-
JIEJICHO U SIBJISIETCS TVIAJKUM Ha HEKOTOPOM MHTEpBaJe BEIECTBEHHON PsMOii,
COJIEpIKAIIEM TOUYKY X, IPAYEM He CYIIECTBYET DEIleHUil, He UMEIOIUX IIpe-
nesa lim p(z) upu & — 9. Curyanus craHOBUTCS GoJiee CJIOXKHOI, eciiu TOYKa
go — ocobasi. Hammpumep, MOTYT OBITH OCUUAAUPYIOULUE PEWEHUA, BXOIAIINE B
go 6€e3 onpeIeIEHHOTO HAllpaBJIeHns! KacareabHoit. [locseHee o3HavaeT oTCyT-
cTBre (KOHEYHOro MM GEeCKOHeYHOro) mpezera limp(z) npu & — g, npudem
p(z) B caMoii TOUKe Xy MOXKET CyIIeCTBOBATDH UJIN HE CYIIECTBOBATE.
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Ipumep 1. Ypasuenue xtdp/dx = 223p — (202 + 1)y umeeT cemeiicTBO perre-
Huit, 3agannbx dopmyioit y(x) = r?(acosr™! + Bsinx~!) ¢ npoussosbHBIME
nocrosiaabiMu v, 3 ipu © # 0, u y(0) = 0. Bee oupezenennsim Takum o6pa-
30M QYHKINN audPEepeHImpyeMbl BO BCEX TOYKAX BEIECTBEHHON MPSAMOii, HO
UX [IPOU3BOJIHBIE UMEIOT B HyJI€ Pa3PBIB BTOPOIO POJIA, 38 MUCKJIIOYEHUEM JIUIIh
TOXKJIECTBEHHO HYJIEBOI'O PEIEHUsI.

Teopema 1. ITycmo qo € T u M(qo,p) £ 0. Toeda ypasnenue (1) ne umeem
OCUUNNUPYIOWUT pewenutl, 6TOOAUUT 6 qq.

Hanee mbr Gyzem paccmarpusath ypasHenue (1), B koropom M — mHOrO-
9JIeH TpeTheil cTerneHu mo p ¢ KodpUImeHTaMu, IJIaIKO 3aBUCSIIUMA OT T, Y,
KOTOpBIE He 0DpaIalTCs B HYJIb OJHOBPEMEHHO HU B OJHOI TOYKe KpuBoi I
IIo Teopeme 1, Takoe ypaBHeHUWE He WMEET OCIMLIMPYIONINX PEINeHUl, U Ja-
Jlee pedb MOMJIET O «KJIACCHIECKUX» DEIEHUs X, BXOJSIMINX B 0COOYI0 TOUKY C
OTIPE/ICJIEHHBIM HAITPABJIEHUEM KACATEJHHOI.

Teopema 2. Pewenus ypasnernus (1) mozym erodums ¢ mouky qo € I auwo
6 HAMPABACHUAT, COOMBEMCMEYOUUL BEULCTNEEHHBIM KOPHAM KYOUECK020
muozouaena M(qo,p), m.e. 0cobvim moukam 8eKMOPHOL0 MO

A(0y + pdy) + MO,,. (2)

Iycrs o € T' u M(qo, p«) = 0. Hucsio u nosezieHne peleHuii, BXOAANIUX B
TOYKY (o C HAIIPABJICHUEM D, , OIPEIeJIAeTcsl OTHOIIEHNEM BeJIMIuH

)‘1 = (AI +pAy)(QO7p*)a )‘2 = Mp(q()vp*)v

KOTODBIE sIBJIAIOTCS IVIaJIKUMU HHBAPUAHTAMU POCTKA 110Jist (2) B 0c0b0ii TouKe
(qo, p+)- Hpenmomnoxum, 910 Ay 2 # 0, 1 mosmoxuM A = Ay : A\;. Torga umeer
MeCTO CJIeIyIONUi pe3yJIbTaT:

Teopema 3. Ecau A < 0, mo ypasnerue umeem o00Ho peweHue, nporodiuLee
YePe3 MouKY o € KACAMEAbHBM HANPasaeHuem py. Ecau X > 0, mo ypasnenue
umeem BECKOHEUHOE YUCAO peweHull, BTOOAWUT 6 (o C KACAMEALHOIM HANPAG-
AerueM Py . Cywecmsyrom A0KabHLE KOOPOUHAMbL C HAYAAOM 6 (o, 6 KOMOPHIT
Kpusas ocobux mouek I' cosnadaem ¢ ocvio © = 0 u 8ce IMU PEWEHUA UMEIOM,
00HY U3 JBYT B03MOANCHVIL POPM:

y = F(z,clz]?), ecau A ¢N,
y=F(z,2c+elnl|z|), €{0,1}, ecau NEN,
2de F' — anadkan ynxyus d8yxr nepemennsr, ¢ = const.

Pabora Beimosinena npu nogepxkke POOU, rpant 20-01-00610.

'Poccuiicknil yHIBEpCHTET Ipy*KOBI Haponos, Poccus. MuctuTyT mpobaem
yopasyienus uM. B.A. Tpanesuukosa PAH, Poccus.
Email: pavlova-ntg@pfur.ru
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2MockoBckmit (bU3MKO-TeXHUIeCKnii MHCTUTYT, Poccnst.
Email: alexey-remizov@yandex.ru

NCCJIEJOBAHUME 3AJAYN OIITUMAJIBHOI'O
YIIPABJIEHU A OJIdd OAHOUW MOJEJIN
COBOJIEBCKOT'O TUITA

INIEPEBO3YNKOBA K.B.!, MAHAKOBA H.A.2
1
[e]
Paccmorpum dyHKImoHaIbHBE IpocTpamcTBa $) =W,y (), B = L,(Q),
H = Lo(02). TosoxkumM npocrpancTso H* = VV{l(Q)7 B* = L,(). Paccmor-
PUM 3aJ1ady ONTHMAJBLHOTO YIPABJICHUST

T T
J(z,u) :%/||x—zd||’g’3dt+(1—%)/||u||%*dt—>inf, xe(0,1) (1)
0 0

pemenusyu 3aa4u [1loyonarepa—Cunoposa—lupuxie

(AL 4+ A)(x(s,0) —xo(s)) =0, s €Q, (2)
x(s,t) =0, (s,t) € 00 x R, (3)

JUIst YPABHEHUS B YACTHBIX TIPOM3BOJIHBIX
%(AH +A)z +alz + flzff e =u, p>2, (4)

rue dyukuug ¢ = x(s,t) cocrosuue cucremsl; «, 3, A € R — mapamerpsl cucre-
MbI, CBOOOHBI wieH u = u(s,1) OTBeYaeT BHEIIHEMY BO3IECHCTBHIO.

IMoctponM MHOXKeCTBO (Ha3biBaeMoe B JajbHelinem GhasoBbIM MHOr00Opasu-
eMm)

£, ecan A # g,
n
M= {2€H:a% [wnpm ds = [(BlzlP~z + u)py ds},
i=10 Q
eca A\ = A\
U cJieiaeM JIONyIIeHne:
(I — Q)u ne 3aBucur ot ¢ € (0,7), (5)
rje
I st A # Ak,
Q=9 1- S (oK), maa A= .
A=Ak
Pacevorpum

), ecmu X #£ Ag;
{r €H:(x,or) =0}, ecm X = \p.
270
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Teopema 1. [1] Ecau npu A € R svnoaneno ycaosue (5) u «, S € R, npuuem
af <0, un>2, 2<p§2+ﬁ uau n = 2. Tozda

(i) mmoosrcecmneo M aeasemea npocmoim banazosvim Ct-mrozo06pasuem, mo-
deaupyemovim noodnpocmparcmeom H';

(ii) cywecmsyem T(xo) u eduncmeenas K6a3UCTNAUUOHAPHAR NOAYMPAEKMO-
pus x € CH0,T(x0); M) ypasnernua (4), nporodawas uepes moury x.

Bsenem npocrpamcrso yupasiennii 4 = L,(0,T;98*) u BoibepeM memycroe,
3aMKHYTO€, BBIITYKJI0e MHOXKeCTBO Uyq. IlycTn

X={reLy0,T;9): &€ Ly(0,T;coimL)}.

O6o3uaunm vepe3 A muoxkectsBo nap {z,u} C X X ,q, yJAOBIETBOPAIOIIUX
zagaue (1) — (4).

Teopema 2. [2] Ecau npu A € (—00, A\1]| euwnoaneno ycaosue (5), napamems-
pra € Ry, e Roun >2,2<p< 2—|—n4f2 uau n = 2. Toeda dasn
a106020 T > 0 cywecmeyem eQuHCMEEHHAA KEAZUCTNAUUOHAPHAA TOAYMPACK-
mopusa x € C1((0,T); M) ypasnernus (4), nporodawas “epes moury .

Teopema 3. [2] ITycmv A € R, napamempu. o € R, f € R, npuvem aff < 0,
un>2 2<p< 2+ ﬁ uau n = 2 u swnoaneno ycaosue (5). Tozda
npu abwr To € H, T € Ry maxuzx, wmo mmoocecmeo A # O cywecmeyem
pewenue 3a0a%y oNMuMasvhozo ynpasaenus (1) — (4).

Hccenedosarue svimoareno npu gurarcosot noddepocke PODPH v eanbun-
cKol obaacmu 8 pamrar HayuwHozo npoexma N 20-41-740023.

Crucok aureparypbl
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V. 14, Ne 4. — P. 36-45.

'FOzxHO- YpabcKuil TocyIapCTBeHHEI YHIBepCHTeT, Poccns.
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KBABUKJIACCUYECKAAd ACUMIITOTUKA CITEKTPA
ATOMA BOAOPOOA B JIEKTPOMATHUTHOM IIOJIE
BBJIN3U I'PAHUIIL CITEKTPAJIBHBIX KJTACTEPOB

ITEPECKOKOB A.B.

Paccmorpum HepesiaTUBHCTCKUI TaMUJIBTOHUAH aTOMa BOJOPO/Ia B OHODOI-
HOM 3JIEKTPOMarHUTHOM I10JI€

H = Hy + eM3 + ceqx; + €2W, (1)
rae
Hy = —A — |z} M :ixi—ixi W = (22 +22)/4
0 ) 3 2 9, B2y 1T %)/ 4%

Bnech yepes & = (21, T9,T3) 0OO3HAMEHBI EKAPTOBBI KOOPIMHATH B R?, A —
onepatop Jlammaca, MarHuTHOE I0JIe HAIIPABJIEHO BIOJIb OCH X3, a dJIEKTPHUIe-
CKO€ TI0JIé BJIOJIb OcU X1. ducyio e; > 0 — HaIPsSXKEHHOCTH 3JIEKTPUIECKOTO
mosist, € > 0 — MaJIbIil mapaMerp.

3amaga 06 aToMe BOAOPOIA B JEKTPOMATHUTHOM II0JI€ TPEACTABIIAET OOJIh-
moit pusndecknit u Maremarudeckuii narepec. OCcobEHHOCTHIO JAHHON 3a/1a91
SIBJISIETCSI HAJTUYKE B TAMUJIBTOHNAHE OTHOBPEMEHHO U JIEKTPUTIECKOTO, 1 Mar-
HUTHOI'O TI0JIeil, KOTOPBIE OPTOrOHAJIBHBI JAPYT JAPYTY. DTO IPUBOIUT K 0OPa30-
BAHUIO PE30HAHCHBIX CIIEKTPAJIBHBIX KJIACTEPOB OKOJIO COOCTBEHHBIX 3HAUEHUN
HEBO3MYIIEHHOI'O aroMa Bojopoza [1].

AurebpanmyecKnii MeTOJ, IIOCTPOEHNS] ACUMIITOTHKH CIEKTPa M COOCTBEHHBIX
dyukImit aroma Bogopoma 6611 npeyiozken B pabore [2|. Oqaako 3ToT METONM He
[IPUMEHUM JIJIsl COCTOSIHAN CUCTEMbI, KOTOPhIE OTBEYAIOT I'PAHUIAM CIIEKTPAJIb-
HBIX KJ1acTepos. B pabote [3] 6bL1 IpeIozKeH MeToJL IIOCTPOEHUST ACUMIITOTHKH
CIIEKTPA OKOJIO TPAHMUIL KJIACTEPOB, OCHOBAHHBIN HA HOBOM MHTETPAJILHOM IIPEJI-
CTaBJICHUU I ACUMIITOTUIECKIX COOCTBEHHBIX (pyHKImit. C ero moMoIbio I0-
Ka3aHo [4], 9T0 BOMM3M BEpXHUX TPAHWUI] CIIEKTPAJTBHBIX KJIACTEPOB MMEETCSI
cepust COOCTBEHHBIX 3HaUeHHH oreparopa (1) co ciemyromel aCUMITOTHKOMN

1
& = 7t emy/In2e? + 1 — e2ne? (4n + 9In|m| — 6m?)—

—18%n*e2 (n — |m|)(k + 1/2) + O(e*n?) + O(3n1Y), (2)
rnme e = 40, k =0,1,2,..., yucia n € N, m € Z yI0OBJIeTBOPSIIOT YCJIOBUSIM
l<n<eV 5, 1< \m\ < n. 31ech €1 MPUHAMAET IPOU3BOJIbHBIE ITOJIOMKU-
TesibHbIe 3Hadenud. Coydaiil MaJsbIx 3HaYeHui e; paccMoTper B [5].

Dopmyna (2) onmceiBaer paciienvienne crnekrpa (r.e. adbderr 3eemana—
IlTrapka) 11 aTOMa BOJIOPO/IA B OPTOTOHAJBHBIX JJIEKTPUIECKOM U MATHUT-
HOM 10J1s1X. TT0CKOIBKY B raMuiibroHuaH (1) BXOAUT ImapamMerp €1, TO BO3HUKA-
eT OJHOIIapaMeTpUIecKoe ceMeiicTBO ypapHeHuit [0ifHA, K KOTOPBIM CBOIUATCSI
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YCpeJIHEHHAsI 3aJlada B HEIPUBOJIUMOM IIpeJicTaBieHnn ajredpbl KapaceBa—
HoBukoBoit Fyyant ¢ KBAIPATHIHBEIME KOMMY TAIIMOHHBIME COOTHOIICHUMHE |1,
2]. Acumirroruka pemenuii ypasaenuit LoitHa ¢TPOUTCS ¢ HOMOIIBIO KOMILIEKC-
noro meroma BKB u MeToma corsiacoBanmns aCHMITOTHIECKUAX PA3IOKEHHIA.

PesynbraThl mosydyensl B paMKax BBIIOJHEHUs [OCYIaPCTBEHHOI'O 3aJaHUs
Muno6prayku Pocenn (mpoexkt FSWE-2020-0022).
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Hanumonasnbublii ucciienoBarebekuil yuupepcurer « MOy, HanpoHabHbIA
HCCJIe0BATE/IbCKHI yHUBEPCUTET «BhICIIas MIKOJIa SKOHOMUKHY, Poccust.
Email: pereskokov62@mail.ru

NCYUNCJIEHUE KOHEYHBIX PASHOCTE B BAHAXOBBIX
AJITEBPAX

[IEPOB A.I1.!, KOCTPYB I.]1.2
OCHOBHBIM HCTOYHHMKOM II0 TEOPHH KOHEYHBIX PA3HOCTEH I HAC SBJISACT-
ca [1]. ycrs B xoMiuekcnas Gamaxosa anrebpa [2], [3], G C B — orkpsiroe
MHO)KecTBO U f(X) : G — B — HerkoTopast dbyHKIus (orepaTop, 0ToOparXkeHue).
ITycTb n — IPOM3BOJILHOE HATYPAJILHOE YUCTO U Z1,Z2, - - - , Zy, — IPOU3BOJIbHAS
cucreMa y3J0B, Jiexkamas B G.
Cuuraem anrebpy B kommyrarusnoii [4]. Pazdeaentoli pasnocmoio nopsadka

n — 1 ¢gynryuu f(x), orBevalONmIel CHCTEME Y3II0B Z1,Z2, . . ., Zy, HA3BIBAETCS
BbIpazKeHue (cjieBa — 0003HaYEHHE) n
A" f(x) (21,22, 2a) = Y f(2) [ [ (25 — )7 (1)
j=1 ket
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IIpenmosiaraenM, 4TO BBIIOJHEHO YCJIOBHE Pa3/Ie€JIE€HHOCTH: CYNIECTBYIOT 0Opar-
upte (z; —zg) * upu j £k, 1 <j,k <n.
B o61mem cirytvae mosraraem

Anilf(x)(zlaz%”wzn) - Zf(Zj)Cjk. (2)

IIpenmosiaraeM, 9TO CUCTEMA Y3JIOB Z1,Z9, ... ,Z, JEXKAT 68 00WeM NOAOKHCE-
HUU, €CJIN ManI/Iua Bannepmonga V(z1,22,...,2,), Tne V. = (Vji) uMeer
BUJ Vi = Z), ' (1 < j,k < n), umeer obparuyio C = (cjk), Tme (cj,) u3
B (1 <jk<n).CV=E, VC=E, rie E — euanunas marpuna s B"*"
(E = diag(1,1,...,1), C = V~1(z1,2,,..., z,)). Ussectno, uro: Jas obpamu-
mocmu mampuyss Bandepmonda V(z1, Za, . .., Zy) Heob6xodumo, 4mobv, 6viio
evnoaneno ycaosue pazdeaenocmu (z; —z) L npuj # k, 1 < jk < nu
docmamouro, wmobv, OvLA0 BBINOAHEHO YCAOBUE CNEKMPAALHOT DA30eNeHHOCTIU
S(z;)NS(zr) =0 npuj#k, 1<jk<n.

ITycmv mampuya Bandepmonda V(z1,2a, ..., Z,) 06pamuma U Mampuya
V21,29, ...,2,) 3anucana 6 sude C = (cji), 2de (c;i) € B npul < j k <n.
Toz0a 6ce anemenmor nocaednezo cmorbua 0b6pammoti mampuys. C obpamumos
Cjk, 1 <j <n (em. gopuyay (2)).

Tlocnenmee oTHOCUTCS K PYHKITMOHAJIHLHOMY UCUIUCTeHn0. PaccMoTpuM KOH-
TYPHBIA MHTErpaJl

27TZ/f (@ A" +ai A" '+ .. 4 a, 1A+ a,) dA (3)

Baecy f(A): G — (C (kycouno) anasuruueckas byukmus, G C C — orkpbiToe
MHOXKECTBO, B KPYIVIBIX CKOOKAX — PE30JIbBEHTA N-I'0 MOPAIKa Iy (A) : R — B,
0o — KpUBOJIMHEHHBIN KOHTYD, Jexkamuii B GNR u oxsarbsatomuii cnekrp S (S
u R — CIleKTp ¥ Pe30JIbBEHTHOE MHOYKECTBO CKAJISIPHOIO XapaKTEePUCTUIECKOTO
mHOrowieHa agA\” + ...+ a, : C — B).

O6oznaunM B(G) oTkpbITOE MHOXKECTBO TeX X 3 B crekrp S(X) KOTOPBIX
sexxut B G. Ilomoxxum

f(x) =

Baecs Oo nexur B G N R(x) U OKPY2KaeT CIIEKTD S(X) 2JIeMeHTa X.

Paccmorpum ypasrenue ag\” + a; A"~ ' 4+ ... 4+ a,_1 A + a, = 0 KopHU Ko-
TOPOTO Z1,Z3, ..., Zy JexKaT B obmeM nonoxkenun u C = (cji) = V7 i(z,
Zoy . Z).

1
2

f( JA=x)""dr (x€B(G)).

Teopema 1. Ilpu cleaannvir 8viuie NPeInOSOHCEHUAT UMEIM MECTIO CAedY-
rowue GopmYave
1
5 [ fO (A A" +ai A" '+ . ta, 1A +a,)d\ =
Jdo
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=D fz)en = A" f(x)(21,22, - 20)- (4)

Jj=1
WcciteroBanus mepBOro n3 aBTOPOB BBIIOJHEHO IPU (DUHAHCOBOI HOIIEPAKKE

PODU, rpant 19-01-00732.
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PACITPEAEJIEHUE CITEKTPA OIIEPATOPA
MTYPMA-JINYBMJLJIA C AEJIBTA-BSANMOAEVCTBUEM

I[TIEYEHIIOB A.C.

B L?[0, +00) paccmarpum omepaTop H HOPOKIaeMblil BEIPasKeHIeM

d2
lap = o + q(z) + ad(x — b). (1)
un kpaeBbiM yciaosmem Jlmpuxmie y(0) = 0, tme § — genbra dyHKIWM

Hupaka,a > 0,b > 0 u BemecrBennas dbyuxius (nmorennuan) q(x) IBAXKIbI
HenpepbiBHO-ubbepennupyema upu x > 0, npuuem ¢'(z) > 0, ¢"(z) > 0 upu
x > 0. IIpu onpenenenun oneparopa llrypma - JluyBusis ¢ morennuagaMm-
pacrpesesieHuAMA Oy/IeM cJieJioBaTh 1ojxoay, paszsuromy A.M.Casuykom un
A.A ITkanukosbiM B paborax [2,3]. Hesosmymennsiit oneparop Hog, cooTBeT-
cTByromuii 3HadeHuo ¢ = 0, 0613 aeT IUCKPETHBIM CIeKTPOM [1]

03, A > A n=0,1,2.., A — +00, n — +oo0.

B cuny Bospacranus dbyskiun ¢(x) ypasuenue g(x) = A upu A > ¢(0) ume-
€T eJMHCTBEHHOe perieHne (), Ha3bIBAEMOE TOUYKON II0BOPOTA, U 9T TOUKA
nosopora npoctasi, T.e. ¢’ (z(\)) # 0. JJokazaHbl TeopeMbl:
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Teopema 1. Cobcmeernnvie snaverus N, onepamopa H ydosiemesoparom Hepa-
BEHCTNBAM

)< Ao <AL, AL <A, <AL n=1,2,3, ..,

Teopema 2. Ecau q(x) = cz¥,k > 1,¢ > 0, mo cobcmeenvie 3navernua A,
onepamopa H umerom acumnmomury npu n — +0o

2k k 2k 2.2 _1acos®B(b) 1
)\n = k+2 | 1 — —)3 2 - - ,
an ( 2(k‘+2)n+7r(k+2)(3)3a 2 nzkkr; +O(n2k1:r22)

= [ e
— e ,ﬂb:/ An —ct®)2dt — —,
BN ) 1
I-Tamma -pynxyua Fisepa.

IIpumep 1. ([5]). Ecnu q(z) = z, To cupaBe/inBa aCUMITOTHKA

asin2{b(%7m

An:(gwn)§<l—61n+ 2(37m)§)‘}+0<nlg)>,n—>+oo.

2

3ameuarue 1. B pabore [5] perieH BOIpOC O PACHOIIOKEHUH NEPBOTO C.3.A1
B 3aBHCHMOCTHU OT IapaMeTrpoB a, b u jjisi OTpUIATebHBIX a. B dacTHOCTH,
HafJIeHbl YCJIOBUS , NIPU KOTOPBIX A SIBJISETCsl OTPHUIATEIHHBIM U JIAHA €ro
OIIeHKa CHU3Y.

Ipumep 2. ([6]). Ecau g(x) = 12;2, 10 A2 =2n—1,n = 1,2, ... u cipase yuBa
ACHMIITOTHKA,

s sin?(bv/2n)
vn
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JIOKAJIbBHAA ITNMHAMUWKA YPABHEHUA KAHA —
XNJIJIAPOA

I[IJIBINTEBCKAA C.II.

PaccmarpuBaercs ypaBHeHEe, KOTOPOe siBjisieTcsa Moaudukanueil (pacumpe-
HUEM) [MIUPOKO u3BecTHON Mojesu Kana—Xusiapaa,

U = (—QUgy — U+ bu? + u?) g, (1)
up(0,8) =0, wuy(1,8) =0, Upes(0,8) =0, ugzr.(1,t)=0.

Takoro Bujia Kpaesble 3aJIa91 U3y9Iasnuch B [1].
sl M3ydeHnsi penieHuit U3 MaJioll OKPECTHOCTH COCTOSHUS DABHOBECHS
ug(t,z) = ¢ B (1) npoussejeM 3aMeHy u = ¢+ v U LepeiizieM K KpaeBoil 3aj1a4e

Uy = (_avmm - BU + ’YU2 + ’U3)mm7

vz(0,8) =0, vy(1,t) =0, Ugze(0,¢) =0, Umim(Lt) =0, @)

B =1-—2bc— 3c?, v =b+3c, M(v) = [v(z)dz = 0.

0
IIpu ycnosun
3c2 +2bcy — 1+ e =0, (3)

IIJIsL HEKOTOPOI'O Cg B 3ajade 00 yCTONYUBOCTH KpaeBoil 3aja4u (2) BO3HUKAET
KPUTHYECKHUI CITydail.

PacemarpuBaeTcst BOIIpoC 0 JIOKATBHON [TUHAMWKE KpaeBoil 3amaun (2) npu
YCJIOBUHM ¢ = ¢o +£Cy1, TIe ¢ ABJIAETCs KOpHeM ypasHeHus (3), ¢; # 0 — Kak-To
(BUKCHPOBAHO, a € — MAaJIbIil TOJIOXKUTENIBHBIH mapamerp, 0 < ¢ < 1.

Beemem B paccMoTpeHme CTaHIAPTHBIN JJIs METOIA HOPMAJIBHBIX (OPM Pl

v(t, x,e) = e'/2¢(7) cos(mx) + eva (T, ) + ¥ 2vs(r,2) + ..., T=ct. (4)

Moxncrasum (4) B (2) u Gyaem cobuparb KO3GMDMUIUEHTHI IPU OJIUHAKOBBIX
cremensix €. Ha TpeTnem mare, cobupas kosbdurmentsr mpu £%/2, momyamm
ypasHeHue 1yist v3(T,2). VI3 ycIoBusl €ro pa3penmMoCTH B YKa3aHHOM KJIAcce
dyHKImit noIyIaEM PABEHCTBO

£= 625% oe?, (5)



3 _
e § = 21%(b+ 3ck)cy, o= —1’/T2 — % (6a)7t.

Teopema 1. Ilpu ycaosusx § # 0, o # 0 u npu 6cex JocmMamouHo Maivlx
£ nosedenue pewenut (2) uz nexkomopot docmamouno Maroll u He3asucAuet
OM € OKPECTIHOCTNU HYALBO20 COCMOANUSA PABHOBECUS ONPEIEAACNCA YPasHe-

nuem (5).

Crucok aureparypsbl

[1] Kawenkxo C. A. Budypkanun B ypasaennn Kypamoro —Cusammnckoro. Teo-
perndeckast 1 Maremarndeckas pusuka. 2017. Tom. 192, Ne. 1, crp. 23—40.

Kpeimvckuit denepasbablit yausepcurer um. B.M. Bepnajickoro, Poccust.
Email: splyshevskaya@mail.ru

OIIEHKA CHU3Y HAUBOJIBIIETI'O 3HAYEHN A
MUUHNMYMOB MOAVJIA HA OKPY2XKHOCTHAX
AHAJINMTNYECKOUN ®YHKIINN

ITOIIOB A.IO.

Hanpt uucia R > 0, g € (0, 1). Paccmarpusatorcst hyHKIMA U3 HPOCTPAHCTB
HY(R;), Ry > R. O6oznaunm

2m

mfr) = min S, 1l =l e 1 (e)lds.

OrnpesesinM BeJTMIuHY
M(f; [¢R, R]) = max{m(f,r)|¢R <r < R}.

CraBurca craemyiomas 3amada. CKOIb OONBIINM JOMKHO OBITH HUHCIIO
Ry > R, 4To0BI TOYHAA HUXKHSS I'DaHb

inf{(f;[qR, R]) | fllr, | f € H'(R1), f(0) = 1}
OKAa3aJ1aCh MOJIOXKUTEIbHOM? JIpyruMu cjioBaMu, HACKOJBKO Ry TOKHO OBITH
6ouibitie R, 4TOOBI rapaHTUPOBATH CIIPABETNBOCTH HEPABEHCTBA

Cc
£l &,

B KOTOPOM ¢ — abCOJIIOTHAs nocTosiHaas (mm dbyHKIms napaMerpa q)?

M(f;[gR, R]) > Vf € H'(Ry) npu ycaosnn f(0) = 1, (1)

Teopema 1. IIycmov g € [1/3,1), alq) = (14+3¢)/(1—q), R1 = a(q)R. Tozda
suinoansemcs coomuowenue (1), 6 komopom ¢ = 3/64. B wacmmocmu, éepro
pasencmea a(1/3) =3, a(1/2) =5, a(2/3) =9.
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O6cy UM BOIIPOC O TOUHOCTH CPOPMYIHPOBAHHOIO pe3ysbrara. He 3asbiie-
Ho Jin 3HaueHne Ry = a(q)R B B Teopeme 17 Bepra nm onenka (1), ecsin B3sTh,
HanpuMmep, Ry = (a(g) — 1)R? ABTopy 9T0 He M3BECTHO, HO B3dTh Ry = b(q)R,
rie b(q) = a(q) — 1 — (1 — ¢q)/4, yxKe Henb3s.

Teopema 2. Jas arwboxr R >0 u q € [1/3,1) cywecmeyem maxas nocaedo-
BAMEALHOCTVG UEABT GYHKUUT Gp, YN0 GOIMOAHAIOMCA COOMHOULEHUSA

92(0) =1 ¥n €N, lim (M(f;[¢R, R]) oA lga(2)]) =0.  (2)

Bamern™, 4t0 ||g||r, < | ;Illgl}%( |g(2)|, mosTOMY paBEHCTBO HyJIIO Ipejieia B
>
(2) cuibHee onposepzkenust Hepasencrsa (1) npu Ry = b(q)R.
Paccmorpennast 3a1a4a JIjisd IPOCTPAHCTB AHAJUTUYECKUX B KpyTe (DyHKIWIA,
[0 MHEHMIO aBTOpa, gBJsiercd HoBoil. Ho B Teopuu nesbix GyHKIuil TemMaruka,
CBSI3aHHAsI C OIEHKOW CHU3Y MUHUMYMA MOJLYJIsl IIeJION (PYyHKIMKM H& HEKOTOPOi
yXOsIieil B GECKOHETHOCTD MOCJIEI0BATEIBHOCTU OKPYKHOCTEl, pa3BUBaeTCs
yke 6ostee cra aer. O6mmpras 6ubanorpadust umeercs B [1]. B sToit remarnke
OBLIIO MPUHATO ONEHUBATH CHU3Y MUHUMYM MOMYJsi (DYHKIIMU HA OKPY’KHOCTH
(Ha KOTOPOIl 9TO BO3MOMKHO) Yepe3 HEKOTOPYIO CTeIleHb MAKCHUMYyMa MOIYJIs
dyHKIIMYM HA TOI K€ OKPY?KHOCTH.
Xoatiman [2] mpuses npumep nesoit byHkun F 6€CKOHEUHOTO NOPSIIKA, JJIsT
KOTOPOH CIIPaBEJJINBO TPEJIeJIbHOE COOTHOIIIEHUE

Inm(F, r
lim Inm(F, r) = —o0, tae M(F, r) = max |F(z)|.
r—oo In M (F, r) |z|<r
B 3azade omeHKH MHHEMyMa MOJYJIsl Ye€pe3 OTPHIATELHYIO CTEIeHb Mak-
CcHMyMa MOJIyJIst Ha 6OJIbIIeil OKPY?KHOCTH CHTyalus nHast. Ha ocHOBaHHH Teo-
peMbl 1 JT0Ka3bIBaETCs

Teopema 3. Jlaa npousdsoavnol ueaolti dynkuyuu f Z 0 cyuecmeyem
MaKaA B03PACMANOULGA TOCAECIOBAMEALHOCTIG  TLOAOIHCUMENLHOIL HUCEN Ty,

lim 7, = 400, %Mo BULNOAHAIOMCA HEPABEHCTEA
n—oo

Tn+1 < 3Tn + ]., m(f, Tn) > m Vn € N,

2de ¢ — MOAOIHCUMEABHAA NOCTNOANNAA, ONPEIEAAEMAA 3HAYEHUEM TMEPBO20
HEHYAE6020 KoapPuyuernma metdioposckozo padaoocenus f 6 mouke 0.

Pabora Bemmosinena npu nogaepxkke POOU, rpant 20-01-00584.

Crucok aureparyphbl

[1] Hayman W. K. Subharmonic functions. Vol. 2, Academic Press, London, New
York, 1989.
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[2] Hayman W. K. "Minimum modulus of large integral functions", Proc. London
Math. Soc., 1952, 2, 469-512.

MockoBckuii rocyapcrBeHHblil yauBepcuTeT, Poccusi. Email: station@list.ru

XAPAKTEPUCTUYECKAA 3AJAYA C HEJIOKAJIbBHBIM
YCJIOBUEM OJIdd YPABHEHU A YETBEPTOT'O ITOPAAKA

ITYVJIBKMHA JI.C.
B coobimennn paccMaTpuBaeTcs HadalbHO-KpaeBas 3a7a4a, JIJIs ypaBHeHHs
Ut — (g )y — (buget)s + cu = f(x,t) (1)

B obuactu Q7 = (0,1) x (0,T) u uzy4aercst BOIPOC O CYIIECTBOBAHUU PEIIEHUS,
VJOBJIETBOPSIOIIETO YCIOBUAM

u(@,0) = @), w(z,0)=v(), (2)

l
up(0,8) = v(t), u(l,t) + / K (2)u(x, )dz = 0. )
0

VYpasuenne (1) BOZHUKAET IIPU UCCIEIOBAHUN [IPOJIOJILHBIX KOJeOaHuil crepK-
Hs1, u u3 dusndeckux coobpaxkenuit b # 0 Bcriogy B obsactu. [Tosromy (1) mbr
MOXKEM 3AINCATh B BUJE YPABHEHUs C JIOMUHUPYIOIIEH CMEIanHOi ITPOU3BO/I-
HOM

Ugrtt + (Auac)x + (But)t + CU - F(xvt)a (4)

r7ie HOBbIE KO3 MUIMEHTHI BBIPAXKAIOTCS YePe3 CTapble C IOMOIIBIO dJIEMEHTAD-
HBIX COOTHOIIEHUII, U JIJISI UCCJIEJOBAHUS PA3PENINMOCTH ITOCTABJIEHHON 3318491
MBI [IPUXOJUM K ABYM 3ajadaM ['ypca, 3amucas (4) ciemyonmmM o6pa3soM

t

t T T
2
% uIt—i—/AuwdT—&—/Butdf—i—//Cud«fdt = F(x,t). (5)
x
0 0

0 0

Beeag HOByIO Hem3BeCTHYIO (DYHKIHUIO, NPUXOAUM K JBYM 3aJa9aM: KJIACCH-
veckoii 3amade I'ypea (G1) m HenokambHO# 3amade (G2) mis HArpy»KeHHOTO
yDABHEHHSL.

3amaya G1.

vyt = F(z,1),



3agaua G2.

t T

t x
Uyt +/Aumd7+/Butdf+//C’ud§dt:v(:v,t),
00

0 0

1
u(z,0) = p(x), u(l,t)+ /K(x)u(x,t)dx =0.
0

Pemenne 3agaun G1 MOXKHO BBIIIHCATH B IBHOM BHJIE, a UCCJIEJOBaHUE 3318~
qn G2 Tpebyer HEKOTOPBIX YCHJINN B CBSA3U C T€M, UTO OJIHO U3 YCJIOBUN HEJIO-
KaJIbHOE€, a YPpaBHEHHNEC HaI'DY>KEHHOE. OCHOBHO€ BHUMaHHE B JOKJIaJde 1N 6yﬂ€T
yaesteno 3amade G2. Pesysibrarsl ucc/ie10Banmii IPUBEJIA K Y TBEPKICHIIO

Teopema 1. Ecau A, B,C,F € C(Qr), K € C[0,1], v € C'[0,T],
0, € CHO0,11 N C?%(0,1) u 66NOANAIOMCA YCAOBUA CORAACOEAHUA

l
v(0) = ¢'(0),'(0) = 4'(0), »(0) +OfK(:v)<p(x)dfc =0, mo cywecmeyem edur-

cmeennoe pewenue 3adawu (1) — (3), xomopoe nowumaemcs xax GyHKUUA

u e CQ<QT) N Cl(QT)a Ugztt € C(QT)

Bameywarnue 1. B wmcciaemoBaHnn MOCTABIEHHONW 3aJa9i MPWUHAMAJ AKTUBHOE
yuactue A.B. I'mies.

Camapckuit yauepcuret, Poccusi. Email: louise@samdiff.ru

OIINCAHUE JINTHEMHOI'O Y®®EKTA IIEPPOHA
I[P HAPAMETPUYECKNX BO3MYIIIEHUAX
JIMHEMHON IU®P®EPEHIINAJIBHON CUCTEMBI
C HEOTPAHUYEHHBIMU KOS ®OPUITMEHTAMN

PABYEEB A.B.

s 3aganaoro n € N obozHaunm yepes M, Kiaacc JUHEHHBIX auddepeH-
IMAIbHBIX CUCTEM

t=At)x, zeR" teRy=][0,+00), (1)

¢ HempepbiBHBIME Ko durmentamu. O603HaunM mokasarenn JIsamyHoBa cu-
crembl (1) wepes A (A) < ... < Ay (A4), a ux cmekrp — depes
A(A) = (M(A),..., \(A)). Tk, Mbl He upeznonaraem Ko3hduUIUEHTbI pac-
CMaTPUBAEMBIX CHCTEM OTPDAHUYEHHBIME, UX MTOKa3aTesau JISImyHoBa SBJISIIOTCS,
BOODIIE TOBOPSI, TOYKAMU PACIIMPEHHOMN IHCIOBOM MIPIMOit R= RI_I{—OO, +oo},
KOTOpas HaJdeJadeTcd MOPAJKOBONA TOIIOJIOTUEH.
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st mannbix Metpudeckoro npocrpanctsa M u dyukmun 6: Ry — R pac-
emorpum Kirace QY [A](M) HerpepBIBHbLIX MO COBOKYITHOCTH TIEPEMEHHBIX (DY HK-
mait Q: Ry X M — R™ ™ yaoBIeTBOPSAIOMNX YCIOBUSIM:
o(t)t .
1) sup;ezr, sup,en [Q(t )" < oo;
2) nas Bestkux k= 1,n, p € M, BLITIOJIHSETCA HEPABEHCTBO

Ae(AC) + Q5 1) = Ae(A).

OtmernmM, uTo ytst moboit cuctembr A € M, xmace QY[A](M) me mycr,
[IOCKOJIbKY €My 3aBEIOMO IPUHAIIEKUT Marpuia = 0.

CraBuTcs 3ama4a MOJIHOIO JECKPHITHBHO-MHOXKECTBEHHOIO ONUCAHNS [IJIsI
KaKIBIX 1 > 2 I MeTPHYIEeCKOro mpocrpancrsa M Kiacca

QY (M) = {(A(A),A(A+Q)) | A€ M,, Q € Q[A|(M)}.

VkazaHHyo 3ajady MOXKHO PaccMaTpuBaTh Kak obobOmenue npumepa Ileppo-
ua [1, § 1.4] na cayvail HeorpannueHHbIX KOI(DHUIUEHTOB.

Bysem rosoputs |2, c. 224], uro bynkimsa f: M — R npuHaiexuT Kiaccy
(*, Gs), ecrm ayist mo6oro r € R npoobpas f~* ([r, —l—oo]) ayda [r, +00] sBisiercst
G s-MHOXKECTBOM MeTpudeckoro npocrpancrsa M. B wacrrocru, kinace (*,Gy)
— TOJKJIACC BTOPOro Kjacca Bapa [2, ¢. 248|.

Pemenne mocTasaenHO 38891 COIEPIKUT CJIE Ly TOTIAST

Teopema. Jlaa kaxcowux mempuueckozo npocmpancmea M, wamypasvro-
20 wucaa n = 2 u wenpepuisnot pynkuyuu 0: Ry — R napa (l, f),

l=(,...,1ly) € (7)n wf=f1,.- s fn): M (@)n, NPUHAOAENHCUTN KAACCY
Q% (M) mozda u moavko mozda, £020a EHMOAMAIMNCA CACIYIOULUE YCAOGUA
IS < lns
2) 1( ) . < fu(p) dan aroboeo € M;
3) Z()>ld/mecex,ueMuz—ln
4) das mobozo i = 1,n dynwyua f;(:): M — R npunadiesrcum xaac-

( ,Gs )

3ameuganne. AHajor 3TON TEOPEMBI JIJIsl CIyUasi CUCTEM ¢ OTPAHUICHHBIMU
ko3 dunmenTaMu yecraHOBJIEH B padore [3)].

[IpuBeieHHasT TEOpEMa TTOKA3BIBAET, UITO BCE TEOPETUIECKU BO3ZMOYKHbBIE T1a-
PBI CIIEKTPOB UCXOHON U MapaMeTPUYECKH BO3MYIIEHHON cucTeM (1P JOTIOJI-
HUTEJIbHOM YCJIOBHM, 9TO BCE ITOKA3aTe/J U BO3MYIIEHHON CHCTEMbI HE MEHBIIIE,
YeM Yy UCXOJHOMN) MOYKHO IIOJIYYUTh B KJIACCE BOZMYINEHUI, yObIBAIOIMX ObICT-
pee BCSKO SKCIIOHEHTBI. DTa CUTYalysl SABJISETCs CHeruUIHON It KJIacca
CHCTEM C HEOTPAHUIEHHBIMU KOI(PDUIIMEHTAMH, T.K. TTOKa3aTesu JIsamyHoBa cu-
CTeM C OrPaHUYEHHBIMU KoM PUIIHEHTAMU MHBAPUAHTHLI OTHOCUTEIHLHO BO3MY-
IieHuii, yobIBaromux ObicTpee 000 SKcroHeHTH [1, § 8.1].
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ABTOp BbIpazKaeT 6JI&I‘OﬂapHOCTL CBOEMY HAYYHOMY PYKOBOJIUTEJIIO B.B.
BLIKOBy 3a IIOCTAaHOBKY 3a/la91 1 BHUMaHUE K pa60Te.

Cuucok aureparypsbl

[1] H30606 H.A. Beenenue B Teoputo nokasaresneii JIsmynosa. Mu.: BI'Y, 2006.
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[3] Bapabaros E.A., Bvxos B.B. Ouncanune naueitroro addekra [leppona npu na-
pPAMETPUYECKUX BOZMYIIEHUX, SKCIOHEHIINAIBLHO yOBIBAIOIIUX K HYJIIO Ha Gec-

kouneuynoctu. Tp. Uu-ta mar. u mex. ¥YpO PAH. 2019. T. 25. Ne 4. C. 31-43.

MockoBsckuii rocynapcrsensslit yausepcuTeT nuMenun M.B. Jlomonocosa,
Poccusi. Email: ravdeev@mail.ru

KOPPEKTHASI PABPEIIIUMOCTD
" SKCIIOHEHIIMAJIBHASI YCTOMYNBOCTD PEIIIEHUN
BOJIBTEPPOBBIX UHTET'PO-AN®®PEPEHIINAJBHBIX
VPABHEHUN

PAYTHUAH H.A.

N3zy4gatoTcs abcTpakTHBIE HHTErPO-audpepeHInaIbHbIe YPABHEHNS, STBJISIIO-
IHeCs OIEPATOPHBIMU MOJIEJISIMU 3aJa4 TeOPHH BaA3KOoynpyroctu. B kadecTse
sIJIEP UHTEIPAJIBHBIX OIIEPATOPOB MOTI'YT OBITH PACCMOTPEHBI, B YaCTHOCTH, CYM-
MbI YOBIBAIOIINX KCIIOHEHT WK CYMMbI QYHKIU PabOTHOBA € TOJI0XKUTE/IbHBI-
My KO3 DUIUEHTAME, UMEIOIIUE MTUPOKOE TPUMEHEHNE B TEOPUHU BSI3KOYILYTO-
cru. [IpuBommTCS METOM CBEIEHUsT NCXOIHOM HAYAIBHOM 3a0a9N JJIs MOJETHHO-
1o nHTErpo-auddepeHnnaaIbLHOr0 YpaBHEHHS C OTIePATOPHBIMU KOdhPUItmeHTa-
MH B THJILOEPTOBOM MpocTpaHcTBe K 3ajade Komum mis auddepeHnuaibHoro
YPABHEHUS [IEPBOI0 MOPSIIKa. YCTAHOBJIEHO KCIOHEIINAILHOE YOBIBAHUE DeIlle-
HUU TPU W3BECTHBIX IPEIIOJIOKEHUSX JJIsl si/Iep WHTErPAJbHBIX OIEPATOPOB.
Ha ocnoBe mosry4eHHBIX PE3YIbTATOB yCTAHOBJIEHA KOPPEKTHAS PA3PEITUMOCTH
UCXOMIHOI HAYAJIBHON 33/1a49U JJIs BOJIBTEPPOBA MHTErPO-IuddepeHnaIbHOro
YPABHEHHUSI ¢ COOTBETCBYIOIIUMH OlleHKamu pemternst (cm. [1]-[3]).

Pabora BeimtosiHena mpu nojepxkke POPU, rpant 20-01-00288.

Crmcok aureparypbl

[1] Paymuan H. A. O cpoiicTBax MOJIyIPYII, HOPOXKJIAEMBIX BOJBTEPPOBBIMU
uHTEerpo-1uddhepeHInaAIbHBIMA YPABHEHUSIMA C sIIDAMM, IIPEICTABUMBIMU WH-
rerpasamu Crunreeca// duddepennnanpusie ypasuenus, 2021, T.57, Ne 9, C.
1255-1272.

[2] Paymuarn H. A. dxciioHeHIMAIbHAS YCTORIMBOCTD HOIYTPYIII, TOPOXKIAEMBIX
BOJIBTEPPOBBIMU UHTErpO-AuddepeHmaibHbIMu  ypaBHeHusiMu,/ /Y dumcknit
Mmaremarumyeckuit xkypaai, 2021 T. 13, Ne 4, C. 65-81
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[3] Baacos B.B., Paymuan H.A. CuexrpasibHblii aHauu3 (yHKIMOHAIBHO-
muddepennmanbubix ypasuenuit. M.: MAKC Ilpecc, 2016.

MockoBckuii rocymapcTBennbiit yuusepcurer nmenun M.B.JIomomocosa,
Mockosckuii [leaTp dbyHaMeHTaIbHON U TPUKJIAIHON MaremMaTuku, Poccust.
Email: nadezhda.rautian@math.msu.ru

CB43b TOYEK BU®YPKAIIN MUHNIMAKCHOTO
KYCOYHO-TJIAAKOT'O PEIITEHNA YPABHEHN
TAMMJIBTOHA-IKOBM C PASMEPHOCTbBIO
CUHIYJ/IAPHOI'O MHOXKECTBA

POJIH A.C.

B pabore paccmorpena kpaeBas 3aaada Kot s ypaBHEHUsT
Tamunprona- Axobu

Dyp(t,x) + H(t,Dyp(t,x)), @(T,x)=0c(z), t€[0;T], xze€R". (1)

D,p(t,x) = (aafl(t,x), g—;’;(t, x),. .. g—;i(t, ;1:)) .

Bagaua (1) paccMaTpUBaeTCs IPU CIIEILYIOMIAX MPEIIOIOKEHUSIX

Al) dbyukuua H(t,s) menpepbiBHA 110 ¢ IpU KaxkA0M (DUKCUPOBAHHOM S U
BBINOJIHEHO yesosue jmnmmna |H (¢, s1) — H(t,s2)| < Ll|s1 — saf|, D2 H(t,s)
ABJIACTCS HENPEPLIBHON (DyHKIHEH 10 BCEM NMEPEeMEHHDIM;

A2) byrkmusa o(x) € C? u cTPOro BHITYKIA.

ITpu BeImONHeHNi yenosuit Al), A2) caenyromee onpeesienre 0600IEHHOTO
MHUHMMAaKCHOTO PelIeHus CYIIeCTBYeT U eIMHCTBEHHO, H SKBUBAJIEHTHO BA3KOCT-
HOMY PENIeHUIO.

Onpenesenne 1. [1] @yuknus ¢ : [0; 7] x R"™ — R Ha3bIBaeTCst MUHIMAKCHBIM
perrerneM 3aa9u (1), ecan Jyisi HEro BBITIOJIHSETCS

cietytomee ycaosue: s oboit Touku (€,0(€)) € R™! u sexropa Do (€)
cymiecTByeT uncio 1' > ty u smnmuiesast dyHKIAs

(x(+),2(+)) : [0; T] = R™ x R rakue, ato z(t,z) = @(t, z(t)) mas Beex t € [to; T,
U CIIPaBEJINBO

it x(t)) = (#(t), Do(§)) — H(t, Do(£)),
npu mouru Beex ¢ € [to; 1.

Kak npaBuiio MEHIMAKCHOE PEIIeHre He sIBJISE€TCS BCIOLY HEIPEPLIBHO Iud-
depennupyembiM. Jl1s 3TOro BBeIEM CIIEAYIONINE ONPEEIEHIIS.

Onpenenenue 2. MHOXKeCTBOM CUHIYJIAPHOCTH () I OOODIIEHHOTO PEIIEeHMST
©(-) samaun (1) siBasiercst MHOXKecTBO TOuek (t,2) € [0;T] X R™, B KOTOPBIX
byHaRIESA @ He TuddepeHImpyeMa.
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Oupepnenenne 3. Toukoii 6u Karuu (11, 1) HA3BIBAETCA TOYKA, JJIs KOTO-
) ) = - )

Poii BBIIIOJIHEHO ciejyiomee yeaosue (t1,x1) € Q \ @, rue () ecrb 3aMbIKaHue

MHOKECTBa (.

Ecyiu pemenue 3anaun (1) saBisierca KyCOIHO-TJIAIKUM, TO CIIPABEJINBA CJIe-
JAyIOoIas TeopeMa.

Teopema 1. Ecau ewnoanewv, ycaosus Al), A2), mo das mozo, wmo-

— [k
6o, mouka Ougyprayuu (t1,x1) € M[-] 2de PasmMepHocms MH02000pa3UA

7 2

Ml-[k] pasna n + 1 — k, neobrodumo u docmamouro, wmobvs pare MaMPULbL
D2 W(ty,s1) = D%0%(s1) — ft:f D2 H(7,s1)dr 6w pasenn —k, k€ 1,... n.

Bauecs o*(s) = sgp (s,€) — ().

Pa6ora Beinosinena nipu ¢gpuHaHCOBON moIep:kke PODI,
npoekT Ne 20-01-00362.
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PapersOnLine. 2018. Vol. 51, Issue 32. P. 866-870.

UMM VpO PAH, Yp®V, Exkarepuntypr, Poccusi.
Email: alexey.rodin.ekb@gmail.com

O BAJAYAX VIIPABJIEHUA B
NMHTEI'PO-AVN®PEPEHIINAJIBHBIX CUCTEMAX C
ITOMOIIIBIO TPAHUYHBIX 1 PACIIPEJEJIEHHBIX CHUJI

POMAHOB U.B.!, ITAMAEB A.C.?

B pabore paccmarpuBaeTcs 3a7ada yIpaB/IsSeMOCTH C IOMOIIBIO TPAHUIHO-
IO W PACIIPEIESIEHHOTO YIIPABJIEHUsT OHOMEPHBIX KOJIe0ATEIbHBIX CHCTEM C WH-
TerpajbHbIM mocaeeiictBrueM. C HMOMOIIBIO T.H. «IIPEHSITCTBUAN K yIpaBJiisie-
MOCTH» JIOKa3aHO OTCYTCTBHE IIOJITHOM YIPaBJIseMOCTH B 3aJladaX I'DAHIIHO-
IO yIpaBJIeHUs W OTCYTCTBUE IIOJIHOU YIIPABJIAEMOCTH JJIsi HEKOTOPOr'o KJIacca
3aJ1ad pacupeesIeHHOro yrpasienus. VcciremoBana mpobsieMa yCTONINBOCTH

285



CBOICTBa, TIOJIHOM YIIPABJISIEMOCTH 110 OTHOIIEHUIO K BapHAaIlUsM sipa CBEPT-
KU, OILIPeIeJIsIoniero apdexT nocseneficTBrs. YCTaHABINBAETCS CBSI3b CO CIEK-
TPaAJbHBIME CBONCTBAMHU PACCMATPUBAEMBIX KPAEBBIX 3aad.
Pabora nposommrace npu dunancoBoil momuepkke Poccuitckoro may4Horo
donna, npoext Ne 21-11-00151.
! HammonambHbIH HccIenoBaTe bCKIil yHIBepeuTeT «BrIcmas mKoma
sKoHOMUKH», Poccusi. Email: romm1@list.ru
2Mockosckmit rocynapcTsennblii ynusepcurer uM. M.B. Jlomonocosa,
WNucturyT npobiem mexannku uM. A.FO. Unumnackoro PAH, Poccus.
Email: sham@rambler.ru

CUCTEMBI 3AKOHOB COXPAHEHUNS KAK PE3VJIBTAT
HAJINMYNA KPUTNYECKNX TOYEK ®YHKIIVIOHAJIOB

PBIKOB IO.T'.

CoBpemeHnHast Teopusi CHCTEM 3aKOHOB COXPAHEHUsI INPEJICTaBJsieT u3 cebst
OOIUPHYIO 00JIACTb MCCJIEIOBAHUN, ¢ TEKYIIM COCTOSTHUEM JI€JT MOXKHO O3Ha-
KOMUTbCs1, HApuMeD, 1o kaure [1]. OnHako, HeCMOTPst Ha GOJIBIIOE KOJTMIECTBO
pPe3yJIbTATOB, IEJIOCTHON TEOPUH B CIIydae CHUCTEM Tak u He ObL1o moctpoero. C
9TOI TOYKM 3PEHUsI IPEACTABIIAET HHTEPEC ITOUCK AJIFTEPHATUBHBIX IIOIXO/IOB K
paccMOTpeHnIo 0OODIEHHBIX PeleHuil CcTeM 3aKOHOB coxpaHeHusi. B moxiate
Gy/1eT PEe3IMUPOBAH OJMH U3 TAKUX IIOXO0JI0B, CM. paboTy [2] u comepKaiuecst
B Hel CCLLIKU.

IIycrs (t,z) € [[; = [0,T] x R, U(t,z) = (u1,...,uy), u DyHKIUK
F = (f1...,fn) 4BIIOTCS JOCTATOYHO IVIAJIKUMHU BeKTOD (DYyHKIHUAMU II€Pe-
MEHHBIX (U1, ...,U,). Paccmorpum 3amaay Komm syis ofHOMEpHON cucTeMbl
3aKOHOB COXPaHEHUsI

0 0
5 Ut 5 F(U). U@©.2)=Us(x). (1)

Pemenus 3agaun (1) noHuMaiorcs B 0600IIEHHOM CMBbICIe (KPATKO: 0.D.).
Beeznem Bmecro dyukimn U(t, ) dyakuuonas

J:x(r) € C*([0,T],R) = R",

3= JT" L({.U)dr:L({.U) = U (r.x(r) (() ~Fo U (rx(r) .

Teopema 1. ITycmo U(t, z) aeoicum 6 Kaacce KYcouHo HENPEPbEHO-
dupepenyupyemurr GyHryul, U NYCMLb CYWECEYEM MPAEKMOPUS

r = x*(t) € C*([0,T],R) makan, wmo I = 0 na neti. Tozda 6 mouxazr X*,
20e U(t, x) asasemes 2aadkol, svinoanaomes ypasrwenus (1) 6 kaaccuueckom
CMBICAE, G 8 MOYKAT nepecenenus X* ¢ aunuamu paspwiea pynxyuyu U(t, x)
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svnoanaomes coommowerus Penxuna-Iozonuo. Boaee mozo, 6°J edoav x*
2
codepotcum moavko waenns, 3asucausue om (dx)” .

B stom cmbicse cucrema (1) MoxKer ObITH 3aMeHEHa (QYHKIIMOHATIOM BHJIA
(2), y KOTOPOro KazKjiasi TOYKa SBJISIeTCH KPUTUIECKON.
MoxHo mokazaTh, uTo B yciosusx Teopembr 1 dynkmus (U = 9V /0zx)
_ oV ov
My (t,z) = 5p +F (E) HelpepbIBHA Ha pa3pbiBax u, 60JIee TOro, HEe 3aBUCUT

oT .

Teopema 2. Paccmompum pymxyuro V(t,z) € WH([1;) = B u navano-
noe yeaosue Vo(x) € WH(R), V{(z) = Ug(z). Obosnawum uepes V noo-
mroocecneo B, maxoe wmo V(40,z) = Vo(z). Takorce na npocmparncmee B
PACCMOMPUM PYHKUUOHAA

L(V)= esstsup ;V;w“ ( o + fi (&T)) ) 3)

20e V = (v1,...,0,), a Var obosnauaem 6apuauuio 6bipasicenus no nepemet-
xr

not x. ITyemo dynryua V peasusyem munumym m = 0 gynryuonasa L Ha
mnoorcecnge V. Tozda dpynxyus U = OV [0x 6ydem o.p. 3adavu (1).

Hanpumep, mist cucrem tuna Keitdurce-Kpanzepa m # 0, u bopMmyanpoBka
Teopembl 2 MOXKET CIYy>KUTb B KadeCTBe aJbTEPHATUBHOI'O OIIPEJIEJIEHUs II0-
HSITHS 0.p., KOTOpOe He TpebyeT mpuBJiedeHus jejibra-QyHKiuii. @yHKImoHa
(3) MOXKHO paccMaTPUBATD U Kak (DYHKIUIO OMMOKY Ipu 00y IeHrn HeHPOHHO
CeTHU JJIsi CHCTEMbI 32KOHOB COXPAaHEHUS.

JlaHHBII TOIXO0, BOODIE TOBOPsI, MOYKET OBITH MEPEHeCeH W Ha MHOTOMEp-
HBI cIydaii. B ciydae AByMepHOI CHCTEMBbI ypaBHEHUH, UCXOA U3 ODOOITICHNU ST
(2) Ha ocHOBe cooTBercTByIOMEd MUddhepeHnnanbHOM GOPMBI, MOTYT GBITH T10-
JIy9eHbI aHAJIOTH (3) [0 Pa3JIMYHBIM [IPOCTPAHCTBEHHBIM [IepeMeHHbIM. Borpoc
JIOCTATOYHOCTH HAOOPa MOI00HBIX AHAJIOTOB Jjisi TOro, 9To0bl U SBJISIIACH O.D.
zagaun (1), ocTaercs OTKPBITHIM.

Pabora Bemosinena npu nogmaepxkke PH®, rpant 19-71-30004.

Crucok aureparypbl
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OB ASKCIIOHEHIIMAJIbBHOM YCTOMYUBOCTU CUCTEM
JIMHEMHBIX ABTOHOMHBIX JN®PEPEHIINAJIbHBIX
YPABHEHUM C IIOCJIEAENCTBUEM

CABATYJ/IMHA T.JI.

WNsyuaercsi cucreMa JIMHEHHBIX aBTOHOMHBIX (DYHKIIMOHAJIBHO-TU(dEPEH-
mrabibix ypasaenuii (OJLY) ¢ orpanryeHHbM HOCIeAeHCTBIEM:

h
&(t) + Ax(t) +/0 dR(s)z(t — 5) = "
1

= Bzx(t) +/0 dQ(s)x(t —s) + f(t), teRy,,

e h, 7 € Ry, A, B € R"*" R: [0,h] = R"*" marpunia B HeoTpunaTeabHasi,
A u R mmaronasnbhble, dbyakmus Q: [0,7] — R™*™ ne y6wuiBaer, R(0), Q(0) —
HyJIeBBIE MATPUIIBI, HHTEIPAJIbI TOHUMAIOTCA B cMbIcse Puvana — Cruiarbeca,
KOMITOHEHTHI BeKTOp-byHKImH f: Ry — R™ jIOKaJIbHO CyMMHUPYEMBI.

Canenys [1, . 9-10], nHazoBem pemennem ypasHerust (1) JTOKaIBEHO aBCOTIOTHO
HENPEPBIBHYIO BEKTOP-DYHKIWMIO, yzoBaerBopsonyo (1) mourn scioay. pn
OTPUIATEILHBIX 3HAYCHUAX apryMeHTa, He Hapyllasd OOIIHOCTH, T II0Jaraem
PpaBHOI HYIIIO.

Ipepiaraercst caeMyoMmast CXeMa UCCIIOBAHIS yCTONIMBOCTH cucTeMbr (1).
TTocTponM «CHCTEMy CpABHEHUS»

h
&(t) + Ax(t) + /0 dR(s)z(t —s) =0, teRy. (2)

CYIIECTBEHHOM OCODEHHOCTHIO KOTOPO#, TIOMUMO SKCIOHEHITHAJIBHON YCTOWYH-
BOCTH, SIBJISIETCSI IIOJIOYKUTEJIBHOCTD €€ (DYyHIAMEHTAIbHON MaTpUIBl. DTO [M03-
BoJisteT HadiTu yist byHIAMEHTAIBHONW MATPUIBI CUCTEMBI (2) TOHKHE JIBYCTO-
POHHUE ONEHKHU [2], UCHO/Ib3Ys KOTODPbIE YAAETCsl UCCIIEJ0BATL YCTONIMBOCTD
ucxoHoi cucremsl (1).

Eme onna BakHasa 3a7a4a, KOTOPas PENIaeTcs B PaMKaXx JaHHON paboThl —
3¢ eKTUBHAS OIEHKA CKOPOCTU CTpeMJIeHUsI pelneHus K Hy 0. Onupasich Ha
METOJbl TEOPUM MOHOTOHHBIX OIEPATOPOB, Y/IAJOCH IOJyYUTb TOYHBIE OIEH-
K1 KO pUITIEHTa U TTOKA3aTeIsd B SKCIIOHEHIINAILHON OIeHKe M1 PyHIaMEH-
TaJabHOM MaTpuIbl BeromoraresbHoi cucreMbl OJIY, 13 KOTOPBIX CAEAYIOT aHA-
JIOTUYHbBIE OIEHKU JJIsI JIIOOOrO PEIeHns] MCXOTHON CHCTEMBI.

Pabora BhIO/IHEHA B paMKax roc3ajianus MuHUCTEPCTBa HAYKH U BBICIIETO
obpazosanus Poccuiickoit Peneparnyu (3amanue FSNM-2020-0028).
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ITEPBAYA TPAHNYHAA 3AJAYA 1J1d BOJIHOBOT'O
YPABHEHU

CABHUTOB K.B.
sl 1ByMepHOIO BOJIHOBOI'O ypaBHEHUS
Lu = us —az(um—i—uyy) +bu=0 (1)

B napasmienenuunege Q@ = {(z,y,t)|(z,y) € D, 0 < t < T}, 3meco
D ={(z,y)|0 <z < p,0 <y <gq}, a, p, g uT — 3a1aHHbIE NOJOKUTEIb-
HbIE JIefiCTBUTE/IbHBIE YHCIa, U b — Jr000e 3aaHHOe JIeHCTBUTEILHOE TUCIIO,
[IOCTABUM TEPBYIO IPAHUIHYIO 3a1a4y.

Bagaua dupuxie. Hatimu gynwuyuro u(x,y,t), ydosaemeopsaowyro caedy-
HOULUM YCAOBUAM.

u(z,y,t) € CHQ)NC*HQ); (2)

Lu(z,y,t) =0, (z,y,t) € Q; (3)

u(x,y, t)‘z:() = U(J),y,t)|x:p = u(xvy’t)‘yzo = U(Z‘,y,t)’y:q =0; (4)
w(z,y,t)|,_y = (), ulz,y,t)|,_, =¢(z,y), (x,y)€D, (5)

20e T(z,y) u Y(x,y) — 3adanmvie docmamouno eaadkue PyHryuy, Yoossemaeo-
PANULUE YCAOBUAM CORAACOBAHUA C 2DAHUNHBMU Yeaosusmu (4).

Kak mu3Becrro, uTo 3a7a4a Jupuxie 1jist ypaBHEHUI rUIepOOTMIECKOTO TH-
na nocrassena nekoppekrao. Cobosies C.J1L. [1] mokazas, 4o uccienosanue Bo-
[IPOCOB HEYCTOHYUBBIX KoslebaHuil (DE30HAHCOB KOJIeOaHuil B 2KUJAKOCTUA BHY TPU
TOHKOCTEHHBIX OAKOB PAKET ¢ COOCTBEHHBIMU KOJIEOAHWSIMU) TECHO CBS3aHO C
zaJtadeii Jlupuxiie Jjisi BOJHOBOIO ypaBHeHUsl. JlocTaToYHO MOJIHBI 0030p pa-
60T, TIOCBAIIEHHBIX U3yIeHUI0 3aaa9u Jupuxiie 1y runepOo/ImaecKux ypaBHe-
uuii npusejied B Monorpaduu [Iramuuka B.1. ([2], ¢. 89-95) u paGore aBropa
[3]. Eciin 3amaua dupuxie jyisi OJHOMEDHOIO BOJIHOBOI'O YDaBHEHHs B IIpsi-
MOYTOJIbHOM 06JIACTH M3ydeHa JOCTATOYHO TOJHO, TO 9Ta 3aJa4a JIJIs MHOTO-
MEPHOI'0 BOJIHOBOT'O YPaBHEHUs HEJOCTATOYHO uccyenosana. lenues P. [4], [5]
BIIEPBbIE MCCIen0BAJ 3a1ady Jupuxie qys ypasuenns (1) upu b=0,a=1c¢
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HEHYJIEBOI IIPaBOii YaCThIO U OJHOPOHBIMUA ITPAHUYHBIMU YCJIOBUSIMH B IIAPAJI-
JIeJienuriesie, TJie YyCTAHOBJIEHBI KPHUTEPUN €IUHCTBEHHOCTH U CYIIECTBOBAHHE
pemenust 3aj1a4u B npoctpanctse Cobosesa Wy (€2) mpu ompe/ieIeHHbIX yCI0-
BUSIX HA MPABYIO YaCTh, CBI3aHHBIX CXOIUMOCTBHIO YUCIOBBIX psjioB. [Ipu aToMm
BOSHUKAIOIIME MAaJble 3HAMEHATEN He u3ydeHbl. B padore Bypekoro B.II. [6]
yCTaHOBJIEH KpI/ITepI/Iﬁ €IMHCTBEHHOCTU PENIeHUd 3a/la9n ,Z];I/IpI/IX.He JJId BOJIHO-
BOI'O ypaBHEHUsI B IIape.

B nannoit pabore B Kjacce pery/gpHbIX perienuil ypasuenus (1), T.e. yao-
BJIeTBOpsONUX ycaoBusaM (2) u (3), ycTaHOBIEH KPUTEPHUH €IUHCTBEHHOCTH
perrenus 3aja9n (2)—(5) 1 caMo peleHne IMOCTPOEHO B sIBHOM BHJIE KaK CyMMa
psna Oypwe. [Ipu obocHOBaHNU CXOAUMOCTH Psifia BIIEPBBIE BO3HUKJIA MTPOOJIe-
Ma MaJjbIX 3HaMeHaTejiell OT JBYX HATYPaJbHBIX apr'yMEHTOB. B CBsi3u ¢ yeM
YCTQHOBJICHBI OIEHKH 00 OT/IEJIEHHOCTH OT HYJIS MAaJIbIX 3HAMeHaTeseil, Ha oc-
HOBAHWMH KOTOPHIX JOKa3aHa CXOAMMOCTD pafa B Kiacce dynkmuit C2(Q) npu
HEKOTOPBIX YCJIOBHUAX OTHOCUTENIbHO (byuKuuit 7(z,y) u ¥(z,y), a TakxKe 1M0JIy-
YE€HBI OIEHKN 00 YCTOWINBOCTH PEIEHHs 110 OTHOIIEHNIO TPAHUYIHBIX YCIOBUIA.

Pabora Boimosnena npu nojepxkke POOU, rpant 17-41-020516.
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HEJIOKAJIBHBIE JIJIMIITUYECKWNE KPAEBBIE 3A/TAYN
1 CIIEKTPHI C*-AJITEBP 3AJIAY COIIPA>KEHU A

CABUH A.IO.

WccremoBannio HEOKAJIBHBIX JUIANTHYECKUX KPAEBBIX 3a/1a9 IOCBSIIIEHO
GouibIiioe 9ucio mybsukanuii (cM., Hanp., paborsl [1, 2, 3| u nurupoBaHHYIO
B HUX JiuTeparypy). Bo MHOTUX cilydasiX HEJOKAJIbHOCTb PeaJu3yerTcst B BUJe
OIIEPATOPOB CJIBUTA, OTBEYAIONINX HEKOTOPBIM Juddeomopdusmam. Ipu sTom,
B [IPUJIOXKEHUSIX 9aCTO BO3HUKAIOT 3aJa4M, OTBedaroriye auddeomopdusmam,
HE COXPAHSIOIMNM 00JIaCTh, B KOTOPOIl PACCMATPUBAETCH HEJIOKAJbHAS 3a/1a9a.
Hama pabora mocBsinena nccae0BaHAI0 TAKAX 3339 HA MHOTOOODA3HUSIX.

PaccmaTpuBaeTcss kKoHedHO-TIOpOKIeHHasT rpynma [ muddeomopdusmon
ragKoro MHoroobpasuss W 6e3 kpas. IIpeamosaraercss JOMOTHATEIBHO, UTO
3aJ]aH0 KOMIAKTHOE mojiMHOrooopasue M C W Kopa3sMepHOCTH HYJb C KpaeM
XCcW.

HeiictBue rpynnel I Ha W usmymupyer mpeacTaBieHre B IIPOCTPAHCTBAX
dynknuit oneparopamu casura (Thu)(z) = u(y~1x), v € I'. Mbl paccmarpusa-
eM KJIaCcC HEJIOKAJIbHBIX KPAeBbIX 3ajad Ha M, BKIIIOYAIOIINIA 387189 BUJIA:

>D,Tyu=f mnaM,

L ~ (1)
> B, Tyu=g mnalX.

p

3nech u — HemssectHas dbyHKIUsA HAa M; U — ee mpooszKenne Hystem Ha W\ M
f — sanannaa dynknua ma M; g — ussecTHas Qynkiua Ha Kpae X; D,, B,
— muddepeHImaibHbie onepaTopbl Ha M, TpUYeM TOJBKO KOHEYHOE MX YUCJIO
OTJIMIHO OT HYJIS.

Hastee mpejmmoiaraeM, 9TO BBIIOJHEHO CJIELYIOIIEE YCIOBUE PETYISPHOCTH:
JUIST JTIOOBIX 3JIEMEHTOB Y,y € [’ ¢BA3HBIE KOMIIOHEHTBI IIOAMHOr000pasnii yX
u 7' X 1ubo He mepecekaloTcs, MO0 COBIAMAIOT. B 3TOM cilydae o0beluHenue
00pa30B Kpasi 1o, JeificTBueM 3j1eMeHTOB rpynnbl ') obosnadaemoe X, sIBJIS-
ercs He OoJiee YeM CUETHBIM JU3BIOHKTHBIM O0bEINHEHUEM IOIMHOT000pa3nit
Kopa3zmepHocTr oauH B W.

OcHoBHOIT pe3ysnbrar paboThl — peajm3anus 3aga4d (1) Kak orpaHuyeH-
HBIX OIIepaTopoB B npocrpancTBax CobosieBa M yCTAHOBJIEHUE YCJIOBUI SJIITHII-
TUYHOCTH, OOeCIeunBaronmx (GppearoJbMOBY paspenmmoctb. Cxema Mmosryde-
HUs Pe3yJIbTATOB: CHavasa 3a1a4a (1) CBOIUTCs K OHepaTopy HyJIEeBOIrO 0P /I-
K&; 3aTeM IIOJIyIEeHHBII ormepaTop BKJaabiBaeTcsd B C*-anredpy, 0603HAIAEMY IO
U(W, X ), mopoxkaeHHyto oneparopamu casura 1., u ncesmonuddepenyais-
HBIMHU OTlepaTopaMu Ha W ¢ yCIOBUSIME COTIPsI?KEHNsT B CMbICIe [4] Ha moMHOTO-
obpasun X .; HAaKOHEII, IPUMEHSIIOTCsI MeToJIbl Teopuu C*-ajiredp, 9T00bI yCTa-
HOBUTH YCJIOBUS (PPEArOTHMOBOCTH. B KadecTBe OCHOBHOTO BCIOMOIaTEIBHOIO
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pe3ysibTaTa ONUCaH CHeKTp u Torosiorus Jxxekobcona Ha HeM it C™-anreOpb
U(W, Xoo).

Pesynbrarer nmosmyuens: B coBMmectnoit pabore ¢ B.E. Hazaitkunckum u 9.
Ipos. Uccnenosanme BbimonneHo upu dunancoBoit moggep:kke POOU u
Hewmerkoro Hay4HO-nCCIIEI0BATEIBECKOIO COOOIIECTBA B PaMKaX HAYYIHOI'O IIPO-
exkTa Ne21-51-12006.
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Poccuiicknit yauBepcuteT apykK0bI HapoaoB, Poccust.
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OINEHKHN CKOPOCTHN PABHOCXOAVMMOCTU
CIIEKTPAJIbBHBIX PA3JIOXKEHUM JIs1 OJTHOMEPHOM
CHUCTEMBI INPAKA

CABYYK A.M.!, CAZIOBHNYAS 1.B.2
Paccmarpusaercst cucrema Bujia

lp(y) = By' + Py,

p=(3 ) o= ( 2. e ()

B IIPOCTPAHCTBE

rie

Ly[0, 7] & Lo[0, 7] 2 y.
Qynxruu pj, j = 1,2, 3,4, mpeamonaraiorcst cyMMapyeMBIME Ha oTpe3ke [0, 7]
u KoMiiekcHo3HadYHbIMU. Oneparop £ = Lpy uMeer 00/1aCTh OIIpe e/ IeHNST

D(Lpy) ={y € AC[0,7]: L(y) € H,U(y) = 0},

rae

vo=evorove = (it 1) (5) + (5 (16



IIpu4ieM CTPOKU MaTpUIbI

U= D):(Ull w2 Uiz u14)

U21 U222 U223 U4

JuHeiiHO He3aBucUMbL. O603HAYNM Yepe3 J;; OLPEeIeInTe b, COCTABJICHHbIH 13
i-ro u j-ro crosbiia marpursl . Kpaesoe ycimosue, onpezenennoe dhopmoit U,
HasbIBaeTCs pezyaaproim (no Bupkrody), eciaun

J1g - Jaz # 0.

Ouneparop lupaka, MOPOXKIEHHBIH pery/ispHbIM KpaeBbiM yciosueMm U (T.e.
omeparop Lpy ¢ obaacTsio onpenenenus D(Lp)), OymeM Ha3bIBATD pezyaip-
HOLM.

Xopormmo uzsectHO (cM. [1]), 9TO Takoil omepaTop WMeeT UHCTO JUCKPET-
HBI CIeKTD { A, }nez, PACIOIOXKEHHBIH B TOPU30HTAIBHOM 110J10ce. OG03HAUNM
4yepe3 {yn }nez cuCTEMy COOCTBEHHBIX M NPUCOEJIMHEHHBIX (DYHKIMIA, a depes
{W, }nez — Guoproronanbuyio cucremy. CueKTPAJbLHBIM PA3JIOKEHUEM (DYHK-
muu f o cucreme {y, } 6yzem Ha3bIBATD [IPEJES CYMM

Sm(E;P)= Y (£, Wa)ya
In|<m

IIpocrpanctso Becosa Bf 0o B € (0,1), onpenesim Kak npocrpancTBo Ly [0, 7]
byHKIMIA, 15T KOTOPBIX

| 1t~ @)l de < cn.
0
Teopema 1. ITycmv f € Lo [0,7], P, Py € Bfoo[(),w] 0rs Hexomopozo

0 € (0,1). Tozda

£l

1Sm (£; Pr) = S (£ P2)l| Lo, < C i (1)

ZdGC:C(PhPQ,U).

Crucok aureparyphbl
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kodddurmenramu-pacnpeenennsivMu, CoBpeMenHas maremaruka. PyHpameH-
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CIIEKTPAJIBHBIE CBOMICTBA JABYXTOYEYHBIX
KPAEBBIX 3AJTAY OJId TVNOPEPEHITMAJIBHOT'O
OITEPATOPA C KYCOYHO-ITIOCTOAHHBIM I'NTIABHBIM
KO®OPNIINMEHTOM

CAJIBIBEKOB M.A.

B mokisaze paccMaTpUBaIOTCS CHEKTpaJbHbIe CBOWCTBA OIEpaTopa, 3alaH-
HOro MU HEPEHITNATBHBIM BhIPAYKEHUEM € KYCOUHO-TIOCTOSTHHBIM TJIABHBIM KO-
adpdurmeHToM

—k3y"(z), mpu 0 < x < o,

Ly= =y (z), (1)
—k2y"(z), mpm g < x <,

C eCTeCTBEHHBIMU yC.HOBI/IHMI/I COHpH)KeHI/IH
y(zo — 0) = y(xzo +0), k1y' (w0 — 0) = kay/(z0 + 0). (2)

O6sacTh onpejieieHnst OIepaTopa 3a/IaeTCs JIBYXTOUYEYHBIMU KPAEBBIMH YCJIO-
BUSAMU OOIIEro BUIA

{ U1 (y) = ally’ (0) + algy’ (l) + a3y (0) + a4y (l) = 0, (3)
U, (y) = agly’ (0) + aggy/ (l) + a23y (0) + ag4y (l) =0.

3aecs xp — crporo BHyTpeHsig Touka unTepBada (0,1); koadbdunuenrsr ki u
ko ypasuenust (1) — meiicTBuresbrble uncia; KO3 OUIHEHTH {a;;} KpaeBbIX
ycqosuii (3) — KOMILIEKCHBIE YHCIIA.

Basaun Takoro TUIA BO3HUKAIOT, HAIIDUMED, IIPU PENIeHur METOJOM Pas-
JleJIeHUs [ePeMEeHHBIX JBYX(ha3HbIX 3aJa4 TEeILUIOIPOBOIHOCTU (C KYCOUHO-
HOCTOSTHHBIM Koa3dbdurmenToM reronpoBojinocts). Kak 6bL10 pogeMoHcTpu-
posano B [1], ycsosusi cormacoBanust (2) eCTECTBEHHBIM 0OPA30M BO3HUKAIOT
IPY MOZEIUPOBAHUK TAKOT'O IIPOIECCa TEeIJIONPOBOIHOCTH.

B knaccuueckom HempepbIBHOM ciiydae ki = ko IIOJIHBIE CIEKTPAJIbHBIE Xa-
pakrepucturn 3agadu (1)-(3) Gbwtn npusejensl B [2]. Hameit nenbio siBis-
eTcs IIOCTPOeHNUe CIeKTPasbHON Teopun 3agaun (1)-(3) B paspbiBHOM ciydae
k1 # ko.

B noxmaze 6yayT maHbBI ONpeesieHns] HEBBIPOKIEHHBIX KPaeBbIX YCJIOBUIA,
peryJsipHbIX KPaeBbIX YCJIOBUil, yCUJIEHHO PeryJsipHBIX KpaeBbIX yclaoBuii. B
TEPMUHAX MUHOPOB MATPHILI KOI(DMOUIMEHTOB KPaeBbIX ycoBuii (3) gano omnu-
CaHuMe BCeX KJIACCOB KPAEBBIX yCIOBUI M NCCIIETOBAHBI CIIEKTPATHHBIE CBOMCTBA
3aJ1a9: HAJUIHRE COOCTBEHHBIX 3HAYEHNU, SBHBIE UM ACUMIITOTUIECKHE (DOPMY-
JIbI COOCTBEHHBIX 3HAUEHMUIA, BOIIPOCHI KPATHOCTH COOCTBEHHBIX 3HAUEHMUIA, OTH-
caHue KOPHEBBIX ITOAIIPOCTPAHCTB, CBONCTBA MOJHOTHI B 6e3yCI0BHOI 6asucHo-
CTHU CUCTEMbI COOCTBEHHBIX W IIPUCOEIMHEHHBIX (DyHKITAIA.
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Pa6otra BbImoIHEHA TIpU TOJIepKKe TpaHTa MUHECTEDPCTBA 00pa30BaHUs U
nayku Pecriybiuku Kazaxcran, rpant AP08855352.
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[1] Camapckuit A. A. YpapHeHus1 1apaboJMIECKOro THIIA C Pa3PhIBHBIMU K03(ddu-
muentavu // Hoxa. AH CCCP. 1958. — T. 121, Ne2. — C. 225-228.

[2] Lang P., Locker J. Spectral theory of two-point differential operators determined
by —D? // J.Math. Anal. Appl. — 1990. — Vol. 146, Nel. — P. 148-191.

WMHCTUTYT MAaTEeMaTHKH U MATEMATHIECKOTO MOJIETUPOBaHUs, AJIMATHI,
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CJIYYAMHBIE TAMIJIBTOHOBEI IIOTOKU 1
IMPEAEJIBHBIE ITOJIVI'PVYIIIIHI

CAKBAEB B.2K.

HUccnenyrores cirydaiiHble TaMUJILTOHOBBI IOTOKH B HAJIEJIEHHOM CHMILIEKTH-
9ECKOH CTPYKTYPOH BEMIECTBEHHOM CENapabesbHOM TUIBLOEPTOBOM IIPOCTPAH-
CTBe.

OmpeiesieHbl KOHEIHO-8/IITUBHBIE MEPHI Ha MMIL0EPTOBOM IIPOCTPAHCTBE,
MHBAPUAHTHBIE OTHOCUTEIHLHO (PA3OBBIX MOTOKOB HEKOTOPOTO KJIACCA TaMUJIb-
TOHOBBIX CHCTEM. BBeJICHHbIE NMHBADUAHTHBIE MEDPBI IPUMEHSIOTCA K AHAJIA3Y
CXOIMMOCTH KOMIIO3UIIM{T HE3ABUCUMBIX CJIyIalHbIX FAMH/JIBTOHOBBIX TIOTOKOB.
ITosry9eHsl yCIoBus, IOCTATOTHBIE JIJIsl CXO[MMOCTH KOMIIO3HIUIT 110 BEPOATHO-
CTH K YCPEJIHEHHOMY FaMUJIBTOHOBY IIOTOKY.

YeTaHOBIIEHBI YCIOBUA CXOJUMOCTH IO PACIPEIEICHAI0 KOMIIO3UIMA CIIy-
YalHbIX FAMHJIBTOHOBBIX TIOTOKOB K MAPKOBCKOMY CJIy4ailHOMY HPOIECCY, Ma-
TeMaTHIeCKHE OXKUIaHusT (DYHKIMOHAJIOB OT KOTOPOTO 00Gpa3yIoT IOJIyTPYIILy
CZKATHH B IPOCTPAHCTBE KBAJIPATUYHO MHTEIPHPYEMBIX [0 MHBADUAHTHOI Mepe
dbyukunii. VcenenoBana HENPEPBIBHOCTD IOy I€HHON MOTYTPYINIBI U CAMOCO-
NPSKEHHOCTD ee Terepartopa (eM. [1]).

HcciieIoBatbl JIMHEHHbBIE TAMUJILTOHOBBI CUCTEMBI, JIOTTYCKAIONIHE 0COOEHHO-
CTH THIIa HEOTPAHUYEHHOTO BO3PACTAHUSI 38 KOHEYHOE BPEMsl HOPMbI 3HAUCHHUST
pemenns. IIpeyiozken MeTOJI IIPOJIOJIZKEHHsI PEIeHHsT ypaBHenni [aMmibTona,
JIOITYCKAIONHE OCOGEHHOCTH, MOCPEACTBOM (DA30BOTO MOTOKA B PACIIMPEHHOM
$Ha30BOM TTPOCTPAHCTBE.

Crucok aureparypbl

[1] Bycosuros B. M., Caxbaes B. 2K. Ilpocrpancrsa Cobonesa dbyHKIMI HA THIb-
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WMucturyr npukiagaoit maremaruku uM. M.B. Kemgeima PAH, Poccus.
Email: fumi2003@mail.ru

ABTOMO/IEJIbHBIE PEIIIEHUSI CUCTEMbI YPABHEHUI
MII-TIOTPAHUYHOTI'O CJIOSI MOAN®UIINPOBAHHOMI
BA3KOWN CPEIBI

CAMOXUH B.H.

Cucrema ypaBHEHMIT CTAIIMOHAPHOTO MIOI'PAHUIHOTO CJIOS JIEKTPOIIPOBOJIHOM
HejuHeiino Baskoi cpeapl O. A. JlaapkeHCKOR nMmeer B,

v((1+ k(u;)2)u;); — uuy, — vy, + B*(U —u) = ~UUL,u, + v, =0 (1)

u paccmarpubaercs B obactn D = {0 < z < X,0 < y < 00} ¢ rpaHUIHBIMU
YCJTOBUSIMA
u(0,y) = uo(y), u(z,0) = 0,v(z,0) = vo(z), u(z,y) = Ulx),y = +o0, (2)
rae U(x), p(x), B(x), E(x) cBa3anbl ypaBHeHUEM
UU. = —pl, — BE — B*U.

JJ1s1 IPOCTOTHI IIJIOTHOCTD p W HPOBOAUMOCTD 0 CIHTAIOTCS PABHBIME €IMHUIIE,
k > 0 - MaJyas noJI0KUTEeNIbHAS TOCTOSTHHASL.

JauHast peosiornueckasi MojiesIb CIIONIHOMN cpejibl Obliia mpejioxKeHa B [1].
B orcyrcrBun MaruuTHOro 1oist, T.e. npu B(x) = 0, cucrema ypaBHeHuil Buia
(1) u ee aBTOMOZIEIbHBIE PENIEHHsT pacCMaTpUBaInch B [2] u [3].

Byunem uckarb rakue pernenus cucreMbl (1), Kommnonenta u(x,y) KOTOPBIX
JIOIYCKAET TIPeJICTABIICHNE

u(z,y) =U(x) f,(n, Ax)),

rae 7 = y/0(x), dyukuuu A(z) u 0(x) oUPENENAIOTCS UCXOAHBIMU JAHHBIMU
3814491 U [IPU BCEX 3HAUEHUAX A Jyist f (1), A) BBLIOIHSIOTCA IPAHNYHBIE yCJIOBHSL

f(0,0) =0, f(n,\) = lupun — +oo.
Tlonaras
5(z)(6(x)U(x))" = LvA(x) = 8*(x)U' (2), fo = F(0,\) = —vo(2)d(x) /v,

OpUXOAUM K BBIBOIY, uro yHKIwms f(n, A(z)) npu moboMm x momkHa GbITH
pelterreM OOBIKHOBEHHOIO Jaud HepeHInaaIbHOr0 ypaBHEeHU s

(L+3RU L0 " + fF+ M1 = (f)) + v B2 (1= f') = 0
C 'PaHNYIHBIMUA YCJIOBUAMU

£(0) = fo, f'(0) =0, f'(n) = Lupun — +oco.
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D710 ypaBHeHHUe sBJjsieTcss O0OO0OINeHreM W3BeCTHOro ypapHeHusi DojkHepa-
CkaH. ABTOMO/IeJIbHBIE PEIeHNs] CUCTeMbI ypaBHeHuii (1) cylecTByor, K npu-
mepy, upu U(x) = const, nupu U(x) = Ax u OPUMEHSIOTCS JJIsl U3y YeHUsT Kade-
CTBEHHOT'O TIOBE/IEHNUsI PEIIEHNI CHCTEMBI TOTPAHNIHOTO CJIOS B ODIIEM CIIydae,

eM. [3].
Crucok aureparypbl
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MockoBckuit TocyTapCTBEHHBIN MOTUTEXHIYIECKUN yHUBEpcUTeT, Poccus.
Email: avt428212@Qyandex.ru

TOIIOJIOTUYECKUWE JUSJIEKTPUKN
CEPT'EEB A.T.

Teopusi TOTIOIOTMYECKUX NUIJIEKTPUKOB — OJIMH U3 WHTEPECHEUINNX U aK-
THUBHO PA3BUBAIOIINXCs Pa3esioB PU3NKU TBEPIOTO Tesa. JimajIeKTPIUKI 9Toro
TUIIa XAPAKTEPUIYIOTCA HAJMYUEM SHEPreTUYeCKOH IeJi, YCTOHYMBON K Ma-
JBIM JedopMaIusaM, 4YTO IO3BOJISIET KCIIOIB30BATh TOIOJIOIMYECKHE METOJIbI
JUI X u3ydeHus. KirrodeByro posib IPH 3TOM UIPaeT aHAJIN3 IPYII CHMMeT-
puii 3TUX 0OBEKTOB, HA KOTOPOM OCHOBaHA UX KJIACCU(DUKAIINSA, TPEJIOKEHHAST
Kuraesbim.

I'maBHOEe BHUMAHVE MBI yJ€JIs€M TOIOJOTMYECKAM JUIJIEKTPUKAM, MHBAPU-
AHTHBIM OTHOCUTEJIbHO oOparieHus BpeMeHu. s Hux mmeer mecto 3ddexr,
Ha3bIBaEeMBIi BBIpOKIeHNeM Kpamepca, nHade roBopsl, IBYKPaTHOE BBIPOXK Ie-
Hue cobCTBeHHBIX (YHKIWI cucreMbl. Biarogaps 3ToMy, JJjisl JIBYMEPHBIX U
TPEXMEPHBIX JIMIJIEKTPUKOB YIAETCS MMOCTPOUTH TOIOJOTHIECKE HHBAPUAHTEI,
OIIPEeIeJIEHHBIE 110 MOYJIIO 2.

MaremaTtudeckuii nucrutyt umenn B.A.CreknoBa PAH, Mocksa.
Email: sergeev@mi-ras.ru
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MACCUBHBIE 1 IIOYTU MACCUBHBIE CBOMICTBA
VCTOUYMBOCTU U HEYVCTONYNBOCTU

CEPI'EEB U.H.
s 3amanuoil okpectHocty Hyis G C R™ paccmorpum cucremy
t=f(t,x), z€G, [f(t0) =0, teRy=][0,+0c0), (1)

rae f, fi € C(Ry x G). Yepes S, u S5 0603HAIMM MHOKECTBA BCEX HEMPOIOJI-
JKaeMbIX HEHYJIEBBIX perieHnil x cucrembl (1) U, COOTBETCTBEHHO, Y/IOBJIETBO-
psomux HadaabHoMy yesosuio 0 < |z(0)] < 6.

Omnpegenenne 1. (cm. [1]) Bymem rosopurs, uro cucrema (1) obnanaer nep-
POHOBCKOT UJH, COOTBETCTBEHHO, 6EPIHenpedenvol:
1) yemotivusocmuio, ecan auis suoboro € > 0 cymecrByer Ttakoe 6 > 0, 4ro
J060e pererne x € Sy yAOBIETBOPsieT TPEOOBAHUIO
lim |z(t)| <& wmmm, coorBerctBenno,  lim |z(t)] < e (2)
t——+o00 t—+o0
(npejtiioTaraonieMy, 4To peleHne T onpejiesieHo Ha Beeft mosryocn RT);

2) noanot (W 2406a4bHOT) HEYCMOUMUBOCMBIO, €CIIU CYIIECTBYET TAKOEe
e > 0, 9ro s Hekoroporo ¢ > 0 Jsoboe pemenne x € S5 (nm x € S,) He
yZ0BJIeTBOpsieT TpebGoBaHuio (2);

3) acumnmomuseckol (M 2406a4vH01) Yyemotuusocmyro, ecan mpu € = 0
g HeKoToporo § > 0 ymoboe pemenue © € S5 (wm x € S,) yAOBJIETBOpSIET
TpeGoBanuio (2).

i onpezesnienust Tex ke AANYHOBCKUL CBOUCTB cucTeMbl (1) HyKHO:
4) B un. 1, 2 wim B 11. 3 Bropoe TpeboBaiue (2) 3aMeHUTH TPeOOBaHIEM

sup |z(t)] < e (3)
teRT

I, COOTBETCTBEHHO, TOOABUTH K HEMY JISAIIYHOBCKYIO YCTONIUBOCTD.

Omnpegenienne 2. Bee cpoiictsa cucrembr (1) n3 onpenenenus 1 — wmaccus-
Mol IPU UX ONMCAHWU Cpa3y Ha Bce pertenus x € S, rae S = S5, 5, (win
S = S \'Ss [2]), naknagpiBaercst ycmosue (2), (3) wiu ero orpunasnue. Vm
COOTBETCTBYIOT NOYMU MACCUSHDIE AHAJOTH: NOYWMU YCMOUuu8oCmy, NOwMu
noanas (nouwmu 2406a4vHAA) HEYCTROTHUBOCTIL T NOYMU ACUMNIMOMUNECKAA
(nowmu 2aobanrvrasn) yemolivueocmsd — B UX ONMCAHAE TO K€ TPeGOBAHME Ha-
KJIAJIGIBAETCs JINIIb HA [OYTH BCE DENICHUsl, T.€. 338 UCKJIOYCHHEM TEX, UTO B
HAYMHAIOTC B HEKOTOPOM MHOJCECMGE Gbipodicdenus Hynesoil mMepbl JleGera
u 1epBoit kareropuu Bapa.

Teopema 1. Ecau cucmema (1) asnynoscku nowmu yemotuuea, mo u AANY-
HOBCKU YCMOTUNUBA.
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Teopema 2. Ecau cucmema (1) AANYHOSCKU NOYMU GCUMNMOMUNECKY, UAL
nowmu 2406a4bHO YCmotinuea, mo u AANYHOECKU YCMoUuuea.

Teopema 3. Ecau 0as kKaxux-aAub0 08YT MACCUBHHLT CBOTUCME UMEEM MECTMO
UMNAUKAUUA, MO OHA UMEEM, MECTNO U OAA UT NOUMU MACCUBHBLT GHAN0208,
ECAU KAKUE-AUOO 064 MACCUBHBLT CEOTCMEBA HECOBMECTNHDL, MO HECOBMECTIHGL
U UT NOYMU MACCUBHDLE GHAAORU.

Teopema 4. IIpu n = 2 cywecmsyem a8MOHOMHAA NUHETUHAS OUGZOHAALHAL
cucmema (1), ne 0baadarowas Hu AANYHOBCKOT, HU NEPPOHOBCKOL, HU GEPTHE-
npedesvroti NOAHOT HEYCTNOYUBOCTILIO, HO AANYHOBCKU, MEPPOHOBCKY U GEPI-
HenpedesvHo Noumu 2400046H0 HEYCMOUHUBAA.

Teopema 5. IIpu n = 2 cywecmeyem asmonomnas cucmema (1), ne obaa-
dawan Hu NEPPOHOBCKOT, HU BEPTHENPEIEALHOT, YCMOTUYUBOCMBIO, HO NEPPO-
HOBCKU U BEPTHENPEIEALHO MOYWMU 2400AABHO YCTOTYUBGA.

Teopema 6. Ilpu n = 2 cywecmsyem asmonomuas cucmema (1), ne obaada-
0WaAA AANYHOBCKOT GCUMNMOMUNECKOT YCMotuusocmyvio, Ho AANYHOBCKU NO-
YN 2400045HO YCMOTHUBAA.

Crucok aureparypbl
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JOCTATOYHBIE YCJIOBUA CYILIECTBOBAHUA
PEIIIEHU S HEJIMHENHOTI'O ITAPABOJINYECKOT' O
JNOPEPEHITMAJIBHO-PASHOCTHOTI'O YPABHEHUN A

COJIOHYXA O.B.

Iycts 0 < T < 00, @ C R™ — orpanmvennasi obsacts ¢ rpanuteii 0@
kimacca C°°, Qr := Q x (0,T). Paccmorpum ypaBHeHHe

Opu(x,t) — Z 0;Ai(x,t, Ru, VRu) + Ap(x,t, Ru, VRu) = f(x,t),
1<i<n
e z € Q,t € (0,T), ¢ KpaeBbIM U HAYATBHBIM yCJIOBASME

u(z,t) =0 (zeR™"\Q,te(0,T)), u(z,0) = p(x) (z € Q).
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Brecs 2 <p< oo, 1/p+1/¢g=1, f € Ly(0,T; Wq_l(Q)), ¢ € La(Q), pasnoct-
HEBIi oneparop R 3a1aH dopMyIoi

Ru(x,t) = Z apu(x + h,t), u(z,t) =0 npux € R"\ Q,
heM

roe ap, € R, M C R"™ — koHe4HOE MHOXKECTBO BEKTOPOB C COM3MEPUMBIMU
xoopauaaTtamu. OyHKIINN BellecTBeHHO3HAYHBI. JleiicTBHe pa3sHOCTHOTO OIle-
paropa omupejenserca mMarpunamu Ry mopsiaka N(s), 0JHO3HAYHO BBIYHCIIsA-
eMbIMHU UCXOJsl U3 Buga R u @, cM. mozxpobree [1, 2|. Onpenennm onepartop
A Ly(0,T; W, (Q)) = Le(0,T; W, H(Q)) mo doparyae

(Au,v)y = > [ Ai(x,t,u, Vu) v(t, x) da dt

0<i<n Qp
o moboro v € Ly(0,T; WZ}(Q)) = {u € L,(0,T; WI}(Q)) :u(s,t)|zeao
=0ust 8. t € (0,7)}, 3nech u Huxke dou = u. O603HATNIM

W = {u € L,(0,T; W(Q)) : dpu € Ly(0,T; W, 1 (Q))}-
Heorpanuuennbiii oneparop 0; umeer obsactsb onpenesnenust D(9y) = W.

Teopema 1. Ilyemv Ry — meswpootcdenv, nycmov maxoce A; — dynryuu
muna Kapameodopu, ydosiemsoparoujue cAeOyouum YCcro8UaAM:
1) yecaosue unmezpupyemocmu: 3c1 > 0 u go € Ly(Qr) marue, wmo

Ai(@, 6, < gol@,t) +er D &GP (i=0,1,...,n);

0<i<n

2) ycaosue 2ANUNMUNHOCTIU: OAA BCET S U A0 C, 1) € RN (s)x(n+1)

Z Z (Ai(xvtaCm-> - Ai(x’tvnm')) (R;I(C7 - 77~i))m >0

1<m<N(s) 1<i<n

npu C 7& m, CmO = Mmoo, Cm = (Cm07 lev ey Cmn); C’L = (Clia sy CN(S),i)T;‘
3) yeaosue rospyumusnocmu: Vs Ip' < p, ca > 0 u cz,cy > 0 makue, wmo

D> A tGn) (RS,
1<m<N(s) 0<i<n
> c Z Z |Cmi” — c3 Z |Gmo P — c4.
1<m<N(s) 1<i<n 1<m<N(s)
Tozda onepamoproe ypasrerue

Owu+ ARu = f, Um0 = @
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umeem pewernue u € W, npuvem dcs, cg, 7, cg > 0 maxue, wmo

p q 2
Falz 0 ravpcan < S 0mwi s @) T ollélia:

[T B i) < el ot iy + sl

BameTnM, UTO yciaoBus 1)—-3) rapaHTHPYIOT AEeMHUHEIPEPBIBOCTD, IICEBIOMO-
HOTOHHOCTB U KOIPLUHUTHUBHOCTD olepaTopa AR.

Pabora Beimosinena npu nojiepxkke Munobpuaykn Poccun B pamkax rocy-
JIAPCTBEHHOro 3amanust: cornammenue Ne 075-03-2020-223/3 (FSSF-2020-0018).
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JINHEMHA SI IAPABOJIMYECKASI 3ATAYA C
HEJIOKAJIBHBIMMU ITO BPEMEHU JTAHHBIMUA

CTAPOBOWTOB B.H.

Iycts A u B — caMOCOUPSI2KEHHbBIE II0JIOKUTEJIbHbIE (AKKDETUBHbIE) OIle-
PATOPBI B KOMILTIEKCHOM TuIbbepToBOM mpocTpanctBe H. Omeparop A moxker
GBITH HEOIDAHWYIEHHBIM, 1 €10 00J1aCTh onpesesnenust D(A), KOHETHO XKe, TIOT-
Ha B H, 94T0 HEOOXOIUMO JjIst ero camocornpsizkerHoctu. Queparop B siBjisieTcst
orpannvenubiM u D(B) = H.

IIycts t — BemecTBeHHASsT IEpeMeHHAs, KOTOPYIO MBI Oy/ieM Ha3BbIBATH BpPe-
MeHeM U Koropas uaMensierca na orpeske [0,7], T' < co. Paccmorpena 3anaua
06 onpenenennn dyukiwn u : [0, 7] — H, ynosnersopsitomeit 8 H cieayromum
YPABHEHUSIM:

du

T
o +Au=f, u(0) +/0 ~(t) Bu(t) ds = g, (1)

rie dyakunm f: [0,7] — H uv:[0,7] — R, a takxke g € H npeamnonaratorcst
3a/IaHHBIMA.

Omneparop A mopoxkaaeT B H CHIBHO HEMTPEPHIBHYIO MOy TPYTILY OMEepaTOpOB
e~At. Econ mu1 BBesieM obosnauenme 1) = u(0), To

t
u(t) = e~ Aty + / A=) f(s)ds mpn ¢ € [0,T]. @)
0
301



YuuThiBas 3T0 npejcTaBienue, 3agady (1) MOXKHO Iepenucarh B BUJE CJIeJIy-
IOIIEer0 ypaBHEHUs:

n+Sn=F, (3)

rae Sn = fOTv(t) Be A'ndtu F = g — fOT y(t) Bfot e~ At=9) f(s) ds dt. Ecou
v € LY0,T), To S siBasieTcs: orpanmaennbiM orepaTopoM B H. Ecim monosn-
tremwro f € LY(0,T; H), To F € H. TakuM 06pa3oM, TIPH BBITIOJTHEHAT 3THX
YCJIOBHIT MBI MOYKEM paccMaTpuBarh (3) Kak ypaBHeHHe B npocrpaHcTse H, a
dyskims u : [0,T] — H, onpenenennas paBeHCTBOM (2), Gy/IeT HEIIPEPHIBHOIA.
Ecim mbt morpebyem ot dyHKIWmit v 1 f 60JbIIE TJIaIKOCTH, TO MOy IUM JTud-
depennupyemocts GyHKIUM U U IKBUBAJIEHTHOCTH 3aja4 (1) u (3). B cBasu ¢
9TUM Ha30BeM 0600wernnvim peweruem 3adavu (1) HenpepblBHYIO (DYHKIMIO
uw : [0,7] — H, musg KoTopoii cupaBeiiuBo Ipeicrasienue (2), rue n € H
SIBJISIETCSI PEellleHneM ypaBHeHust (3).

VYpasHaenre (3) ofHO3HAYHO pa3permmo Jisi npousBosbHoro F € H Torna
U TOJBLKO TOTJA, KOTJa —1 SIBJIseTCs peryJsipHbBIM 3HadeHueM orepaTropa S.
Oro 3aeomo Oyner Tak, ecau ||S| < 1. Ilocieanee ycmosue mpejmosaraer
HAJMIAE HEKOTOPOTO ONPAHMYEHNs] Ha BeJWMYuHY 1’ TpM 3a8JIaHHBIX Y U B, 910
IIPUBOJIAT TOJBKO K JIOKAJIBHON OJIHO3HAYHON Pa3penmMOCT 33 1a491. 3aMeTuM,
YTO yCJIOBHE MaJIOCTH BCTpedaeTcss MPaKTUIeCKH BO BeeX paboTaX MO JaHHOM
remaTuke, Kpome pabor . B. Tuxonosa (1998, 2003).

B manHOil paboTe MCCIe0BaH BOMPOC OJHO3HAYHON Pa3spelmMOCTH 3447
6e3 nasoxkenus Ha 1', B u 7y ycsioBust Majoctu. VcaepnbIBaomuii OTBET Ha [0-
CTABJIEHHBII BOIIPOC B CIy4Yae, KOrja B siBJIsieTCs TOXKIECTBEHHBIM OIIEPATOPOM,
nostyueH B paborax 1. B. Tuxonosa (1998, 2003): HETpUBHAIBHBIX DeIIeHUi OJ1-
HOPOJIHOTO ypaBHeHus (3) ¢ B = I He CyIIeCTByeT, ecJii HU OJHO U3 pelleHunit
A XapaKTepUCTHIECKOTO yPaBHEHUST

T
1+/'ﬂof”ﬁ=0
0

He [PUHAJJIEXKUT TOYEYHOMY CIIEKTPY oleparopa A. DTo ycjoBHe, B 4aCTHO-
CTH, BBIIIOJTHEHO, ecjii A — CUMMEeTPUYECKUii OIepaTop, a (PyHKIWS Y HEOTPH-
narejbHa. B 3TOM Cilydae cOOCTBEHHBIE YHCIIa OlepaTopa A sIBJISIOTCS BeIle-
CTBEHHBIMH, & XapaKTEPUCTUIECKOE YPABHCHUAC HE NMeeT BEIIEeCTBCHHBIX pelle-
HUI.

OCHOBHBIM pE3YJILTATOM IAHHOW PabOTHI SIBJISETCS JI0KA3aTe]IbCTBO CJIELy-
IOIIEro YTBEPXKIEHU:
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Teopema 1. ITycmv A u B — camoconpascenvie nosoNCUMEAbHBLE ONEPATNO-
P 8 eunvbepmosom npocmpancmee H, npuvem onepamop B sasasemca oepa-
nunenmnom. Ecau y — neompuyamenvras dymxuua us L(0,T), mo das npo-
useonvroir f € LY(0,T;H) u g € H 3adaua (1) umeem eduncmeennoe 0606-
WEHHOE PEUWEHUE.

MNucturyr rugpomunamuku CO PAH, Hosocubupck, Poccust.
Email: starovoitov@hydro.nsc.ru

HEKJIACCUYECKUN BAPUAIIMOHHBIN IIOAXO0I K
PEINIEHNIO OBPATHBIX 3AJAY JIMHAMUWKNI

CYBBOTUHA H.H.!, KPYIIEHHUKOB E.A.2

PaccmarpuBaerca obpaTHast 3a/1a4a TeOpUN yIPABJIEHUS — 3a/1a9a JUHAMU-
9eCKOU PEKOHCTPYKIINN YIIPABJIEHUN JIjIsl CUCTEM BHUJIA

L(t) = Gt x(t))u(t) + f(£,2(1)), .
x€R", weUCR™, m>n, te|0,T], (1)
rae x(-) — BeKTOp (Pa30BBIX IE€peMeHHbIX, u(+) — BekTOp yupasjienuii, a U —
KOMIAKT. JlomycTuMble ynpasiaenust — u3MepuMble (DyHKIWN.

Tpebyercst BOCCTAHOBUTH HEM3BECTHOE YIIPABJIEHNE, MTOPOXKIAIOIIEe HADJIIIO-
nmaemyto tpaektoputo x*(-) : [0,7] — R™ cucremsr (1), HasbiBaeMyto 6a30BOiL.
PekoHCTPYKIMA TPOM3BOIUTCS Ha OCHOBAHMN HETOYHBIX 3aMepoB 6a30Boii Tpa-
€KTOPUU. ITH 3aMePbI {y,‘i7 k=0,..., N} umetror norpentsocts § > 0 u nocry-
mator ¢ marom h® > 0.

3aiaua PEKOHCTPYKIMK YIIPABJIEHUIT HEKOPPEKTHA, TAK KAK OJ[HA U Ta 7Ke Ha-
30Bast TPAEKTOPHUS MOKET MOPOKIATHCA Pa3HBIME ynpasienusyu. Cpean Beex
TAKUX YIPABJIEHUN €IMHCTBEHHBIM 0OPA30M BBIJIEJSIETCS HOPMAJBHOE YIIPaB-
nenve [1], KOTOpoe u SBJIsIETCST UCKOMBIM B CJIEMIYIONIENl KOPPEKTHO 3amade
JMHAMUYECKON PEKOHCTPYKIWUU yHPaBJICHUIA:

Jst mapamerpos & € (5] m h® € (0, hg], M COOTBETCBYIONMX UM 3aMEpOB
{y2} mocTpouTL TaKme W3MepHMBIe, PABHOMEPHO TI0 TTAPAMETPAM OrDAHYEH-
upie yrpasienus u®(+) : [0, 7] — R™, 9T0 IpH CTPEMJICHIH K HYJTIO TAPAMETPOB
§ m h? 5T yIpaB/IenHus cxoaATCs CIabo O 3BE3I0i K HOPMAIHLHOMY yIpaBIe-
mmo u* (-) B mpocTpamcTse L, a TpaekTopun cucteMsbr (1), MOPOXKICHHbIE STUME
YIPaBJIEHUsIMHE, CXOJIATCS PABHOMEPHO K 6a30B0il TpaekTonu *(-).

PexoHCTpyKIMA JI0JIKHA, IIPOU3BOAUTHCS B peaibHOM BPEMEHH 10 Mepe II0-
CTYIJICHAs] HOBBIX TOYEK 3aMEpOB.
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B paborax [1, 2] npeioxkes 1 060CHOBAH TIOJIX0J] K PEIIEHNIO 3a/1a1H JIHHA~
MHUYECKOU PEKOHCTPYKITUH yIIPABJIEHN, ONMUPAIONIUIICS HA HEOOXOAUMbIE YCJIO-
BUS ONTUMAJIHLHOCTH BO BCIIOMOTATE/bHBIX BAPUAIMOHHBIX 3aa4aX C (DYHKIH-
OHAJIOM BHUIA

b 20 — D12 a2l
oty = | [FEOSOE L PWOR) g

th—1

rje o — MaJblii peryaspusupytomuii (no Tuxonosy [3]) napamerp. @yHKIwst
y° (t) sABJIAeTCS TUTAMIKOI MHTEPTONATIAEH IMCKPETHBIX 3aMepoB {y) }.

OCOGEHHOCTBIO 3TOIO  TMOJXOJA SIBJISETCS WUCIIOJb30BAHUE HEBBIYKJIOTO
dyukmonasa (2). Ommanem OT TPAIUIMOHHBIX TIOJX0/0B, ¢ UCIOJb30BAHIEM
BBIIIYKJILIX (DYHKIIMOHAJIOB, SIBJIIETCA TO, UTO JJIsA TIOCTPOEHUS AIIPOKCUMAITUI
pellleHus UCIOJIb3YIOTCs CTAIMOHAPHBIE TOYKHU (2), YIOBJIETBOPSIONIME JIUIIb
HEOOXOAMMBIM yCJIOBUSIM ONTHUMATBHOCTH.

ITokazaHo, 9TO ANIIPOKCUMAIUE PEINEHUs, MOIYIeHHbIE ¢ HUCIOIb30BAHUEM
9THUX TOYEK, yCTONIMUBLI 110 OTHOIIEHUIO K IIOTPENTHOCTAM 3aMepoB. s cpaBHe-
s 3bOEKTUBHOCTH PA3HBIX MOJXOA0B IPUBEICHBI WITIOCTPATHBHBIE TIPUME-
Dbl PEIIEHU 38191 PEKOHCTPYKIUK YIPABJICHAN ¢ MOMOIIBIO BAPUAIMOHHBIX
MIOJIXOI0B, MCHOIB3YIOMUX (PyHKIUOHAIBI C BBILYKJIBIM U BBITYKJIO-BOIHY THIM
JIArPAHZKAAHOM.

Pa6ora Boinosnena npu nojuep:xkke PODOU (upoekr 20-01-00362).
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MOJEJIN OCKOJIKOBA B MATHUTOTNJAPOJINHAMUKE
CYKAYEBA T.T'.

Cucrema ypasuenuit OCKOIKOBa

(1 — Vv, = vV20 — (v- v—l—ZﬁlV wl—pr 29 x v+
=1

%(be ) x b+ f1, (1)
Vo=0, V-b=0, b =06V*+Vx(vxb)+ f2
8’11)1

WZ’U-‘F&IUH, aqeR_, BeR,, [I=1, K,
MOJIETTUPYET IIOTOK HECXKUMAaeMO BA3KOYIIPYToii kujkoctu KesnbBuna—-Poiirra
Henysiesoro mopsiaka K [1] B marmurHom mosie 3emuin.  31ech  BEKTOD-
byskmun v = (vi(z,t),...,vp(z,t)) uw b = (b1(z,1),...,b,(x,t)) xapak-
TEPU3YIOT CKOPOCTh JKUJIKOCTH W MATrHUTHYIO HWHJYKIIMIO COOTBETCTBEHHO,
p = p(x,t) — nasnenue, »x — xoaddument yupyroctu, v — kodbdunueHT
BA3KOCTH, {)} — yIJIOBasi CKOPOCTh, 0 — MArHUTHAs BA3KOCTH, (i — MAIrHUT-

Has TPOHMIAEMOCTh, p — IIOTHOCTh, mapamerpbl (3, [ = 1, K — ompe-
JIeJISIIOT BpeMsl perapianuu (3anaspiBanus) ganjiedus. CBOOOIHBIE HIEHBI
L= (.. fh, 1= fia,t), f2 = f*(x,t) orBevalor BHeMmHEMY BO3IEl-

CTBUIO Ha YKUJIKOCTb.
PaccMoTprM nepByr0 HAYaJbHO-KPaeByo 3ajady Jyist cucreMbl (1)

v(z,0) =vo(z), b(x,0) =bo(x), w(z,0)=uwp(zx) =zeD, @)
v(z,t) =0, bz,t)=0, w(z,t)=0 (z,t) €D xR;.

Baece [ =1, K; D CR", n=2,3, - orpanudennas 06;1acTb ¢ rpanuteit 0D
kiacca C°.

BameruM, 9TO 3a/aYM TAKOrO THUIIA BO3HUKAIOT, HAIIPUMED, B reodu3uKe
[2]. Pamee BBIPOK I€HHBIE ABTOHOMHBIE MOZE/IM MATHUTOTUAPOAMHAMUKY U3y da-
quch B paborax [3] — [5]. B HeaBTOHOMHOM Cilydae HCCIIeI0BaHIE OBLIO HAYATO
B [6] 1 nponoskeno B (7).

Bagaua (1), (2) uccemyercs B paMKax TE€OPUM IOJIyJIMHEHHBIX ypaBHEHUI
co6os1eBcKoro tuta. OCHOBHBIM HHCTPYMEHTOM UCCJIEIOBAHUS CJIYKUT [OHIATHE
OTHOCHUTEJIBHO P—CEKTOPUAJIBLHOIO ONEPATOPA U IIOPOXKJIEHHON UM Pa3periao-
mieil BBIPpOXKIeHHOH mosyrpynnsl onepatopos (8], [9]. dokaszana Teopema cy-
MICCTBOBAHMS ¢IUHCTBEHHOTO PEINEHUS YKA3AHHON 3a/1a41, ABJIAIOIMErocsa KBa-
3UCTAIMOHAPHON TIOJyTPACKTOPUEH U IIOJyYEHO OIMCAHUE €€ PaCHIUPEHHOTO
dazosoro npocrpancrsa. Ilogydennas TeopeMa 06OOMIAET COOTBETCTBYIOIIUE
pesynbrars [6].

305



Crucok aureparypbl

[1] Ocxoaros A. II. HaaanbHO-KpaeBble 381891 JJIsl yPABHEHUH TBUKEHAST KU KO-
creit Kenbsuna-@oitrra u Ouzpoiira / A. IT. Ockonkos // Tp. Mar. nacruryTa
uMm. B. A. Creksosa. — 1988. — T. 179. — C. 126-164.

[2] Hide R. On planetary atmospheres and interiors/R.Hide// Mathematical
Problems in the Geophisical Sciences, 1, W.H.Raid, ed. Am. Math. Soc.,
Providence R.I., 1971.

[3] Sukacheva T. G. Phase Space of a Model of Magnetohydrodynamics.
/T. G. Sukacheva. A. O. Kondyukov// Differential Equations. — 2015. — T. 51,
Ne 4. — C. 502-509. DOI: 10.1134/S0012266115040072

[4] Kadchenko S. I. Numerical study of a flow of viscoelastic fluid of Kelvin-Voigt
having zero order in a magnetic field/ S. I. Kadchenko A. O Kondyukov //
Journal of Computational and Engineering Mathematics. — 2016. — V. 3, Ne 2.
— P. 40-47.

[6] Cyxauesa T. I. ®a30BoE IPOCTPAHCTBO MOMIEIN MAIHUTOIUIPOANHAMUKYA HEHY-
siesoro nopsizka /T.I. Cykadesa, A.O. Konmiokos// Indd. ypasuenns. — 2017.
—T. 53, Ne 8. — C. 1083-1090.

[6] Kondyukov A. O. Computational experiment for a class of mathematical
models of magnetohydrodynamics/ A. O. Kondyukov, T. G. Sukacheva, S. I.
Kadchenko, L. S. Ryazanova // Becrnuk FOYpI'Y. Cepus: Maremaruaeckoe
MOJeIupoBaHue n nporpaMmmuposanne. — 2017. — T. 10, Ne 1. — C. 149-155.

[7] Kondyukov A. O. A Non-stationary Model of the Incompressible Viscoelastic
Kelvin-Voigt Fluid of Non-zero Order in the Magnetic Field of the Earth/
A.0.Kondyukov , T.G.Sukacheva//Becruuk FOYpI'Y. Cepus: Maremarudueckoe
MoaeaupoBaHue u nmporpammuposanme. — 2019. — T. 12, Ne 3. — C. 42-51.

[8] Ceupuodiox I'A. K obmeit Teopun mosyrpymm oneparopos/I.A. Ceupmmox/
VYMH. — 1994. — T. 49, Ne 4. — C. 47 — 74.

[9] Sviridyuk G. A. Linear Sobolev Type Equations and Degenerate Semigroups of
Operators/G. A. Sviridyuk, V. E. Fedorov/ — Utrecht. Boston. Kéln. Tokyo. :
VSP, 2003.

Hosropoacknit rocynacpTBeHHbI yHUBEpcUTeT nMenn fpocitasa Mymporo,
Poccusi. Email: tamara.sukacheva@novsu.ru

NMHTEIrPUPYEMOCTDB OJHOT'O YPABHEHU ABEJIA
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KO®PUIINEHTAMHN, CBA3AHHOTO C
ACUMIITOTUKAMU CUMMETPUNHKBIX PEIIIEHUN
YPABHEHU A KOPTEBETA-JIE ®PUN3A

CVJIEIMAHOB B.11.!, IIABJIVKOB A.M.2

Hokmnan ocuoBan Ha pe3yiabrarax craTbu [1].
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Brimcano obiiee pertenne ypasHeHusi AGesist BTOporo pojia
(486 R* —17T1R?*+5+9Rz) 2 = 972R* — 162R* + (1458 R® —225R) 2 + 2722, (1)

BO3HUKAIOIIETO IIPYU MOCTPOEHUU ACHMITOTUK P OOJIBITNX 3HAYEHUSIX BPEMe-
HM COBMECTHBIX pemienuii ypasuennit Kopresera — ge Bpuza u crammonapHoit
YACTH €ro BBICIIEl HeABTOHOMHON CUMMeTpHUH. (DTa CUMMETPUSI OIIPEIeIsieTcs
JINHEHOM KOMOMHAIIMEH IIepPBOii BBICIIEHl KOMMYTUPYIOIIEH CHMMETPUN yPaBHe-
uus Kopresera — je Bpusa u ero kiaccudeckoit cummerpun Laymes.) Jdammoe
obmiee penrenre (1) 3aBUcUT OT IPOU3BOJILHOIO TapaMerpa. I1o reopeme o HesiB-
HO# DYHKIUH OHO JIOKAJIHHO OIIPEJIEJISeTCs U3 YPaBHEHUs, SBHO BBIITUCAHHOI'O
B TEPMHUHAX TUMIEPTeOMeTPUTIecKnx (pyHKIuit. YacTHBIN caydait 3TOro obImero
pelenus 3a71aeT aBTOMO/ICIbHBIE PENIeHnsl YPaBHEHUN Y n3ema, HaflJIeHHbIE pa-
uee I'. B. Iloremunniv B 1988 1.. (B uzBecTabix padorax A. B. 'ypesuua u JI. I1.
ITuraesckoro Hauama 70-X TOJOB OBLIO YCTAHOBJIEHO, YTO ITU PEINEHUS yPaB-
HeHuit Yu3eMa B [VIABHOM IOPsiJIKE OMUCHIBAIOT BOSHUKHOBEHIE HE3ATYXAIONINX
OCIUJUIMPYIONIMX BOJIH B IIMPOKOM Dsijie 3a/1a4 ¢ MaJIoii jucrepcueii. )

DTOT Pe3yJIbTAT MOATBEPKIAET IMIIMPUAIECKOE IIPABUIIO, COTJIACHO KOTOPOMY
IIPY OITUCAHUYU aCUMIITOTUK PEIIEHUN WHEIPUPYEMBIX YPaBHEHUIT MOTYT BO3HH-
KaTh JINIIb OsITh-TAKN WHTErpUpyeMble ypaBHEHUs. BoigBuraercs obmast ru-
IoTe3a 0 TOM, UTO WHTErpupyeMble OOBIKHOBEHHBIE MU dePEHITHATBHBIE YPaB-
HEHUsl, TIOJ00HBIE PACCMATPUBAEMOMY B CTAThe, JOJ2KHBI BOSHUKATH U IIPU OIIH-
CAHUM aCHUMIITOTUK IIpU OOJIBINIAX BPEMEHaX JIPYIUX CUMMETPUNHBIX PelreHuit
IBOJIIOITMOHHBIX YPABHEHUH, JTOIYCKAIONINX TPUMEHEHHEe MeTo/1a 00paTHOM 3a-
Ja4dy paccesHus.
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'NucruryTr maremaTuxu ¢ BII Ydumckoro nayunoro nentpa PAH, Poccus.
Email: bisul@mail.ru

?Nncruryr maremarnxu ¢ BIT Ydumckoro nayunoro nearpa PAH, Poccus.
Email: aza3727@Qyandex.ru

307



3ATYXAIOIINE BO3MYIIEHUS BU®YPKAIININ
IIEHTP-CEJIJIO

CYJITAHOB O.A.

PaccvaTpuBaeTcss HeaBTOHOMHAsST CHCTEMa JABYX MM HepeHnnaaIbHbIX ypaB-
HeHUit

dx dy

Y4 F 1), -2 =
il A (z,y,t), o

rae F(z,y,t), G(z,y,t), w(x) — rmagkue GyHKIUH, ONpe/eJeHHbIE I BCEX
(r,y) € R2ut >0, X € R. [Ipeanonaraercs, aro F(x,y,t) — 0u G(z,y,t) — 0
upu t — 00 u J0bIX (BUKCUPOBAHHBIX 3HadYeHusX (,y), a w(x) > 0 mig Beex
z € R. B aTom ciryuae B ipeieibHOI crcTeMe nMeeT MecTo OndypKaIys MeHTP-
CeJIJI0: TIPU BapUAIAU IIapaMeTpa A HEIOIBUKHBIE TOYKH THIIA IEHTD H CEIJI0
CIMBAIOTCS W UCYE3aI0T. B paboTe MCCleayercs BIUSHUE 3aTyXaIOMUX BO3MY-
wennit F(z,y,t) u G(z,y,t) Ha r06aabHOe TI0BeIeHne perennit. B yactHOCTH,
OIIICBLIBAIOTCA YCJIOBUS, IIPH KOTOPBIX TapaHTUPYeTCs COXpaHeHne 6udypKamm
B BO3MYIIECHHOI HeaBTOHOMHOI cucreme. Korma 6udypkanus Hapymaercs, B
KPUTHYIECKOM CJIy9ae MOSBJIACTCA Mapa PEIeHuil, CTPEMSIIXCA K BbIPOKICH-
HOMY PaBHOBECHUIO IIPEJIEIBHON crucTeMbl. [[0Ka3bIBaeTCs, 9TO B 3aBUCAMOCTH OT
CTPYKTYPHI U IapaMeTPOB BO3MYINEHHIt, OJHO U3 3TUX PeIleHufl MoxKeT ObITh
YCTOIUUBLIM, MeTa-yCTONYNBLIM UM HEYCTONYUBBLIM, IIPH 3TOM JIPYIOe pelle-
HUE BCErya SBJISEeTCS HEeyCTONYINBBIM.
Pabora Bemosinena npu nognepxke PH®, rpant 20-11-19995.

—(x* = Nw(x) + G(z,y,1),
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O BA3KUX PEHNIEHNAX AHU30TPOIIHbBIX
ITAPABOJIMYECKNX YPABHEHUII

TEPCEHOB A.C.

B noknase 6ysieT paccMoTpena repBasi Kpaesast 3ajada, JJIsl aHU30TPOITHOTO
1apabOIMIECKOTO YPaBHEHUS

n

Uy — Z(‘uﬂﬁl

i=1

Pi(t)_2uxi)xi = g(t,x,u,VU) B QT; (]')
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rje ) — orpaHnueHHasi o6aacTh. YpasHeHus Buja (1) mpuHaIIexkaT K Kiac-
Cy ypaBHEHHUil, YacTO HA3BIBAEMBIX YPABHEHUSIMU C HECTAHIAPTHBIMU YCIIOBHSI-
Mu pocta. OHU UCTONB3YIOTCS TPU MOJICTUPOBAHUN TEUEHUN HEHBIOTOHOBCKIX
JKUJKOCTEl, KaK JINJIATAHTHBIX, TaK U MCEBJIONIACTUIHBIX, TIPU OMUCAHUH Te-
YeHU KUIKOCTH B IIOPUCTHIX cpeiax. Kak M3BeCTHO, JIJIsT UCCJIEOBAHMS ITHX
yPaBHEHUl IMMPOKO HMCHOIB3YIOTCS METOJbI BAPUAIIMOHHOTO UCUUCIIEHUS, WC-
MOJIb30BAHNE KOTOPBIX BCTPEYAET CEPbe3HbIE TPYIHOCTH B CJIydae, KOTJa Mpa-
Bas YACTh 3aBUCAT OT rpajueHTa. K KIACCHYIECKNMM MEeTOJaM WMCCJIeJOBAHUS
9TUX YpPaBHEHUN MOXKHO TaKK€ OTHECTH U PA3JUIHBIE AMMTPOKCHMAIHOHHBIE
METO/IBI.

Kak wm3BecTHO, /iUl pellleHnli aHU30TPOIHBIX MAPADOIMIECKUX yPaBHEHMI
Borrpoc 0 Cl-perynsipHocTn 110 TPOCTPAHCTBEHHBIM MEPEeMEHHBIM Ha Cero/HSII-
HUIl IeHb sBJIsieTcs OTKPbIThIM. B pabore V. Bogelein, F. Duzaar, P. Marcellini
(2013) auist ypasHenusi (1), B ciydae ¢ = 0 1 TOCTOSTHHBIX MTOKa3aTeseil aHu-
30TPOIMHOCTH, ObLIA JTOKA3aHA JIUIIIUIEBOCTD 110 TTPOCTPAHCTBEHHBIM TTEPEMEH-
HBIM CODOJIEBCKHX DEIIeHUil IIPU YCJIOBUN

2 <minp; < maxp; < minp; + ——.
: i i n+2

ODTO MaKCHMAaJbHAas PEryJsipHOCTh DPENIeHuil aHU30TPOIHBIX yPABHEHUH, 13-
BecTHas Ha CErOMHANIHUN JIeHb.

Harme#t nesibio ObIZIO HAWTHU YCJIOBHUS, FapaHTUPYIOIINE CYIIECTBOBAHUE U
€JIMHCTBEHHOCTh DEIeHUH YKa3aHHOW IJIaJKOCTH i ypabHeHuil Buia (1) B
cilydae, KOrja IIoKa3aTeIu aHU30TPOIIHOCTU 3aBUCAT OT BPEMEHU, a ¢ HeJInHel-
Ha II0 TPaJUEHTY.

71t oJTyueHus periennsi BBICOKOH TVIAIKOCTH Mbl HCIIOIB30BAJIA AIITPOKCH-
MAIMIO pelieHus ypaBHenus (1) 10c/ie[0BaTeIbHOCTHIO KJIACCAIECKUX DElle I
PeryJIsipu30BaHHBIX ypaBHEHUI. 3a/iada [IpeJIesIbHOTO Iepexojia B Kyracce cobo-
JIEBCKUX PEIIEHU OCJIOKHSIACHh HAJIUYNEM HEJIMHEITHOTO I'PAIMEHTHOrO YJIeHA.
DTa mpobsiema ObLIA PEIIeHa ¢ TOMOIIBI0 Teopun Bsi3KuX 10 JInoHcy perenwmii.

B BoeimykbIX 00J1ACTSAX OBLIN JTOKA3AHBI CYIIECTBOBAHUE U €IMHCTBEHHOCTH
HEIPEPBIBHBIX 110 JIWImmuily 1mo mpoCTAHCTBEHHBIM ITEPEMEHHBIM BS3KHUX De-
meHunit epBoil Kpaesoit 3amaun st (1) 6e3 orpaHMveHus! GEPHINITERHOBCKOTO
THUIIA HA HEJIMHEHHOCTh I'PaJUeHTy. B HEBBIILYKJIBIX 00JIACTSIX, YAOBJIETBOPSIO-
IUX YCJIOBUIO BHEIHEN cepbl, ObLIN IOy YeHbl AHAJIOTUIHbBIE PE3YJIbTATHI, HO
TOJIBKO B CJIydae, KOrJa ¢ [0 TPaUeHTy YAO0BJIeTBOPsieT ycaoBuio Beprinreitna,
a IoKa3aTe/ I aHU30TPOITHOCTUA CBA3aHbI COOTHOIIEHUEM

max p;(t) < 2minp;(t), t€[0,T].
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ANPOPEPEHIIVIAJIbBHBIE YPABHEHNA 11
AJITEBPANYECKUWE KPVBHBIE

TUMOIIVH M.U.

B knure [1] ynoMuHaeTcss reoMeTpUYECKUi MOXO0/, K MOJIGTMPOBAHHIO C TO-
Mompio uddepenimanbabix ypasaenuil. [Ipu takom nogxoze, quddepenny-
AJIbHBIE yDABHEHWsI, BBIOMPAEMBIE JJIs OIMCAHUs MOJIEHN, SBJAIOTCS Hanboiee
9JIEMEHTAPHBIMA YDABHEHUAMHA ¢ TpeOyeMbIM noBesenueM. llpeacrasienne o6
YDABHEHUSIX W [OBEJICHUN KPHBBIX TPETHErO MOPSJIKA MOKHO MOJIYIATH Ha OC-
HOBAHUM TEOPEMbI NPUBEJIEHHOH B paborax [2],[3].

Teopema 1. Kaotcdas kpusas mpemvezo nopadka ¢ nomowpto apdurnnozo npe-
06pa306aHUA NPUBOOUMCA K 00HOT U3 CACOYIOWUT KAHOHUYECKULT POPM.:

L (z+a) (2> +y*—1)+by+c=0, 9. (z+a)(y>?—1)+by+c=0,
2. (x4a)(z®+y*+1)+by+c=0, 10. (z+a)(y*+ 1)+ by +c =0,
3. (x4 a)(@® +y?) +by+c=0, 11. (x+a)y> + by +c=0,

4. (x+a)(@?—y>—1)+by+c=0, 12. (x+a)(x® —1)+by+c=0,
5. (z+a)(z?—y*+1)+by+c=0, 13. (x+a)(z*+1)+by+c=0,
6. (v +a)(2? —y?) + by + ¢ =0, 14. (x+a)z®> + by +c =0,

7. (x4 a)(x? — 2y) + by + ¢ =0, 15. y* =23+ bx +c,

8. (x+a)(y? —2z) + by +c=0, 2de a,b,c- KoHcmarmoL.

Hexkoropsie ipumeps! (ha3oBbIX TOPTPETOB IOCTPOEHHBIX HA OCHOBAHUY KPU-
BBIX TPETHErO MOPsJKA IPUBEJEHBI B cTaThe [4].

Hapsiay ¢ reomerpudeckuM moaxo1oMm ajaredpaniecKkue KPUBbIE IPEICTABIIS-
I0T UHTEPEC U IPHU PACCMOTPEHUN 33IaHHBIX JuddepeHnnaIbHbIX YPaBHEHUI.
IIycre mana cucrema auddepeHnuaIbHbIX YpaBHEHUI

dy dx

E = Q(x,y), E = P(x’y) (1)
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IpunsTo cunTtarh [5] BecbMa mojIe3HBIM Npeobpasosarh cucreMy (1) K raMumib-

TOHOBOM popme
dy_ oH e _oH o)
dt ox’ dt Oy’
OueBnHo, 9TO 3aja4a npuBejieHus cucreMbl (1) K Bugy (2) 9KBHBaJeHTHA
3a/1a4e HaXO0XKJIEHUS NHTErPUPYIOIIEro MHOXKUTENS 1uddepeHITnaIbHOrO ypas-

HEHU A
Q(z,y)dx — P(z,y)dy = 0.
B npemraraemonm sokasie, na npumMepe ypasuenus Ban-gep-Iloms

dr dy 9

[IPUBOJUTCS AJTOPUTM IIPEJICTABJIEHNs] TAMUJIBTOHUHA C IOMOIIBIO (DOPMYJIBI
Teitnopa. /lemoHCTpUpPyeTCs BO3MOYKHOCTH OIHUCAHUS TEPUOTUIECKOTO Periie-
HUsI C IIOMOIIBIO HAMJIEHHOT'O TI0JIsl ajredpaniecKux KpHUBBIX.

i+ (@ -Di+r=0 <
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O MVJIBTUIIJINKATOPAX PA/1OB ®YPBE-XAAPA
TJIEYXAHOBA H.T.!, BAIIINPOBA A.H.?

X, Y - upocrpancrsa ¢yHKIumii, onpeeieHnbix Ha orpeske [0, 1], rakux, 4ro
X < Ly. Iycrs {¢y} - moanast oproHOpMupoBaHHast cucteMma. I[Iyers dbyHKmmn
f € X coorsercrryer ee psin Pypwe 110 nanuoil cucreme {py

fe aren,

k=1
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rJie ay, - Koaddburmenter Pypre byakuun f o cucreme { ¢y }. Byaem ropoputs,

YTO [OCJIE/IOBATEHFHOCTh KOMIITIEKCHBIX Jrcesl A = { A} sIBJIsIeTCst MyJIbTHILIN-

karopom DPypbe u3 mpocrpancTBa X B IPOCTPAHCTBO Y, eciu it PyHKIUAU
o0

f € X ¢ pamom @ypee > apyr Haligercs dynkuus fy € Y, pan @ypbe
k=1

oo
KOTODOIi COBIIAJIAET € PsiioM Y, Apar@r 1 oneparop Af = fy siBisiercst orpa-
k=1
HugeHHbIM orieparopoMm u3 X B Y. Muoxkecrso m(X — YY) Becex oupesesen-
HBIX TaKUM 0OpPA30M MYJIBTUILIHNKATOPOB SIBJISIETCS JIMHEHHBIM TPOCTPAHCTBOM
C HOpMOfI ||)\||m(X—>Y) = HA”X%Y
B nmammoit pabore O6yIyT pacCMOTPEHbI MYJIbTUILIUKATOPEI psaioB Oypwe mo
cucteme Xaapa.

) k

Cucrema Xaapa - s10 cucrema bynkmuit x = {x5(2)}70 j=1> T € [0,1],
B Koropoit x1(z) = 1, a dysxuus Xi(;t), rne k = 0,1,..., 7 = 1,2,...,2"
OIIPEJIEIISAETCS TAK:

k27— 2 27 —1

22’ 2k+1 <z 2k+1

; ke 25—1 2j
X?c(x) =q — 27 ok+1 <T < 9k+1

Jj—17
0. o# (i)
MuoxkectBo uHyiekcoB (k, j), ONpeelsonmx cucreMy Xaapa, OyjaeM 0603Ha-

qaTh gepes ().
Psagom ®@ypoe-Xaapa dyaknuu f(x) € L]0, 1] asusierca psn Buja

oo 2F

DIPBLACHIACE

k=0 j=1

rie a{” )=/, x{c) - koaddunmentsr Pypoe-Xaapa GyHKIHN f.
B pabore [2] nokazano ciemyoniee yTBepxKieHue: nyctb 1 < p < g < 00,
1 <7r,s < o0, 1t TOro, 9TOODBI

. 1 1
Nz, sz, = sup [N[2°G73),
(k,j)eQ2
HEOOXOINMO U JOCTATOYHO, YTOOBI 1 < §.

Takum 00pa3oM, ocTaBaJjiCsi OTKPBLITHIM BOIIPOC OINMCAHMA KJIACCA MYJILTH-
wmkaTopos psgos Pypse-Xaapa m (L, » — Ly s) upu r > s. B namnnoit pabore
MBI HCCJIeIyeM KJIacC MYJIbTUILIUKATOPOB psayoB Oypre-Xaapa B OGoJiee obreit
CUTYyaIlly, OXBATHIBAIOIIEH CIydail, Korma r > .
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IIycrs f usmepumast (pyHKIUSI, TPUHAMAFOIIAST IIOYTH BCIOLY KOHEYHbIE 3HA-
qeHus,

m(o, f) = p({z:z € [0,1],[f[ > o})
ee dbyaknus pacupenenenus. OyHKIUs
ff@t)=inf{o:m(o, f) <t}, t>0

Ha3bIBAETCS HEBO3PACTAOIIEH epecTaHOBKON MyHKImH f.

IIycts 0 < p < 00, 0 < 7 < oo. IIpocrpancrso Jlopenmna Ly [0, 1] ompeme-
JIIM KaK TIPOCTPAHCTBO U3MepuMbIX dbyHKImi f, onpenenennnix wa [0, 1], s
KOTOPBIX KOHEYHBI BEJTMINHDI:

ecan r < 00
£, = ( / (o) Cf) < o0,

Lok
17l . =supt £(2) < oc.

ecyIm r = o0

Torga BepHa cileyroias TeOpeMa:

Teopema 1. Ilyemv 1 < p < ¢q¢ < o0, 0 < mrs < o0

E2 ) < max - 10}, o
00 T %
11 ;
Ny = [ 20 (2673F sup |3 :
' s 1<j<2k

6 cayuae, %Ko2da T = 00, ewpasceHue CNPasa 3AMEHACMCA MG
sup 2k(%7%)\)\2|
0<k<oo
1<j<2k

Pabora BoimosHena npu mnojiep:kke MunncrepcTBa 00pa30BaHus U HAYKH
Pecniybsiuku Kasaxcran, rpaat AP09260223.
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O IIOJIHOTE CUCTEMBI COBCTBEHHBIX ®YHKIINN
OITEPATOPA IITPE/IMHTEPA C KOMIIJIEKCHBIM
CTEITEHHBIM ITOTEHIIVAJIOM

TYMAHOB C.H.

PaccmarpuBaercsa oneparop

d2
Eca =

«
, ar? +cx

B La(Ry) ¢ rpanmusbiM yeioueM dupuxie npu ¢ € C, |arge| < m, a > 0.

Omneparop L., HMeeT KOMIAKTHBLIH OODATHBIH, CIEKTD €ro JUCKDPETHBIN,
KODHEBBIE II0IIPOCTPAHCTBA, OJHOMEPHBI [1].

IIpu 0 < |argc| < 7 oH He camocompsizKeH, 6ojiee TOro, 00JIaIaeT IIOXUMU
CIIEKTPAJIBHBIMU CBONCTBAME: HOPM& PE30JIbBEHTHI IKCIIOHEHIIUAIBHO PacTer
U YJIAJIEHAH OT CIEKTPa [2]; pacTyT HOPMBI CIIEKTPAJBHBIX IIPOEKTOPOB [3].
B 91MX yCcI0BHSX OIEpPaTOp HE MOXKET OBbITh IOJOOHBIM CAMOCOIPSZKEHHOMY,
ero cobcrsennble dyHKIMK He 06pa3yor 6asuca Pucca B Lo(Ry). Tem ne me-
Hee, BOIIPOC IOJIHOTHI ero CUcTeMbl coOCTBeHHBIX (GyHKumil (c.c.d.) B La(R4),
BOODIIE TOBOPSI, OTKPHIT.

Hns o > 2 3amada o nossore c.c.d. L. o BIOJHE ucciaenosana [2, 4]: cucrema
nosiHa 1pu Beex ¢ € C: |argc| < 7.

ITpu « € (0, 2) monHoTa JoKasaHa Jist | arg ¢| < to(a) = 2ma/(a+2) [4]. B 1o
ke Bpemd, 1pH to(a) < | argc| < m BOIPOC LOYTU He U3YUeH, TAK KaK sIBJISIeTCs
ropasjio 6osiee caoxKHOM 3aa4eii. COOTBETCTBYONME APTyMEHTHI IIPUBOJATCS
B paborax [1, 4].

Mer nokazkem, uto cymecreyer At = At(a) > 0 (HenpepbIBHO 3aBUCSIIIEE
OT ) Takoe, 910 c.c.d. L o moaHa npu |argc| < to(a) + At(w).

Cdopmymupyem OCHOBHO# pe3yJIbTaT PabOTHI.

Jns kommtekcHbix uncest ¢ = |(|e? 8¢, —m < arg ¢ < T U BeIeCTBEHHBIX [3,
gepes (? Gynem obosnauaTh rrasnyio Bersb: (P = [(|fetfareC,

Hns 6 € [to(a), m) N [to(r), Tar), momozknmM

¢o(0) = ei(tO(o‘)_Q)/o‘, Zy(0) = (sinto(oz)/sin9)1/o‘7
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u ompejiesuM (HyHKITAIO

Zo(0) Co(0)
p0) = R{ [ V=@ e~y [ Jegr =@ ac} -
0 0
Zo(0) Co(0)
—w{ [ Ve mam@a - [ e ag),
Co(0) 0
IJIe THTETPUPOBAHIE BEJIETCs II0 OTPE3KaM, & BETBU KOPHS BLIOpaHa TaK, 9TOObI
Zo(0) Go(6)
%/\/de>0, éﬁ/mdc>o.
0 0

Teopema 1. Jlas awbozo a € (0,2) dynryus p(f) umeem eduncmeentoil
Hoaw Op(a) enympu unmepsana: (to(a), ™) N (to(ar), mar)

Oo(cr) = to(a) + At(a), At(a) > 0.

Dynryus Op(a) nenpepmena npu « € (0,2).
IIpu |argc| < 8p(a) c.c.p. onepamopa L. o noana 6 La(Ry).

PaGora BeinosHena npu nomaiep:xke Poccuiickoro mayunoro ¢donja (rpant

20-11-20261).
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O CXOJIMMOCTH ATTPAKTOPOB AIIIIPOKCUMAIINI K
ATTPAKTOPAM MOJINU®UIINPOBAHHOI MOJIEJIN
KEJbBUHA-®OUT'TA

TYPBVH M.B.!, YCTIO2KAHNHOBA A.C.?2

B orpanmdennoit obmactu ) C R"(n = 2,3) c rpamumeit Jf) xnacca C3
paccMaTpUBaeTCs CUCTEMa YPaBHEHUIA:

ov n ov 0Av i OAv

— — VA i — — i A =73 1

a " H;” oz, o ”;” oz, TVP=1 (1)
dive = 0. (2)

B sroit cucreme v(x,t) — BEKTOP CKOPOCTH YACTHIBI KUJIKOCTH B TOUKE T B
MOMEHT BpeMenu t; p(x,t) — IaBJieHue XKUIKOCTA B TOYKE I B MOMEHT BPEMEHU
t; f(x,t) — BeKTOD IWIOTHOCTH BHEIMHUX CHJL; ¥ > 0, 3¢ > 0 — BI3KOCTb KUJIKOCTH
7 BPEMSI PEJIAKCAIINN, COOTBETCTBEHHO. Hem3BecTHBIMEI DYHKITHAMA SIBIISIOTCS
v HuD.

Cucrema ypasnennii (1),(2) suepsbie Gbuia moaydena B.A. TlaBiosckuM B
pa6otre [1] u Gblaa mOATBEPK/IEHA TIO3/(HEE SKCIEPUMEHTAIbHBIMEI UCCIIEI0Ba~
HUSIMUA €J1a00 KOHIIEHTPUPOBAHHBIX BOIHBIX PACTBOPOB MOJMITHICHOKCHIA, O~
JNAKPUIAMUIA U TYapOBOI CMOJIBL.

Huts cucremsr (1),(2) paccMarpuBaercst HaYaIbHO-KpaeBas 33/[ada ¢ Hauadlb-
HBIM U TPAHUYHBIM YCJIOBUSIMU

V|t=o = a; v]aq =0. (3)

B zagaue (1)—(3) napamerpsl v, >, a Tak»Ke IUIOTHOCTh BHEITHUX CUJI f canTa-
I0TCsl pa3 U HaBcerJa 3aUKCUPOBAHHBIMHU.

PaspemMocTs B €1a60M CMBIC/IE PACCMATPUBAEMON HAYAIbHO-KPAeBoil 3a-
maau (1)—(3) ma npou3BOABHOM KOHEYHOM IpoMexkyTke Bpemenu (0,7 Gbuia
ycraHoByieHa B pabore [2]. CymmecTBoBaHHe TPAEKTOPHOIO U TJIOGAJIBHOTO AT-
TPAKTOPOB Jisl TON 3a/a4n JOKa3aHo B [3]. BaxHO oTMeTHTH, UTO B TpeX-
MEPHOM CJIY4Yae TeOPEMbl €JIMHCTBEHHOCTH CJIabbix pemienuii 3amaqan (1)—(3) me
JIOKA3aHO.

Hos samaqn (1)—(3) paccmaTpuBaeTcs alllipOKCUMAIIMOHHAS 33/1a9a., JJIsd KO-
TOPOI MMeeT MeCTO TeopeMa €JMHCTBEHHOCTHU PEIICHUIl U CBOICTBO HellpepbIB-
HOI 3aBUCUMOCTH PEIIEHUH OT JaHHBIX 3a1auu. Takum 00pa3oM, JJIg ITOM all-
IPOKCUMAIMOHHOM 381491 BO3ZMOXKHO BOCIIOJIb30BATHCH PA3IUIHBIMUI IUC/ICH-
HbIMU MeTozaMu. Jajee /jis HCXOIMHON M AlIPOKCUMAIMOHHON 3389 BBOIIT-
Csl IPOCTPAHCTBA TPAGKTOPUIl M JIOKA3LIBACTCS CYIIECTBOBAHME MUHUMAJIBHO-
IO TPAEKTOPHOIO M IVIOBAJBHOrO arTpakTopoB. [locse dero ycramaBimBaeTcs,
YTO TPAEKTOPHBIE U TJI06A/IbHbBIE ATTPAKTOPDI AIIPOKCUMAIMOHHON 38,1891 CXO-
JSTCA K TPAEKTOPHBIM U TJI00aIbHBIM arTpakTopaM 3amadn (1)—(3) B cMbicie
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[TOJIyOTKJIOHEHUsI B COOTBETCTBYIOIIMX IMPOCTPAHCTBAX IPUA CTPEMJIEHUH IIapa-

MeTpa AIMPOKCUMAIUU K HYyJI0. 11o/IydeHHbIN pe3ysibTar JI0JIKEeH MO3BOJIUTH

[TOJIyIUTh YUCJICHHOE MPEICTABIECHUE 00 aTTPAKTOPAX U3yJIaeMOil MOJIEJIN.
Pabora Bemmosnena npu nogmepxkke POOU, rpant 20-01-00051.
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HEOBXOAMMBIE 1 TOCTATOYHBIE YCJIOBUA B TEOPUN
PETVJI/IAPN30BAHHBIX CJIEJOB

OA3VYJIJINH 3.10.

Paccmorpum B cemmapabesibHOM MIIBOEPTOBOM MPOCTPAHCTBE H CaMOCOIPsi-
JKEHHDIN TIOJIyOrPaHUIeHHbINH CHU3Y JUCKPETHEIH omeparop Lo. Ilyers {Ax}32
— cobCcTBeHHBIE 4Yncia omeparopa Ly, MPOHyMepOBAHHBIE B MOPsIKE BO3PAC-
TaHUd € y4eToM uX ajrebpamueckux KparHocreil (A\p < Agy1,k = 1,2..),
{fe}32, — Gasuc B H m3 OPTOHOPMUPOBAHHBIX COOCTBEHHBIX (DYHKIMIi, CO-
OTBETCTBYIOIIMX COOCTBEHHBIM wucgaM M. amee, mycts V. — cummerpude-
ckuit Lo-KOMIMakTHBIN omepaTop B H. Torma, mo XopoImo W3BECTHON Teopeme
Karo-Pemunxa, oneparop L = Ly + V 3aMKHYT B 00/1aCTH OIIPEIEJIEHUs OTIe-
paropa Lg, TOJyorpaHWdeH CHU3Yy W MMeeT JUCKPEeTHBIH crekTp. Obo3nadnm
gepe3 {pr 72, — cOOCTBEHHBIE 4YHCIIA OllepaTopa L, IPOHYyMepOBAaHHbBIE B I10-
psjIKe pocTa ¢ yderom ux kparHocreit. Ilycts Ro(—A) = (Lo + M)~ A > 0,
u Ko(\) = (Ro(—=A)V)2Rg(—)). Torma, ecm Ko(\) — siepHbiit omepaTop,
TO, BOCHOJIb30BABIINCH pedysbraramu § 1 paborsl [1], ycranaBiuBaeM, 94To npu
A >> 1 cupaBeijimBO PABEHCTBO

N+ (V fi, fr)
2 (A +A)?

M — 1) (1 + O(|Ro(=MV]))), (1)
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rie

to02 [ r(s)ds + 3 [(V S, fi)? — (e — 1))

A<t
a=3 [ T i,

0

()= D > = M) (VS fin)?

Ap<S$Am>s
Pasencrso (1) IIO3BOJIAET JJOKa3aThb CIIPpaBEJIMBOCTDL CJIEAYIOIIEro yTBEP-

JKJIEHUS.
Teopema 1. Ilycmov V — cummempuueckuti Lo-xomnaxmnoi onepamop 6

H utr Ko(A) < oo.
Toeda cywecmsyem nodnocaedosamenvrocmo {nm, }oo_ C N makas, wmo
lim Y~ (A + (Vfa, fr) — ) =0

m—o00
k=1

mozda u MmoAvko moezda, Koz2da

A =027, A — +oo.

Jlajiee pacCMOTPHUM OJIMH U3 CITOCOOOB PACCTAHOBKM CKOOOK CYMMUPOBAHUS, A
MMEHHO pacCMaTPUBAETCS PsiJl

Zak:Z Zk(f\kf,ugk))thrPkV . (2)
k=1 k=1 Li=1

Ak < Aki1, Vk — KPQTHOCTB Ap. Py — COOCTBEHHBIH TPOEKTOP, COOTBETCTBY-
IO /_\k.

Kak npaBujio Takasi pacCTaHOBKa CKOOOK BO3HUKAET IIPU UCCJIEOBAHIT BO3-
MYIIEHUH JIBYMEPHBIX MOJEJIBHBIX OEPATOPOB MATeMATHIeCKOH dbusnkn (cMm.
[2]). CupasemmBa.

Teopema 2. ITycmo pad (2) cxodumesa. Tozda das cnpasedausocmu coom-

HOWEHUA
o0
E ar =co >0
k=1

HeobxoduMo u Jocmamouro, 4mobovl

i) ~coA™% npu A — Foo.
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WcciteioBanre BBIMOJHEHO B paMKax PeAJIM3allidl IPOrPaMMBbl PA3BUTHUSI
Haywno-obpazoBarenbnoro maremarudeckoro nenrpa I[lpuBosmkckoro dee-
pasbHOro OKpyra, goim. cors. Ne 075-02-2020-1421/1 x cors. Ne 075-02-2020-
1421.
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O CIIEKTPE HECAMOCOITPA2KEHHOT O
KBASUIIEPNOJNYECKOTI'O OITEPATOPA

OEJIOTOB A.A.
Uccnemyercs onepatop Ag, neiicrsyomuit B 12(Z) mo dopmye
(Agu); = w1 + w1 + Ae 2T+,

Buech | — mesouncienHas nepemenHas, a w € (0,1), A > 0u 6 € [0,1) —
JaCTOTa, KOHCTAHTa CBsi3U U (aza — napamerpsl. [Ipn w ¢ Q on sBisiercs mpo-
CTEHIINM HEeCAMOCOIIPSZKEHHBIM KBA3UIEPUOAUIECKUM orieparopoM. B [1] s
JMOMAHTOBBIX W CIEKTP OIMUCAH KAK MHOYKECTBO W TOKA3aHO, U4TO Tpu A < 1
OH HeNpepbIBeH, a npu A > 1 ecTh I0THBIN ToUeuHbIit ciekTp. B [2] pesymnbrar
0 TeOMETPHH CIeKTpa ObLI 0600IEeH Ha BCe MPPAIMOHATIHHBIE W.
Tenepn, ¢ TOMOIIBIO METO/Ia MOHOJIDOMHU3AIINN — IIEPEHOPMUPOBOTHOTO OJIXO0-
na, upemnoxkenroro B. C. Byciaesbiv u A. A. PenoroBbiM, cM. 0630p [3], ouenb
€CTECTBEHHO ONMCAaHA TeOMeTpus CIeKTpa Ag Kak cpasdy sl BCeX HUPPAIUo-
HAJIBHBIX, TAK U JIJIsI DAIIMOHAJIBHBIX YACTOT, HA, CIIEKTPE BBIYUCJIEH TIOKA3ATEh
JIsAmyHOBA, OYEHb TOYHO ONUCAHBI YCJIOBUS, OIPE/IESIONINEe TPAHUILY MHOXKe-
CTBa 3HAYEHUI MAPAMETPOB, JIJIsT KOTOPBIX BO3HUKAET TOYEUHBIH CIEKTP.
Hoxman ocHoBan Ha pabote, BbIMOJHEHHOHN B coaBTopcTie ¢ 1. V. Bopuco-
BbM (WHCTHTYT MaTeMaTuKy ¢ BoraucauTebHbIM neaTpoM YOUIT PAH, Yda).
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[3] @edomos A.A. Anrebpa u anamus, 2013, 25(2): 203-235.
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Canxkr-IlerepOyprekuii rocyiapCTBEeHHBIN yHUBEpCHTET, Poccus.
Email: a.fedotov@spbu.ru

OB ACUMIITOTUYECKOM IIOBEJAEHUU PEIIIEHUN
IMOJIVIMHEMHOT'O ITAPABOJIMYECKOI'O YPABHEHM S

OUNJIMMOHOBA 1.B.

Bo Bpems mokmmazia mpesosiaraeTcs pacckasaThb Pe3YJIbTATHI O IIOBEJIEHUN
TIOJIOKUTE/IbHBIX PEIIeHUl OJTYTUHERHOTO TTapabOJIMIeCKOr0 YPaBHEHUS

- ou

0
Uy = E —(aij(m,t)—) +apu?,0 < g < 1. (1)
4,j=1
OIIPEJICJICHHBIX B IMIMHApUYIecKoil obmactu ) X (0,00), tme £ C R"
orpanndena. Kosbduimentst a; j(z,t) - orpaHumdeHHble H3MepHMBIE (DYHK-
AW, YJIOBJETBOPSIONIME 110 & YCJIOBUIO PABHOMEPHON SJIIUIITHUYHOCTU
A €2 < EZ]’:I a;;&i& < Aal€]?, mocrostnubie 0 < A; < Ao He 3aBUCAT OT t.
Kosdbdunment ag = const > 0. Iloz pemnennem ypasuenus (1), yoBiaerBopsio-
. 1,1
M yenosuio Heiimana na 0€ x (0, 00), nonumaercs dynkrus us Wy . yio-
;

BJIETBODsifOIast ypasHeHuto (1) B CMbICJIe HHTErPAIbHOTO TOXKIecTBa. M3Bect-
HO, 9TO JIJIsl PEIIeHUil B CMBIC/Ie HHTErPAJIbHOTO TOXKIECTBA, BBIIOJIHEH TTPUHITALT
MaKCUMyMa U TeOpeMa O CPABHEHUU DeIeHui.

Pemenus ypasuenus Bujia (1), ¢ oTpunaTenbHoii HOCTOSHHON ag, paccMmar-
puBasmch B pabore [1].

Bo Bpewms j1okia1a OyaeT paccka3aHo, ITO aCUMIITOTHYIECKOE TIOBEJICHNE TIPH
t — 0O MOJIOKUTEILHBIX PEIIeHnil U, YIOBIeTBOPSIOMUX yeaopuio Helimana Ha
00 x (0,00), IKBUBAJEHTHO PENIEHUIO OOBIKHOBEHHOrO b hepeHIuaibLHOro
ypaBuenus & = aga?. Bosee Toro nmeer mecto

Teopema 1. Ilycms u — noaooicumenvnoe 6 0 x (0,00) pewenue ypashe-
nus (1), ydosaemeopsrowee yeaosuro Hetimana. Toeda

u(w,t) = [ag(1 = q)(t +t0)] /17 4+ O(e™),

2de 6 > 0 ne sasucum om u(x,t), a nocmosnras ty 00no3HaHO onpedessemcs
peweruem u(x,t).

IIpencraBisiercs MHTEPECHBIM, TO 9TO HA ACHMITOTHYIECKOE IMOBEICHUE De-
IMeHNs He BJIUSET 3aBUCUMOCTL KodddurmenTos ot t. [logobuas Teopema nme-
eT MeCTO, TaKKe JIJIsl yPABHEHUSsI, COJEPIKAINEro IepBble MPOU3BOIHBIE OT U.
JlaHHBIN PEe3y/IbTAT aHAJOIMYEH pPEe3yJIbTaTaM JJIsi PelIeHUil SJIIHITUIECKOIO
ypaBHeHust, paborsl [2].

320



Crucok aureparypbl

[1] B. B. Yucmakos O cBoiicTBax penieHuii MOTyIMHEAHBIX TAPAOOIIECKIX yPaB-
HeHMit BTOpOro mopsijka, Tpyasr cemunapa umenn U.I.Ilerposckoro, Bei. 15
(1991), crp. 70-107

[2] B. A. Kondpamves O peneHusix HEJIMHEHHBIX JUIMITAYECKUX YPABHEHUH B IIH-
JuHIprYecKux obsactax, OyHmaMeHT. U Npuki. MareM., 2:3 (1996), 863-874
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0 KOD®OUIIMEHTAX ACUMITOTUYECKUX
PA3JIOYKEHUIT COBCTBEHHBIX 3HAUYEHUIT KPAEBBIX
3AJIAY

OUJIMHOBCKUI A.B.

I[ycts Q@ C R™, n > 2, — orpanndenHas obJacTb ¢ TIaJIKON rpaxurnei I
Paccvorpum criekTpasnbabie 3a1aqu Pobena
ou
Au+ u=0, z€Q, (——i—au) =0, a€R, (1)
v zel
(v — enuaunvHbIH BekTOp BHemHel HopMaau K ') u [upuxiie
Au+du=0, z€Q, ul|ger=0. (2)

O6osmaumm Tepes At(a) meproe cobeTsennoe snauenne 3amaau Pobena (1), a
gepes A\ — mepsoe cobersennoe snadenme sagaqun Jnpuxme (2). Bymem obozma-
gath yepes ul’(x) mopmuposanmyio B Lo(£)) mepsyio cobeTBenHyI0 (bDYHKITHIO

zagaqun Jlupuxie.

Teopema 1. [1, 2, 3] Jasn nepsozo cobemsernozo snauerus 3adavu (1) enpa-
6€0AUGO ACUMNMOTMUNECKOE NPEICTNABAECHUE

Ma)=AP —agjat —aa %40 (@?), a— +o, (3)
2de )
oup ouP ov

= — ] d = | === 4
“ /F ( v > 5o r Ov Ov % )

pyrryus v € HY(Q) — pewenue xpaesoti 3adanu

P\’ ouP

Av+Afv:A<&j> dsuP, reQ, U\ajep:—a—;zer, (5)

ydosaemsopaouee Ycao8uo

/vulDd;L’ =0.
Q
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3adaua (5) umeem edurncmeennoe pewerue, ydosaemeoparowee ycaosuto (6).

Hac 6ymyT naTepecoBaTh OIEHKN KOIMPPUIMEHTOB aCUMITOTHIECKON dop-
Mysel (3).

Teopema 2. ITyemv Q C Bg,(0) ={z € R" : |2| < Ry} u

b(x) = (by(z),...,by(z)) € CHQ) — sexmoproe none. Tozda cnpasedusni
OUEHKU
2)\1D < <4 inf ma I1(Bs)a, || \D 6)
- a n 1 X D o ,
Ry — L= be Cl@Q) ij=1,..n illc@) ™M
br=v

1 (@)l = sup |f(2)].
zEQ
st obJtacTeit OnpeIe/IeHHOI TeOMETPUH MOYKHO MOy IUTh U JPYTHE OTEHKT
J7s1 KO3pDUInenTa a .

Onpenenenune 1. IlosepxmocTh I' HazbIBaeTCs CTPOro 3BE3MHONM, €CIU JIJIsT
Beex x € I BbinosHeno HepasencTso (v, x) > 0.

Teopema 3. Ecau I' — cmpozo 38e3dnan noseprrocmsv, mo umeem Mmecmo
ouenxa

2\P
. 7
“= inf (v, x) (7)
zel’
Samevanue 1. B caygae Q = Bg,(0) uz (6), (7) cremyer, 910 a1 = 21;5.

Pabora Bemosinena npu nogmaepxke PH®, rpant 20-11-20272.
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O KOJIEBAHUU CUCTEMBI TEJI, YACTUYHO
3AIIO/THEHHBIX NAEAJIBHBIMN >KNJIKOCTAMMU, I10/],
JAEVCTBUEM VIIPYTOOEMII®OUPYIONIEI'O YCTPOUCTBA

OOPAVK K.B.

Wcctenyercst cucreMa TBEPIBIX TEJ, HOCIEI0BATEBHO COEIMHEHHBIX IIPY-
JKUHAMU, [I€PBOE U ITOCJIe/IHEE TeJia IPUKPEILIEHBI IIPYKUHAME K JIBYM OIIOpaM
C 3aJIaHHBIM 3aKOHOM JBIKeHHsI. KarK10€e TesIo mpeIcTaBiaseT co00i OTKPBITHII
COCYI, 9aCTHYIHO 3AIIOJHEHHBIN UIeaIbHON OTHOPOIHON X KIAKOCTEIO. Jemmdu-
PYIOIIUE CUJIBI IIOPOXKIAIOTCA TPEHHEM TeJI O HEIIOABUKHYIO TOPU30HTAILHYIO
OII0pY.

st paccMaTpuBaeMoii 3a1a4K BBIBEAEH 3aKOH OajiaHca IIOJHON SHEPrun, Ha,
OCHOBaHUU KOTOPOI'O OCYIIECTBJISETCSI BBIOOD M'UJIbOEPTOBBIX IPOCTPAHCTB U UX
MTOJIIIPOCTPAHCTB, B KOTOPBIX €CTECTBEHHO HCCJENOBATH MOCTABICHHYIO 3aa-
qy. MerogoM OpTOroHaJLHOrO IPOEKTUPOBAHKS, U3JI0KEeHHbIM B [1], ncxommas
HaYaJIbHO-KPaeBas 3a/ata CBOAUTCA K 3amade Komm qia auddepeHuaibHo-
OIIEpPaTOPHOI0 yPaBHEHUsI IIEPBOIO IOPsIJIKA B OPTOrOHAJIBHON CyMMe I'HjIb0ep-
TOBBIX IIPOCTPAHCTB:

C% +(P+iB)z=f, z(0)=2°

re
z:=(z1522)" € H := (Gh,S(Q) ® (Cn) ® (L27F ® Cn)'

C ucrnosb3oBanueM IpUBeIEHHOMN 3anauu Komn gokasana TeopeMa o Cyle-
CTBOBAaHUM U €JMHCTBEHHOCTH DEIeHUsI NCCIIeyeMOl HaualbHO-KPaeBoil 3a,1a-
qu (cM. [2]).

B 3a1a4e 0 HOPMAJIBHBIX KOJIEGAHUAX PACCMATPHBAEMOl CUCTEMBI JIOKA3AHO,
YTO CIIEKTD MCCIIEAYyEeMON 3a7a9i CUMMETPUIEH OTHOCHUTETIBHO JEHCTBUTENb-
Hoit ocu, pacnosoxken B nosoce {0 < Re A < ac™!'} u cocrour us mzosmposan-
HBIX COOCTBEHHBIX 3HAYEHUII KOHEYHON KPATHOCTH CO CJIELYOIUM ACHMITOTH-
YECKHUM TIOBEJICHAEM:

) n 1/2
AED ﬂ'(zgo KY2(140(1))  (k — o0),
=1

rue g — yckopenue cBobojaHoro nagenus, |I';| — miomaiu cBOGOIHBIX IOBEDPX-
nocreit. Cucrema COOCTBEHHBIX W TPUCOEINHEHHBIX 3JIEMEHTOB HUCCJIEyeMON
CIIEKTPaJIbHOM 3a7a4un obpasyer 6asuc AbGesis-JIMjIcKoro co CKOOKaMu B MUJIb-
GeprosoM npocrpancTBe H mopsizika S > 1 (em. [3]).
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O BAJAYAX CONPAYKEHNS TOHKNX BKJIIOYEHUN B
YIIPYI'UX TEJIAX C TPEILIMTHAMMN

XJIVIHEB A.M.

B noxkitaze obcyxaarorcst 3aadn paBHOBECHUS YIIPYTUX TEJ, COIEPIKAIIUX
TOHKIE BKJIIOYEHHS DA3IUIHON MPUPOABI IPH Hajgudnu orcioenuii. 1loseme-
HUe BKJIIOUEHUI OMUCHIBAETCs Ha OCHOBe Mojesteit 6anku Bepuysmu-Ditiepa u
MoJtesteit 6asiku THUMOIIIEHKO, & TaK2Ke Pa3INIHbBIX MIPEJIeTbHBIX MOEeH, ToTy-
YEHHBIX I10CJIe MIPEJIEIbHBIX IIePeX0ooB 1o (usnyueckuM mnapamerpam. Orciioe-
HHU€ BKJIIOYEHHs OT YIPYTOro TeJia O3HadaeT HaJudue TPEITUHBI MEeXKy BKJIIO-
YeHHEM ¥ OKPY2KAaIOIIAM ero yupyruMm TejoM. Ha Geperax TpemuH 3aJai0TCst
HeJIMHeHble T'DaHUYHbIC YCJIOBHs, HE JIOIyCKalOIne B3aUMHOI'O IIPOHUKAHUS
IIPOTUBOIIOJIOKHBIX Oeperos. Vccienyercss MpoKuii Kace 3a/1a9 CONPIKEeHNsT
MeXKJly TOHKHMHU BKJIIOUEHHMSIMU, B YaCTHOCTHU, HailJleHbl KpaeBble yCJIOBUA B
TouKe CThIKa. JlaHO 0OOCHOBaHME MPEJIEBHBIX TEPEXOJIOB 110 MapaMeTpPy KeCT-
KOCTH TOHKUX BKJIIOUEHUI IIPU CTPEMJIEHUU TapaMeTpa K OECKOHEIHOCTH.
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WMucruryr rugpogunavuku uMm. M.A. JlaspearbeBa CO PAH, Poccusi.
Email: khlud@hydro.nsc.ru

CJIABO CUHIVJIIAPHOE BOSMVYIITEHUE
3AJAYN CTEKJIOBA

YEUYKVWHA A.T.

Pacemorpum obsacts €2 € R™, n > 3, ¢ J0CTATOYHO IMIAAKON T'PaHUIEH
09Q. Mb1 npemnosiaraeMm, 9ro 9acth rpamunst s (0Q = Ty U Ty) sexur Ha
TUIEPIIOCKOCTH T, = (), TP 9TOM OHA COCTOUT U3 TPEX YACTel e, B U e,
e a. u . 0O6pasyioT eIUHYI0 YacTh, KOTOPYIO MbI obozHauaem .. 3iech
Ns Ns

v = U — obbenunenne n — l-mepHbIx mapos, a . = |J B — 06b-
i=1 i=1

eIMHeHNe IapOBBIX cJoeB. IlosgcHuM Temepnb mocrpoenme. Ilycrs 40 — 310

o 2 2 2 _
n — l-mepnbiit map {(&1,...,&) | &+ -+ & < €°, & = 0} u nycrs
0 _ 2 2 2 2 _
BY = {(&,...,&) | e < &+ -+ & < 2%, & = 0} B pacraHyTOM
x
npocrpancree R", £ = 5 v u B — obyiacTu, MOJIyIeHHBIE EJI0YNCTEHHBIMI

capuramu MEOKecTB 7° 1w [y Ha rumepriockoet {€, = 0} ¢ MeHTpaMu B TOU-
kax & = (k1,...,kn-1,0), k1,...,kn—1 € N. OGo3HaUUM F. — FOMOTETHIHOE
cxkarue 6y u . — romorernanoe cxarue 0. [Ipu 3T70M (CM. PUCYHOK)

Ve =Y N OLQ, Bazgeﬁag a5:F2\(ﬁsU'Ya)-

Ipeamnomnaraercst, uro napamerp 0(g), OUpemessIomuii XapaKTepHOe PACCTOsI-
HHe MeXKJy y4JacTKaMu Y. u (. Ha IpaHune, crpeMuTcs K Hymmo npu € — 0.
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Taxzke 3aMEeTUM, 9TO KOJIMIECTBO YyIaCTKOB ﬁ; 1 COOTBETCTBEHHO Yy4YaCTKOB ’72

. 1
nMeer cieayromuii mopsaok: Ny = O 1)
B obmactu ) paccmarpuBaerca 3amada tuma CTEKI0Ba ¢ OBICTPO MEHSIIO-
muMcs yeaoBueM (depemyercs yesosue CreksioBa u oiHOponHoe ycjosue u-

puxJe) Buja

Auk =0 BQ, 1 ,
) € De,

glgk: 0 malyUn~, pFz)=1{ oy x € Be )

%i = \ep*(z)uf male, 1, T € ae.

Takum obpazom, koaddurment B yeaopuu CTEKIOBA SBJISIETCS OBICTPO OCIIHJI-
Jmpytomeit pyHKImell, 3aBUCANIIEl OT MaJjioro mapamMeTpa £, KOTOpas HUMEET
nopsiziok O(1) BHE MeJIKMX BKJIIOYEHUil B BHJE INAPOBBIX CJIOEB HA TDAHMIIE,
rie ona umeer nopsgok O((e6)™™). Dru prirouenus guamerpa O(£6), pac-
HOJIOZKEHBI HA PACCTOSIHUM JPYT OoT npyra nopsiaka O(4), tae § = §(e) — 0.
B ciyuae m < 2 (cabast CHHIYJISIPHOCTD) OLEHEHa CKOPOCTH CXOIUMOCTH [IPU
CTPEMJICHUN MAJIOTO MapaMeTpa K HYJIIO PEIIeHU UCXOTHON 3a1a91 K PEIIeHUIO
3312491

Auk =0 BQ,
ub =0 ma 0Q, (P=+c0),

ouk OnCyy k k. k
o+ P=57ug = Ajug  ma T'y, (2)
ulg =0 mnaly,
/%%ﬁ:@,0<%§£g~w

2

, (P < 400),

rie

Nmeer mecTo Teopema.

Teopema 1. ITycmv \§, \F aeamomes cobemeenmvimu snavenuamu zaday (2)
u (1), coomeemcmeento. Tozda

n—2 n—2
IA§ — AE| < Cy ((6? + ‘gT - P‘ —|—€27m527m), ecau P < oo,

)\f — 400 npu € — 0, ecau P = 4o0,

ede nocmoannve CL,C? ne sasucam om e.

Pa6ora Bemosinena npu nogaepxkke PH®, rpant 22-21-00292.
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OB YCJIOBUSX OCIHNJIJISAIIN PEIIIEHUN
JANOPEPEHITNMAJIBHBIX YPABHEHUU ITEPBOT'O
IMOPSAOKA C IIOCJIEAEVICTBUEM

YYIANHOB K.M.

BysieM TOBOpDHTDH, WTO BEIECTBEHHOZHAYHAA (DYHKIHUS, ONpPECICHHAT Ha
R, = [0,00), ocyusrupyem, ecjiu oHa UMEET HEOIPAHUYEHHYIO CIIpaBa 1OCJIe-
JIOBATEILHOCTD HYJIEH.

BameTum, 4To penenus JuHeiHbIX quddhepeHnaIbHbIX YPABHEHUI IEPBOro
HOPSJIKA C TIOCJIeIeHCTBAEM MOTYT OCIUJLINPOBATh. TaK, pereHns aBTOHOMHO-
ro ypasuenus ©(t) + ax(t — r) = 0 ocumupyior, ecau ar > 1/e.

PaccMOTpUM HEABTOHOMHOE ypaBHEHHE

z(t) + a(t)x(h(t)) =0, teRy,, (1)
rie a,h € C(Ry), a(t) >0, h(t) <t, t_l)igloo h(t) = +o0.

Curestyrommasi XOpOIIO U3BECTHasi TeopeMa 0000IIaeT Pe3yJIbTaThl, I0JIyYeH-
uele B cepeauae XX B. A. JI. Memukucom [1].

¢
Teopema 1 ([2]). Ecau lim [ a(s)ds > 1/e, mo sce pewenusn ypasrnenus
t~>+ooh(t)

(1) ocyuarupyrom.

O60061enne TeopeMbl 1 Ha ypaBHEHUE C HECKOJIBKUMHU 3al1a3/IbIBAHUSIMA

n

&(t) + Z ag(t)z(hi(t)) =0, teRy, (2)
k=1
rue ag(t) > 0, hi(t) <t, tiigloo hi(t) = 400, k= 1,...,n, OKa3aJI0Ch HETPUBHU-

aJIbHOH 3a/1avelt.
B paGore [3], mo-BuguMoMy, BIEpBbIE TIOKA3AHO, UTO YCIOBUE

n t

lim Z / ag(s)ds > 1/e

t—4oc0 7
A0

HE TapaHTHPYeT OCHUJLISIUU PelleHnii ypasuenus suaa (2).
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OrnpesiesiuM N ceMeificTB MHOYKECTB

Ep(t)={s>t|he(s) <t}, teR;y, ke{l,...,n}

Teopema 2 ([4]). Ecau lim Y [ ax(s)ds > 1/e, mo sce pewenus ypas-
t——+o0 k=1 Ew(t)

nernus (2) ocyuanupyrom.

Canencrue 1. IIycmv ece dynxyuu hy HenpepuleHvl U CMPo20 MOHOMOHHO
n hy (1)
sospacmarom. Ecau lim > [ ak(s)ds > 1/e, mo sece pewenus ypasre-
t—+oo k=1 t

nua (2) ocyuaaupyrom.

SamMerumM, 4TO JaXKe B ciydae 1 = 1 00J1acTh IPUMEHUMOCTH TEOPEMbBI 2
CYIIECTBEHHO IIHMpe 00JIaCTH IPUMEHUMOCTH TeopeMbl 1.
Pabora Bbimosimena npu momuepxkke MwunoOpuaykun Poccun, rocsaganue

FSNM-2020-0028.
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Cub. marem. x. 2020. T. 61, Ne 1. C. 224-233.

TlepMckmit HAIIMOHAIBHBIN WCCIEIOBATEIHLCKIN TOTUTEXHITIECKTIT
yuuBepcurer, Poccusi. Email: cyril@list.ru

O HAYAJIbBHO-KPAEBOI 3AJIAYE /1J1s1 YPABHEHWU ST
TAMUMJIBTOHA — 9KOBU C 3KCIIOHEHIINAJIBHON
3ABUCUMOCTBIO TAMUJIBTOHUAHA OT UMITVJIBCHOU
IIEPEMEHHO!

HIAT'AJIOBA JI.T'.

IIycts 3amansr momenT Bpemenu 7' > 0 u 3uHadenue x* € R. B obmactn
Gt = {(t,2)|0 < t < T, x > x*} paccMaTpuBaeTcs cje/yloliee ypaBHEHUe
Tamunbrona — Axkobu

328



ot ox

r7e TaMIJIBTOHUAH UMeeT BT,
H(z,p) = f(x)e’ (2)

3aecy f(-) — HenpepwiBHO JuddepeHnupyeMast Bo3pacraomast byHKIUS, Ta-
kas, aro f(z*) > 0.

Tak>ke 3a7aHbl HeIPEPHIBHO AuddepeHnupyeMast GyHKIA
ug : R — R u cybmuddepennupyemas dyukuusa ¢ : [0,7] — R rakue, 4ro
cymecTByer JieBast ponssonHas ¢’ (0) dyHKImMN ¢ B Touke 0, U CIIPaBeIMBLI
paBeHCTBA

8u+H<x,au>: , te(0,7T), z€R, (1)

©(0) = uo(z"), ©_(0) = up(z"). 3)
TpebyeTcst nocTponTh BaskocTHOE pererne [1] u(-, -) ypasaenns (1), mempe-

PBIBHOE B 3aMbIKaHUN obacTu G+ 1 TaKoe€, 9YTO BBIIIOJTHEHbI CJIeAYIoIIne Ha-
JaJIbHOE U I'PaHUYIHOE yCJIOBUE

u(0,2) = up(z), xz€R, x>z, (4)

u(t,0) = p(t), telo,T]. (5)

JlokazaHo, 9TO HENMPEPHIBHOE BI3KOCTHOE peIlleHne Hada hbHO-KPaeBoil 3a1a-
qu (1)-(5) cymecrByer. YKazaHbl JOCTATOYHBIE YCJIOBHUS, IPU KOTOPBIX TAKOE
pellleHne eMHCTBEHHO.

Pemenne paccmarpuBaemoii 3aja4dn 0a3upyercsi Ha, MUHUMAKCHOM IIOJIXO-
ze [2], merone 0BOBIIEHHBIX XapaKTEPUCTHK [3], a Tak»Ke Ha peIlleHuN BapHa-
[MOHHBIX 33729 ¢ MOJIBUXKHBIMU IpaHunaMu. PaccMaTpuBaeMast 3ajia4a, mpeji-
CTaBJIAIONIAS U CAMOCTOSITEILHBIM HMHTEPeC, BOHUKAET TIPH TIOCTPOCHUH HEIIpe-
PBIBHOTO OOOOIIEHHOTO perntenus 3agatdn Kormu s ypaBHeHus ['aMuabToHA-
fAxobu ¢ pa3phIBHBIM 1O ($a30BOH IMEpEeMEHHO TaMUIBTOHUAHOM.

Pa6ora Beimosinena npu noguepkke PO®U, rpant 20-01-00362.
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Mucturyr maremaruku u mexanuku uMm. H.H. Kpacosckoro YpO PAH,
Exarepun6bypr, Poccust. Email: shag@imm.uran.ru

PASPEIIINMOCTDb KPAEBBIX 3AJAY C
AOITIOJIHUTEJIbHBIMN YCJIOBNAMMUN COITPA>KEHN A
AJId HEKOTOPBIX KJIACCOB JIN®PEPEHIINAJIBHBIX

YPABHEHUI COCTABHOI'O THUIIA

IITAJOPMHA H.H.

HccnenoBana pa3pemmMOCTh KPaeBbIX 3aad Jjst  audpepeHnmraIbHbIX
YPaBHEHU TPETHEro MOPSIKA ¢ PA3PBIBHBIM 3HAKOIIEPEMEHHBIM KOdhduImen-
TOM IIPHA CTapIIeil IPOU3BOJIHONA IO BPEMEHHOU IIePEeMEHHOIA.

Paccmarpupaercs orpanmdenHas objacTh () u3 npocrpancrsa R™ ¢ riaakoi
(mzst pocroTel — Geckoneuno—muddepennupyemoit) rpanunei I', T ectsb 3a-
JIAHHOE MOJIOXKUTEJIbHOE IuCI0, Q1 1 Q2 ecth mumuaapsl QX (—T,0) u 2% (0,T)
coorBercTBerHo, ¢(t), Y(x,t) u f(x,t) ectb 3amanube DYHKIUN, OUPEIEICH-
upie ipu t € [-T,T], z € Q, a = (o), 8= (Bi), i = 1,6 — 3a71aHHbIe BEKTOPbI
¢ IeficTBUTEIbHBIMI KOOpAuHaTamu, L — muddepeHnuaibHbIil oepaTop, meii-
CTBHE KOTOPOIo Ha 3aJaHHol dbyHKIUn v (T, 1) OUpeieaseTcs PABEHCTBOM

Lv = ¢(t)Div + Av.
Dynxrus u(z, t) 6yaer ABIATbCA B IUINHAPaX Q1 U (J2 PEIeHNeM ypaBHEHHUsI
Lu = f(x,t).
Kpowme toro, qya dynaknmn u(x, t) BBIIOIHAIOTCS YCIOBUS
aqu(z, —0) + agu(z, +0) + azu(z, —0) + agus(z, +0)+
+asug(x, —0) + agug(z,+0) =0, z € Q,
Pru(z, —0) + Bau(z, +0) + Bui(z, —0) + Baui(z, +0)+
+B5up(x, —0) + Bouw(z, +0) =0, =z € Q,

u(@,t)[rx(-10) =0, w(@,t)|rx(o,r) =0,

Jlts maHuEo 338184 OKA3aHbI TEOPEMBI CYIIECTBOBAHUSA W € INHCTBEHHOCTH
PeryJispHbIX pEIICHUI.

Hanee uccieayercs: BAUsHIE NApAMETPOB HA KOPPEKTHOCTH HEKOTOPOH 3a-
Jauu conpsizKeHus Jis audepeHnuaabLHOro ypaBHeHnsl THIIAa ByccuHecka -
JIaBa.

Snecw T, To ecTh 3aJaHHBIE MMOJOXKUTEIbHBIE YnCaa, ()1 1 (o €CTh IUINH-
1pbl QX (=T71,0) u Qx (0, T3) coorBercrBenHo, f(z,t) ecrb 3anannas byHKIMS,
ompenenennas mpu (x,t) € Q1 U Qz, o(x) u 1 (z) - 3ananuble GyHKIMH, OIpe-

nestennble ipu © € ), «, B, A\, g — 3aJaHHBIE JEHICTBUTE/bHBIE TAPAMETPHI,

330



A— omneparop Jlamiaca 1o npocTpaHCTBEHHBIM ITepeMeHHbIM, L — muddepen-
UAJIbHBIN OIepaTop, AeficTBue KOTOpOro Ha 3ajanHoil dynkuuu v(z,t) oupe-
JesdeTcsd PaBEHCTBOM

Lv = vy — Avg + AMAv — po.

g dysakunu u(z,t), apismomeiica B B nuianaapax Q1 u Qo pelieHneM ypas-
HeHud

Lu = f(z,1)
BBIIIOJIHAIOTCS YCJIOBUA
u(z,t)|rx (1,00 =0, (@, t)|rx(0,m) =0,
U(Z’, 7T1) = U(%,Tg) = 07 T e Qa

w(z, =0) = ou(z,+0) + o(z), w(z,+0) = Bus(z, —0) +P(z), €.

CdopMymupoBaHbl TEOPEMBI, OIUCHIBAIONINE BIUSHIE IIapDAMETPOB Ha, €IUH-
CTBEHHOCTD U HEECJUHCTBEHHOCTD, CYIIIECTBOBAHNE U HECYIIECTBOBAHUE PEryJIdp-
HBIX pelIeHUil JaHHOI 3a1a4u.

JlaHHbIE MCCIIe0BaHNs SIBISAIOTCS Ipojo/KeHreM pabotr [1] — [2] aBropa B
coasropcTie ¢ A. U. KoxkaHOBBIM.
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TEH3O0PHBIE UTHBAPVUAHTHI INCCUITATUBHBIX
CHUCTEM HA KACATEJIbHOM PACCJIOEHUUN
ABYMEPHOI'O MHOT'OOBPA3M<

IHTAMOJIMH M.B.

B paboTe nperbsBieHsl TeH30pHble nHBapuanThl (juddepennuanbibe hop-
MbI) JIJIs OJHOPOJAHBIX JMHAMUYECKUX CHCTEM Ha KACATEJIbHBIX PACCIOCHUIX K
TJIaIKUM JIBYMEPHBIM MHOT000pas3usmM. ITokazaHa CBsI3b HAIWINSA TAHHBIX WH-
BAPUAHTOB W IMOJHBIM HAOOPOM IIEPBBIX WHTErPAJIOB, HEOOXOIUMBIX JJIsI MHTE-
TPUPOBAHUS TEOE3NTECKNX, TTOTEHITNAIBHBIX U JUCCUIATUBHBLIX cucTeM. [Ipum
9TOM BBOJIMMBIE€ CHUJIOBBIE TIOJIS JIEJIAIOT PacCMaTPUBaE€Mble CUCTEMbBI JTUCCHUIIA-
TUBHBIMU C JUCCUIAIEH pasHOro 3HaKa M 000DOIIAIOT paHee pacCMOTPEHHBIE.
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Kaxk ussectro [1, 2, 3|, HamIme JOCTATOYHOIO KOJIMIECTBA HE TOJBKO Iep-
BBIX MHTErPAJIOB (CKAJSIPHBIX MHBAPUAHTOB), HO U JPYI'MX TEH30PDHBIX HHBA-
PUAHTOB MTO3BOJISIET TOJHOCTBIO TPOUHTETPUPOBATH CUCTEMY TudhdepeHITab-
oplx ypaBuennit. Tak, Hanpumep, HaJIudne WHBAPUAHTHONW (HOPMBI (Ha30BOro
obbeMa MMO3BOJIAET IMOHU3UTH MOPAIOK PACCMATPUBAEMON cucTeMbl. st KoH-
CEPBATUBHBIX CHUCTEM 3TOT (PaKT ecTeCTBEHeH. A BOT i cucTeM, 00J1a1ar0-
IUX TPUTATUBAIONMMI WJIU OTTAJKUBAIOIIMMY [IPEJIEIbHBIMUA MHOXKECTBAMH,
HE TOJIbKO HEKOTOPBIE MEPBbIE MHTErpaJjbl, HO U KOI(MMOUINEHTHI UMEFOIINXC ST
MHBAPUAHTHBIX [ depeHTnaiIbHbIX GOPM HOKHBI, BOODIIE TOBOPsI, COCTOATH
U3 TPAHCHEHJICHTHBIX (B CMBICJIE KOMILUIEKCHOTO aHanu3a) dbynkwmit [4, 5, 6].

Taxk, HApuMep, 3a/1a4a 0 NBUKEHUH IIPOCTPAHCTBEHHOIO MaATHHKA Ha cde-
pUYecKOM IIapHUpe B IMOTOKe Haberaromnieil cpe/ibl IPUBOIUT K CHCTEMEe Ha Ka-
CaTeJIbHOM PACCJIOEHNH K JIBYMEPHOil cdepe, IIPU STOM METPUKA CHEIHAIHLHOrO
BUJIA HA Hell WHyIMPOBAHA JIONOJHUTEJILHON rpynnoii cummerpuit [7]. du-
HAMHUYIECKHE CHCTEMBI, OIMCHIBAIOIINE IBUYKEHIE TAKOI'0 MAasTHUKA, 00JIa/Ial0T
3HAKOIIEPEMEHHON NUCCUIIAIeli, U IIOJIHBIN CIHUCOK IIEPBBbIX UHTEIPAJIOB COCTO-
AT U3 TPAHCIEHIEHTHBIX (PYHKIUIl, BHIPAXKAIONINXCS U€pPe3 KOHETHYIO0 KOMOU-
HAIMIO 9JIEMEHTAPHBIX (DYHKIW. V3BeCTHBI TakKe 3a/a49u O JIBUKEHUU TOY-
KI 110 JBYMEPHBIM MMOBEPXHOCTSM BpaleHus, miockoctu JlobaueBckoro u T.1.
Tlosmygenmpie pe3yabTaThbl OCOOEHHO BaXKHBI B CMBICJIE IIPUCYTCTBUAS B CHCTEME
MMEHHO HEKOHCEPBATUBHOIO 1OJIst CHII [5).

B pa6ore nperbsiB/IeHBI TEH30PHbBIE HHBAPUAHTHI (Iuddeperimaibabie hop-
MBI) JIJIsl OJIHOPOJIHBIX JMHAMUIECKUX CUCTEM HA KACATENbHBIX PACCIOCHUSX K
IJIQJIKUM JIByMepHBIM MHOrooOpasusim. [lokazana cBsi3b HAJWYUsS JTAHHBIX WH-
BApPUAHTOB U IOJHBIM HAOOPOM TEPBBIX MHTETPAJIOB, HEOOXOMMMBIX JIJIs WHTE-
CPUPOBAHUS T'€0/IE3NIECKIUX, TOTEHINAIbHBIX U IUCCANATUBHBIX cucteM. 1lpu
9TOM BBOJIUMbIE CHJIOBBIE IIOJIS JIEJIAIOT PACCMATPHUBAEMbIE CUCTEMBI JIUCCUIIA~
THUBHBIMU C JIUCCUNANIAEN PA3HOrO 3HAKA U 0DODOIIAIOT paHee pacCMOTPEHHBIE.

Pabora Beimonena npu nogmepxkke PODU, rpant 19-01-00016.
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IMPUHIIUII CYIIEPIIO3UIINN 1JIs1 BEPOATHOCTHBIX
PEIIIEHUN YPABHEHUN
D®OKKEPA-TIJTAHKA-KOJIMOTOPOBA

HIATIOIITHMKOB C.B.
Paccvorpum 3amaay Ko
O¢py = &viaxj (aijﬂt) — Og, (blﬂt% Mo = V.

Orobpazkenne t — p; u3 orpeska [0, 7] B IPOCTPAHCTBO BEPOSITHOCTHBIX MeD
P(R?) nasbiBaeTca pelIeHmeM, eI 3TO OTOGParKeHHe HEeMPEPBIBHO OTHOCH-
TEJILHO CJIa00i TOTIOJIOTUN U YIOBJIETBOPSIET HHTEIPAJILHOMY DPABEHCTBY

t
/godut:/ ngl/—i—// Lo dysds
R4 Rd 0 JRd

nst Beex t € [0, 7] u Beex ¢ € C°(R?), e
Lu = a”0y,0,,u+ b'0,,u,

bynxnun @ | b T0KaIbHO HHTErPUPYeMBI OTHOCHTETLHO MephI [ dt, 8 MaTpH-
na A(t,z) = (a¥(t,7)); j<q4 CUMMETPHYHA U HEOTPHIATEIBLHO ONPEJIe/IeHa.
BepositrocTHas Mepa P, ma mpoctpanctse §4 := C([0, T], R?) naspisaerca
pellleHreM MapTHHIAIBHOM 33/1a41 ¢ OEepaTOpoM L 1 HaYaIbHBIM YCJIOBUEM V,
ecam
(M1) P,(w:w(0) € B) = v(B) mnsa scex B C B(R?),
(M2) nna Bestkoit bynkmm f € C§°(R?), orobpaskenme

(w,t)Hf(w(t))*f(w(O))*/o Lf(s,w(s))ds

SIBJISIETCSI MAPTHHTAJIOM OTHOCHTENBHO F; = o (w(s), s € [0,t]) u P,.

333



Teopema 1. IIpednososcum, wmo {p} asasemcs pewenuem 3adavu Kowu u
BBIMOAHAEMCA YCAOBUE

g At7$ bt,x,x
/0 /]Rd - 2!1:;;2 ) >|Mt(d$)dt<oo.

Tozda cyuecmeyem maxoe pewenue P, mapmunzaivhoti 3adavu ¢ onepamopom
L u nanaavnvim yeaosuem v, wmo daa ecex f € C°(R?) eepro pasencmeo

[ gau= [ f@) P vee 1)
Rd o

OTMeTHnM, 9TO yCJIOBHE TEOPEMbl BBIIIOJHSICTCS, €CJIN
log(1 + |z[*) € L'(v),
IAt, 2)|| < C + Cla|*log(1 + [z*),
(b(t,z),z) < C + Clz|*log(1 + |z|?).

ABTop sBIIsieTcs mobeauTesIeM KOHKypca «MoJtomast maremaruka Poccuny u
0J1aTOMAPUT YKIOPH U CIIOHCOPOB.

Cuucok aureparypsbl

[1] Figalli, A. Existence and uniqueness of martingale solutions for SDEs with
rough or degenerate coefficients. J. Funct. Anal. 254(1), 109-153 (2008)

[2] Trevisan, D. Well-posedness of multidimensional diffusion processes with weakly
differentiable coefficients. Electron. J. Probab. 21, Paper No. 22, 41 pp. (2016)

[3] Bogachev, V.I., Rockner, M., Shaposhnikov, S.V. On the Ambrosio—Figalli—
Trevisan Superposition Principle for Probability Solutions to Fokker—Planck—
Kolmogorov Equations. J. Dyn. Diff. Equat. 33, 715-739 (2021)

Mexannko-maremarudeckuit paxyaprer MI'Y nmenn M.B.JIomonocosa,
Poccusi. Email: starticle@mail.ru

YPABHEHUWE CTPYHBI C BECOM — HEKOMITAKTHBIM
MVYJIBTUIIJINKATOPOM U ITEPNOJNYECKUE MATPUIIBI
AKOBIA

IIIAPOB E.B.l, IIIENIIAK M.A.2

Teopust muddepeHmaaIbHBIX OEPATOPOB € KO3DPUIMEeHTaMU-PaCIpeiesie-
HUSIMU aKTABHO PA3BUBAETCH B MOCJIEIHIE Ba JecaTuaeTus. Eciu npocieanTs
OCHOBHBIE TEHJIEHITNHN PA3BUTUS ITON TEOPUHU, TO MOYKHO BBIJIEJIUTDH JIB& OCHOB-
HBIX HAIIpABJIEHUs: 1) IIOCTPOEHNe OIepAaTOPHBIX Mojesteil st Bee Gosee u 60-
Jlee CUHTYJISIPHBIX KO(hMUINEHTOB; 2) HAXOXKJeHNEe HOBBIX KJIACCOB CUHIYIISIP-
HBIX KO(DDUIMEHTOB, jIsi KOTOPBIX MOXKHO BBIJIEJIUTH OOIIHE XapaKTePUCTUKI
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OlPEJIEISIEMBIX OIIEPATOPOB (TUII CIIEKTPA, ACUMITOTUKHA COOCTBEHHBIX 3HAYe-
HUIA, [IOJTHOTA CUCTEMbI COOCTBEHHBIX U IIPUCOCAMHEHHBIX (DYHKIMIA 1 T.J1.)

B wactHocTH, BBINITECKa3aHHOE MOYKHO OTHECTH U K TEOPUU CTPYHBI, MOJETBIO
JJ1s1 KOTOPOIt ABJIAeTCS Cleylonias ClIeKTpaJIbHad 3a/1a9a

—y" =Py, z€(0;1) (1)
y(0) = y(1) = 0. (2)

OTMeTnM, 9TO KpaeBble YCJIOBUS BIMAIOT JUIIb HA, TOHKHAE CIEKTPAJbHBIC CBOI-
CTBa 3aJIa49M, JJIS UCCJIEJOBAHUA OCHOBHBIX CBOWCTB MOXKHO PacCMaTPUBATDH
[IPOM3BOJIbHDIE CAMOCOIIPSI?KEHHBIE KPAEBbIE YCJIOBUSI.

IlycTh 33JaHO HATypaJbHOE YUCIO N > 2, HAGOP IOJOXKUTENLHBIX Y-
cen {ax}y_,, yroBreTBOpsIOMUX ycuoBuo y ,_, ar = 1. Ilomoxum oy = 0,
o = Zf;ll a; upu k > 2, upu 3roM OyJieM CUUTaTh, YTO (11 = 1. 3ajaum
addunHBE 0TOGpazkeHns orpeska [0, 1] Ha oTpeskn [y, agy1]:

Sk(z) = apx + ag.

Bougenum onun u3 ungekcos m € {1,2,... ,n}, B najbHeitimem 6ygeM UCIOJb-
30BaTh ODO3HAYEHUE @ = d,. BBemeM Habop BermecTBeHHBIX tmces {fj}r2 |,
cpeJji KOTOPBIX XOTsI ObI OJIHO OTJIMYHO OT HyJIs, BeliecTBeHHoe 4nciao d # 0 u
Ha MHO>KECTBe U3MEPUMBIX (DYHKIMIT OmpeiesinM orobpaykenue G:

[G(f) Z /BkX(ak,akJrl + d(f (S'm (1‘)) + /BWL)X(am,aerl)' (3)

k=1,k#m

Hac unrepecyer ciayuail ald| < 1, upu srom upu Hekoropom p > 0 Oyzer
BoiosieHo ald|P < 1. Torga orobpaxkenune G Gyzer cxkumaromeMm B (Boobiie
rosopst ksasubanaxosoM) npocrpancrse Ly[0,1]. I3 csoiicts kBasubanaxosa
[IPOCTPAHCTRA, CJIE/IyeT CYIIECTBOBAHUE W €JIMHCTBEHHOCTH HEMOJBUYKHON TOU-
K1 orobpazkenus G, T.e. Takoil pyHKIMY [, J1)isT KOTOPO# BBITIOJTHEHO PABEHCTBO
G(f) = f. Ory dyukuuio 6ynem Ha3bIBATDL N-38eHHOT CamOn0doOGHOT.

Bsemem mpocTpancTBO lm1 CO CKAJIIPHBIM MTPOU3BEICHNE

°d

gy =315

i=1 k=1 mj

Yepes L oboznadnM MaTpuity fkobu ¢ 3/1eMeHTaMu, KOTOpPbIe SIBHBIM 00pa-
30M BBIPAKAIOTCS Yepe3 IapamMeTphbl caMonoiobuoit dpyukmuu P.

Teopema 1. [lycmv dymnxyua P aeasemcs nenodsuschots movkot omobpa-
ocernus G, 3adannozo ycaosuem (3), 2de ald| < 1. Toeda 3adaua (1)—(2) das
Pynryud y € VV2 [0,1] pasnocuavra 3adave Lu = Au 6 npocmpancmee lm1
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MpbI 18 (UM OIMCAHKE CIIEKTPA B CJIYYae HEKOMIIAKTHOTO MYJIBTUILIMKATOPA
(ald] = 1). Ilpu Takux ycmoBusix Marpuia Jkobu L cTaHOBATCS IEPUOITIECKOIT

u 110cJiIe CUMMETPU3aliu Mbl HepefmeM K MaTpuue L:

b1 w2 b2 ‘e 0 0 0
0 bg w3 ... 0 0 0
=10 0 0 ... wes boy 0 4)
0 0 0 ‘e bn—l w1 b1
0 0 0 ‘e 0 bl wo

Bsenem dymxmmio

B - [ do(t)
7"()\) = (6117(.[/—)\[) 1611) = /OO m,

IJe €11 — IepBbli BeKTOp Gasmca, B KOTOPOM omeparop L mmeer Bus (4),
o(t) = (Ee11,e11), By — paznoxenus exununpt oneparopa L. Cupaseimsa
caepyiomas dbopmyita mist Gyakuuu 7(N):

1

r(A) =

Wo — A— ...
B cuny nepuogmunoctu marpunbl fAkodum L, MbI MOXKEM YIPOCTUTDH 3Ty

JIpOOBL.

Oupenennm muorowieHs! Py () 1 Qp(\), KOTOpbIe HA3BIBAIOTCS OPTOINOHAITb-
HBIMH MHOTOYWICHAMH IIEPBOIO M BTOPOTO POJIA COOTBETCTBEHHO, CJIE/YIOIINM
obpazom:

(11—>\ bl 0
Pk: bl a2_)\ )
: . o b
0 b—1 ap— A\
CLQ—)\ b2 0
b 3— A
Qr = 2 as
br—1
bk—l akf)\
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Tenepb 10IyIUM HOBBIH Bu uist 7(\):

P a(A) =02 _1Qn—2(N)
r(d) = 22 Py_a()\)

n—1

VPt 4821 Qu 2 (V)2 = 462 Pa s (\)Qn-1()
* 2 P o) ‘

n—1

®)

Omnpe/iesinM TakzKe MHOT'OWJICHBI Lf (A), KOTOpBIE TECHO CBSI3HBI ¢ OPTOTOHAIb-
ubiMu MEOrO4YIeHaME Py (A) u Qk ()

a; — A bl 0 PN ibk
by az — A by - 0
=l © P '
0 0 Cooapm1— A bpa
:Ebk 0 cen bk—l ag — A

Beuay dbopmyssr (5) u coiicrs muorowieHoB Py, Qf u L,f CITPAaBEINBA
CIIeTyIOTIAsT

Teopema 2. ITycmv dynkyus P aeasemcs nenodsustchoti moukotl omobpa-
orcenun G, 3adannozo yeaosuem (3), 2de ad = 1. Toeda cmpyxmypa cnexmpa
sadawu (1)—(2) umeem caedyrowuls 8uo:
1) nenpepuenbili cnexmp cocrmoum u3 ne 6oaee wem n — 1 ompesxa nenpe-
poienozo cnekmpa u umeem 6ud oo(L) = {\ | Lf  (NL,_,(\) <0}
2) sewecmsentoe wucao A mostcem Gumsd coOCMEEHHbIM 3HAYEHUEM 30004
mozda u Moavko moeada, Ko2da
a) P,_o(A\) =0
6) Lyy_y(NL,_1(X) >0
6) sign(Pn_1(\) + b2 _5Qn_2(N) = (=1)"T", 2de v - amo nomep aaxymoL,
6 Komopot aescum mouka X (v =1,2,... ,n—1).

Pabora nmognepzkana rpanrom PO Ne 19-01-00240.

IMI'Y umenn M. B. Jlomonocosa, MoCKOBCKHIl IIeHTP (dyHIAMEHTATLHON I
[IPUKJIATHON MaTeMaTuKu, Poccust

2MTI'Y umenn M. B. JlomonocoBa, MOCKOBCKHIT IEHTp (DYHIAMEHTAIBHOMN 1
MIPUKJIHON MaTeMaTnku, Poccus
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CIIEKTPAJIBHBIE 3AJAYU, IIOPO2K/TAEMBIE
CUCTEMAMM OBBIKHOBEHHBIX JITN®PEPEHIINAJIBHBIX
YPABHEHUI T'MIIEPBOJINYECKOTO TUIIA

IMTKAJINKOB A.A.

1. Hama 1enb —HM3y4YuTh CIIEKTpajbHBbIE 3389l B IPOCTPAHCTBE BEKTOP-
dynximit Ly (C™; [0, 1]), nopoxkjaemMble ypaBHEHUsIMUA BUJIA

Y —A(z)y = AB(z)y, =z €[0,1], (1)
U IrPaHUYIHBIMU YCJIOBUAMMA
Ul(y) = Uoy(0) + Ury(1) = 0. (2)
31ech A — crekTpanbHLIl napaMeTp, Uy u Uy — 9uCIoBbIe (KOMILIEKCHBIE) 71 X T
marpnpt, () = (y1(2),y2(2), -, ya(@))",
A(x) = {ajr(®)}] =1,

rae a;i € L1[0, 1], a MmaTpuna B nuaroHasbHAsI

B(x) = diag {b1(x), ..., b, (2)},

IpUYeM BellecTBeHHble (QYHKIMH b; CyMMHpyeMBl M TIPH HEKOTOPOM S,
1 < s <n—1, BBINOJHEHBI YCIOBUS

bi(z) <ba(z) < - <bs <0< bgpp(x) <o+ < bp(x) (3)

B caydae s = 0 (s = n) canTaeM, 9T0 OTPHUIATEIbHbIE ([OIOKATEIbHBIE) DYHK-
1mu bj OTCYTCTBYIOT. 3/1eCh 0€3 IIOSICHEHHs OCTABUM 3aMevYaHHUe, UTO TaKHe CH-
CTeMBI BOSHUKAIOT TPHU pereHnn MeToioM Pyphbe rumepOoIniecKux ypaBHeHu
(ypaBHeHuii, i KOTOPbIX KOppekTHa 3anada Komm). TlosroMmy Takue crex-
TpaJIbHBIE 33/Ia9K MBI TaKKe Oy/IeM Ha3bIBATh 2unepboauveckumu. [Ipu momosr-
HHUTEJILHOM IPEJIIOJIOKEHIN, YTO BYHKIUH b; HEIPEPLIBHEI, COOTBETCTBYIOIINE
3a/1a4U OyIeM HA3bIBATH CMP0o20 2UNepoosUecKUMU.

Teopema 1. Ilorooicum

E(z,\) = diag{ebl’\pl(“’), A eb”’\p”c)}7

0

M (z) = diag{e®®, ... etnn@)},

Iycmo vinoanero yeaosue eunepboavurocmu. Tozda npu arwbom h € R 6 no-
AYNAOCKOCTIU (CZ = {\| Re X > h} cywecmeyem Pyndamenmarvonas Mampuya
pewerutds cucmemov, (1) euda

Y (z,\) = M(z,\)(E(z,\) + R(z, \)),
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ede |R(z,\)| — 0 pasnomepro no x € [0,1] npu A — 00 6 6vi0parnol nosy-
NAOCKOCNU (CZ. Boaee moezo, 6 ewvibparnoti noaynaockocmu gynruus R(x, \)
OUEHUBAEMCA BEAUNUHAMY BUAIA

/ " 4 () exp (N3 (1) — pi(s)) + Apula) — po(1))) ],

(30ecy undexcr, j < I, m < r dukcuposanv). Anasozuunoe ymeepicierue
cnpasedauco das nesoti noaynaockocmu C,- = {A| ReX < h}.

T(\) = max

x,s

Dra Teopema MMeeT JABHIOK UCTOpHO. [InoHepaMu B 3TOi TemaTukKe ObLIN
Jx.Bupkrod, A./1. Tamapkun u P.Jlanrep, mocrarouno noyiHo 6ubmorpadust
Mo 3Toi TeMe m3yoxkeHa B HemasHel pabore A.M.Casuyka n A.A.IllkanukoBa
[1]. Merox mokazarenbcrTBa npuBepeHHOR 31ech Teopembl 1 B 3HAYUTENLHOI
CTEIEHN UCIOB3yeT uien pabotsl [1]. Ormernm, 9o st 2 X 2 cucreM (n = 2)
Teopema 1 npu yciosuu by (z) < 0 < by(z), upuyeMm B ycumiieHHOIT dopme,
nosyuena B 3amerke A.Il.Kocapesa u asropa [2].

JamuMm ornpejiesieHne peryiasipHOCTH CleKTpaiabHoil 3azaqam (1), (2). Dro
olpeJiesieHne HOBOe U HoJiee 0bIIee, HEXKETN KIIaCCUIeCKue onpeie/ieHns bupk-
roda, Tamapkuna u Jlanrepa, KOTOpbIe UMEJIH [I€JI0 C TOCTOSHHBIMY (DYHKIIH-
aMu b .

Pacemorpum yuporennyo 3a1a4y, B Kotopoit marpuiia A B (1) 3amerHeHa Ha
JINATOHAJTEHY O MATPUILY

Ap(z) = diag (a11(x), . . ., apn(x)).
B sToMm citydae cucrema (1) pacnajiaercst Ha 17 HE3ABUCUMBIX, IBHO PEINAEMbIX

ypaBHeHUi epBoro nopsaka. PyHpamMeHTaIbHAS MATPUIA PEIIEHIIT YIIPOIIEeH-
HOI CHCTEMBI UMEET BU/I,

F(z,A\) = M(z,\)E(z,\).

XapaKTepuCTHIECKHil OIPEIEIUTEb CIEeKTPAJIBHON 3aadd, MOPOXKIAEMOR
YIPOIIeHHbIM ypaBHeHueM (1) u KpaeBbiMu ycsoBusiMu (2), TakKe SIBHO Bbl-
[IUCBIBACTCS

Ao(N) = det U(F(z, ) = det UgF(0,)) + U1 F(1,A) = Y e’ (4)

TIe Cp — YUCTA, & Jp, — BCEBO3MOXKHBIE CYMMBbI PA3JIMYHBIX ducesT U3 Habopa
p1(1),p2(1),...,pn(1). Uagekcam m = 0 u m = 1 mocTaBUM B COOTBETCTBHE
qncia
Jo=p1(1) +p2(1) + ..., 4ps <0,
J1 = ps+1(1) + psy2(1) + ..o, +pa(1) >0,
rJe § YUCJIO, yJaCTBYIOIIEe B yCJIOBHU IunepGoiamdHocTy (3) (s KpaTKocTH
cunraeM, uro 1 < s < n. Bce ocranpable uncia Jy, JeXKaT CTPOro BHYTPH
orpeska [Jo, J1]).
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Cuektpanbhyio 3amady (1), (2) HasoBEM pezyaaproll, ecau Uuciaa ¢y u Cy,
orBevaoye nokazareasm Jo u Ji B npejcrasienun (4) OTIUYHBL OT HYJIsl.

Teopema 2. IIycmb sunosneno yeaosue 2unepbosusnocmy u 3adaua (1), (2)

pezyaapna. Tozda ee cobemsernvie snavwenus { A} aeocam 6 nexomopot

noA0CE, NAPAAALALHOT MHUMOT OCU U ACUMNIMOMUYECKY, COGNAOAION, C HYAAMU
0100

{1, onpedesumens (4), m.e.

M =M1 +0(1) npu k — Foo.

Ipu smom cobecmeernvie U npucoeduHerHble PYHKUUL 3a0auy 06pasyrom noj-
Hyro cucmemy ¢ npocmparemse Lo(C™; [0, 1]). ITpu donoarumesrvrom ycaosuu
cmpozol 2unepbosusnocmu) Kopresvie pynkuuu o6pasytom besycarosnul basuc
CO CKOOKAMU U 8 CKOOKU 3aKANOUAIOMCA TOALKO YAEHDL, KOMOPLLE OMBEUAIOM,
CONUHCAIOWUM COOCTNEEHHBIM 3HAYEHUAM. JUCAO YAEHOS8, NOOAEHCAUUT 005-
eQUHEHUIO 8 CKOOKU, 02PaHUYEHO KOHCMAHMOU, 348UCAWET 0M NAPAMEMPOS
HEBOBMYWEHHOT, 30044,

Pabora Boinosimena IIpu IIOJJEeP2KKe Poccuiickoro HaydIHOI'O (bOHﬂa, I'paHT

No 20-11-20261.
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MI'Y umenu M.B.Jlomonocosa, Poccusi. Email: ashkaliko@yandex.ru

OB YCPEIHEHHOI CUCTEME YPABHEHUI AKYCTUKN
AJIAd CJIONCTBIX TBEPABIX CPE/]

HIYMHNJIOBA B.B.

Jlok1a/1 TOCBSIIEH BBIBOMY YCPEIHEHHOM CUCTEMbI yPABHEHUI aKyCTUKY JIJIsT
nByxX(da3HbIX CJIOUCTHIX cpell. B KadecTtBe a3 paccMaTpuUBAIOTCS H30TPOII-
HbIE TBEpJble MATEePHUAJBbL: YIPYTU MATepUaJl WU BI3KOYIPYIUH MaTephal
Kenbpuna-®Poiirra.

IIycts Q C R? — orpannvenHas o6aacThb ¢ MIaAKoH rpamuneil 0f), 3amos-
HeHHasl CJIOMCTOl cpejioit ¢ €Y -Tlepuomdeckoit cTpykTypoit, rae Y = (0,1)3,
a BEJIMYNHA € MHOTO MEHBINE JIMHEHHBIX pa3mepoB obsactu ). Cumraem, ITO
staeiika nepuogudnoctu €Y comepkut M cioes nepsoro u M +1 cjoeB BToporo
Marepuasia. ObosHaunM depes Y; dacTb Kyba Y, COOTBETCTBYIOILYIO S-if (pbase
(s =1,2). Ormernm, uto Y] ectb obbenunenne M cioes, a Yo — o0beuHeHne
M + 1 cnoes.
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Beeniem of6osnauenus: uf(x,t) — BeKTOp mepemeriennii, ¢ u e(u®) — TeH-
30PbI HAIIPSAKEHUN 1 MAJILIX JedopManuii COOTBETCTBEHHO, {)s — 3aHATad S-ii
da3zoit yacts obsractu ). Onpeesronye COOTHONEHUS], CBA3bIBAIOINTIE KOM-
[OHEHTBI TeH30pOB 0° U e(uf), UMET BH/L

o5 = agj,)chekh(ue) + bS

aﬁj,lh = Xs0ijO0kn + ths(0ir0jn + Oindjr),

rie Ag u ps — napamerpst Jlame, a §;; — cumsost Kponekepa. Ecitu Q. 3amos-

,)chekh(atus), S st, s=1,2,

HEHa, yIpyrIM MaTepuasion, o b'®) = 0; ecim ske Q. 3aI0/HEHA BI3KOYIPYTHM
marepuasom Kennsuna-doiirra, To

bEj—ih = (s0i50kn + Ns(0ikdjn + 0indjr),
rue (s u 1, — xoadbdurmentsl Bazkocru [1].
Hawasbao-kpaeBast 3aa4a, onuchbiBaoias Kojaebanns cpelabl B obiacta ),
UMeeT BUJ

0%us 0o,
Yi _TT0 L f(at) B Que x (0,T), s=1,2,
J

Ps 52 ox
[UEHSE = O, [O'igjnjHSg = O, Se = 8915 N 8925,
uf(x,t)]on =0, u(x,0)=dwu(z,0)=0,
rJie ps — IUIOTHOCTH CPENbl B e, N — GIUHUYHBIN BEKTOP HOPMAJHN K TOBEPX-
HocTH Se, a f(x,t) — BeKTOp OOBEMHOl CHJIBL.

Kak msBecTHO, ycpeHeHHAs 3a/1a4a, ONUCHIBAIONIAS MIPeIeIbHOE TIOBEICHIE
UCXOHOM cytoncToit cpenpl tipu € — 0, umeer Buj, [1]
82’111‘ (90’ij
= + fi(z,t Qx(0,7),
p 8t2 axj fl( ) B ( ) )
u(z,t)]oq =0, u(z,0) = du(x,0) =0,
e p = p1|Y1| + p2|Yal,

0ij = Qijkhern(w) + Bijknern(0sw) — gijen(t) * epn(u). (1)
KoMIoHeHTBI yCpeHeHHBIX TeH30pOB «, 3, g(t) SIBHO BBIpaXKaroTCsi Yepes
KOMIIOHEHTBI MCXOJHBIX TeHSOpOB a(s)7 b(S) n peHIeHI/ISI BCIIOMOTI'aTE€JIbHBIX CTa-
LLI/IOHapHI)IX 1 3BOJIIOIMMOHHLIX 3a/la4 Ha sTIeike Y PeH_IaH 9THU 3a/a491 1 3aTeM
BbIYUCJIAA KOMIIOHEHTBI yKa3aHHbIX TE€H30POB, IIPUXOJUM K CJIe,ZLyIOH_IeMy KJIIO-
YEBOMY PE3YJIBTATY.

Teopema 1. Ecau Y7 u Yy cocmosm us o0b6sedunenus NAOCKUL CA0ES, NaAPaA-
AENLHOIT 00HOT U3 KOOPOUHAMHBIL NAOCKOCTET, MO KOMNOHEHMD, MEH30POE
a, B ug(t) e (1) sasucam om |Yi| u |Ya| u ne sasucam om wucaa ciroes u
DACTLONOHCENHUA PA3OEASIOUUL UL 2PaHUY, 6HYympu Y .
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OTmMeTuM, 4TO pe3yJIbTaT OCTAETCdA CIPABEUIMBBLIM M B TOM CJydae, KOIZa
’ ’
yipyrue uj BA3SKOYIIpyTrue CJjou I/ICXO,HHOﬁ CpeJbl 3aMEHAIOTCA Ha CJIOU BA3-
KOYIIpyToro MaTepuaJia C ,HOJII‘OBpeMeHHOfI IIaMATBIO.
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U. I'. IlerpoBcKoro
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obmiectBa u Cemunapa umenu WM. I'. IlerpoBckoro

MockBa, 26 — 30 mekabps 2021 r.

Te3uckl JOoKJ1a10B

KomMmnbroreprasi BEpCTKa U IOAIOTOBKa OpuruHaji—Makera: nginx/1.14.2, PHP
7.3.31-1 deb10ul, #1 SMP Debian 4.19.208-1 (2021-09-29) GNU /Linux.
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